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REDUCING THE m-PARAMETER N-MODEL UNCERTAINTY
TO APROBABILISTIC DISTRIBUTION OVER MODELS
THROUGH HAVING UNIFIED MODEL OUTPUTS

Romanuke V. V., associate professor, c. t. s., associate professor
Khmelnitskiy National University

The study concerns the problem of selecting the single model for working and processing on an object data
certainly, what is needed when the object is described or identified in more than one mathematical model.
Any pattern is regarded unavailable, occurring widely on the prime stage of the object investigation. Thus the
being concerned problem cannot be resolved as a classical optimization. And then the only way to optimize
and to select the optimal model is to determine a probabilistic measure over the set of the mathematical
models. Without preliminary object identification the most non-contradictory method of the plain definition
of that probabilistic measure is the minimax principle, giving the second player optimal strategy as such
measure. The target of the study is to state a probabilistic distribution over those models, considering them
equi-output-parametrized. For that there is the job of unifying all the parameters of each model into a
parametrical unit, whereupon this unit is going to be associated with the appropriate probability from the
probabilistic distribution in the second player optimal strategy, generated by the minimax principle. On this
ground there has been suggested a method of reducing the uncertainty in modeling mathematically the object
with m parameters, when there are N models for fulfilling this and the pattern data are unavailable.
Uncertainty reduction is made through determining the minimax probabilistic distribution over those models
by unifying all the parameters of each model into a parametrical unit with its probability. There have been
stated three ways of such unification, restated explicitly for the cases when the number of mathematical
models equals to three or four.
Key words: uncertainty, mathematical model, minimax probabilistic distribution, minimaxed expectation value.

Pomaniok B. B. CYXEHME HEOIIPEJIEJJEHHOCTU N MOJEJNEA C m IIAPAMETPAMH K

BEPOSITHOCTHOMY PACIIPEAEJIEHUIO HA MOJIEJAX TIIOCPEACTBOM OBBEAMHEHUSA

MOJIEJIbHBIX BbIXO/IOB / XMenbHUIKHA HATMOHATBHBIH YHUBEPCUTET, YKpanHa
B wuccienoBannu paccMaTpuBaetrcs mpobieMa BbIOOpa €AMHCTBEHHOH MOJENH Ui EeTEPMHUHUPOBAHHON
paboTbl ¢ OOBEKTHHIMH JaHHBIMH, YTO HEOOXOAMMO B CiIydasX, Korja OOBEKT ONHCHIBACTCS WIIH
uaeHTHduUIEpyeTcs Oosee YeM OTHON MaTeMaTuyeckoi Mozenbio. [Ipu 3ToM HuKakoro oOpasia B HATMYUH
HE MMEETCsl, YTO CIy4aeTcsl IOBCEMECTHO HA HAYaJbHOW CTaguH HccienoBaHUs oO0bekTa. COOTBETCTBEHHO,
paccMatpuBaeMasl mpooJaeMa He MOXKET ObITh pa3pellieHa Ha OCHOBE KiacCHUeCKod omTumusarmu. M torma
€JIMHCTBEHHBIM CITIOCOOOM ONTHUMHU3WPOBATh M BBHIOUPATH ONMTHMAIBHYIO MOJETb SIBISICTCS OMNpEeTCHUE
BEPOSTHOCTHON Mephbl Ha MHOXKECTBE MaTEMAaTHUCCKHX Mojeiei. be3 mpenBapuTeNbHON HICHTH(DUKAIUH
00BbeKTa HanbOJICe HEMTPOTUBOPEUMBBIM METOJOM MPOCTOTO 3aJaHHUS TOM BEPOSTHOCTHON MEphl SBISIETCS
MIPUHIAIT MUHUMAKCa, MPEJIOCTABIIIONINN ONTUMAJbHYIO CTPATETHIO BTOPOTO WTPOKAa B KA4eCTBE TAaKOH
Mepsl. Llenms uccaenoBaHus COCTONT B OMHMCAaHWU BEPOSITHOCTHOTO pAaclpeleNieHHs] Ha MOAETSIX, IpUHUMAs
TO, YTO Y HUX PaBHOE KOJMYECTBO BBIXOJHBIX MapaMeTpoB. [[yisi 5TOro cieayer oObeNuHSTh BCe MapaMeTphl
KaXIOW MOJENN B HEKYIO MapaMeTPUYEcKyl0 eIUHHITY, ITOCIE Yero 3Ta eIUHHIa OyIeT acCOIMUpOBaHA C
COOTBETCTBYIOIEH BEPOSTHOCTBIO U3 BEPOSATHOCTHOI'O PACHPEACICHHS B ONTHMAIBLHON CTPATErdd BTOPOTO
WTPOKa, TMONy4aeMOW IO MPUHIMIY MHHUMakca. Ha 3ToH OCHOBE NPEATOKEH METOJ CYXCHUS
HEOMpEACIEHHOCTH B MAaTEeMaTHYeCKOM MOJACIMPOBAaHUKM O0BEKTA ¢ M MapamMeTpaMH, KOraa st
BBITTOJTHEHUS 3TOro mMeercss N Mopeneid, a omopHble NaHHBIE HeAocTymHB. CyXeHue HeonpenenéHHOCTH
OCYIIECTBISACTCSI C TOMOIIBI ONMPEACICHUS MHHHMAKCHOTO BEPOSTHOCTHOTO PACHpEACICHHS Ha J3THX
MOJIENIIX TP OOBEAMHCHUH BCEX MapaMEeTPOB KaKIOH MOJEIM B HEKYIO MapaMETPHUUCCKYIO SIAUHHILY CO
CBOEH BepOATHOCTHIO. M37105%k€HO TpH criocoba Takoro 00beIUHEHHSI, KOTOPBIC BHITIHCAHBI SIBHO JIJIS CTy4acB,
KOTI'/Ia YUCJI0 MaTeMaTHUECKUX MOJIETeH paBHIETCS TPEM HITU YETBIPEM.

Kniouesvie  cnosa:  HeompedenéHmocmv,  MAmMeMAMuyecKdas — MOOenb,  MUHUMAKCHOE  8EPOAMHOCHIHOE

pacnpedenerue, oxrcudaemoe 3HaveHue o MUHUMAKCY.

Pomaniok B. B. 3BYXXEHHS HEBU3HAYEHOCTI N MO)],EHEP] 3 m ITIAPAMETPAMU ][O

MUMOBIPHICHOTO PO3IIOALTY HA MOJEJAX YEPE3 OB’€IHAHHSA MOJEJBHUX BHUXOIIB /

XMenbHUIBKUI HalliOHAIBHUI yHIBepcuTeT, Ykpaina
VY mocnmimKeHHI po3risiIaeThesl MpodiremMa BUOOPY €AMHOT MOIENi AT JeTepMiHOBaHOI poO0TH 3 00’ €KTHUMH
JAHUMH, [I0 HEOOXiJHO y BHUMAIKaX, KOJMH 00’€KT OMHCYeThCs abo imeHTH(DIKYyeThCS OUTBII HiX OIHIEIO
MaTeMaTHIHOIO0 MOAEIUTIO. IIpH 1[bOMY HISIKOTO 3pa3Ka B HassBHOCTI HEMAE, IO TPAIUIIETHCS MOBCAKIACHO HA
MMOYaTKOBii cTamii mocmimkeHHs 00’ekra. BiamoBimHO po3risHyTa mpoOiema He Moke OyTH BHUpIlIeHa Ha
OCHOBI KJIaCHYHOT onTuMi3alii. | Toxi eaHUM cocoOOM ONTUMI3YyBaTH i BUOMPATH ONTHMAIbHY MOJEIb €
BU3HAUYCHHS IMOBIPHICHOI MipH Ha MHOXXHHI MaTeMaTHYHHX Mojeied. be3 momepennnoi imeHTHbIKaIil
00’eKkTa HAWOIIBII HECYNepewIMBUM METOJOM MNPOCTOTO 3aBAaHHS Ii€i IMOBIPHICHOI MipH € TPHHIMI
MiHIMaKCy, L0 HajJa€ ONTHMAJbHY CTpATeTil0 IPYroro rpasilsl y SKOCTI Takoi Mipu. Mera JOCHTiIKEeHHS
MOJISITAE B OTHCI IMOBIPHICHOTO PO3IIOALTY Ha MOJETISIX, IPUUMAIOYH T€, 0 Y HAX PiBHA KUIBKICTh BUXITHUX
mapametpiB. st 1bOro ciif 00’ €qHyBaTH BCi TAPAMETPH KOXKHOI MOJIENI Y AEsAKy MMapaMeTpUIHy OJUHUIIIO,
MCJI YOTO I OAWHUIA Oyne acolmiiioBaHa 3 BiAMOBITHOI IMOBIPHICTIO 3 IMOBIPHICHOTO PO3MOALTY B
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ONTHMAaJBHIM cTparerii Apyroro rpaBms, OAEPXKyBaHOI 3a NPUHIUIOM MiHiMakcy. Ha miif ocHOBI
3aIIPONIOHOBAHO METOJ 3BYXKCHHS HEBH3HAUCHOCTI y MATeMAaTHYHOMY MOJEIIIOBaHHI 00’ekTa 3 m
nmapaMerpamMy, KOJIM Ui BHKOHAaHHSA Iboro € N Mopenei, a ONOpHI AaHi HENOCTYNHI. 3BYKCHHS
HEBU3HAYEHOCT] 3A1MCHIOETHCS 3a TOTMIOMOTOI0 BU3HAYECHHS MiHIMAKCHOTO MMOBIPHICHOTO PO3MOJALTY Ha IHX
MOJENSX MpH 00’€IHaHHI BCIX MapaMeTpiB KOXHOI MOJeNi y AeAKy HapaMeTpU4Hy OIMHUIIO 31 CBOEIO
IMOBIipHicTIO. BUKIIazeHo Tpu cnocodu Takoro 00’ €JHaHHS, KOTPi BUNHUCAHI SBHO I BUIAIKiB, KOJIH YUCIIO
MaTeMaTUYHUX MOAEJel TOPiBHIOE TPEOM 200 YOTHPHOM.

Knouosi crosa: HegusHaueuicmv, MameMamuyHa MOOeNb, MIHIMAKCHUL IMOSIPHICHUL PO3NOOIL, OYIKY8aHe

3HAYEHHS 30 MIHIMAKCOM.

PREAMBLING THE PROBLEM

When an object of investigation is described or identified in more than one mathematical model, then the
investigator collides with the problem of selecting the single model for working and processing on the object
data certainly [1, 2]. However, this problem cannot be resolved as a classical optimization for the case neither of
differently classified models, nor of equal precision (error rate) models. Therefore in every watch moment or
sample the arising model uncertainty should be reduced into some unifying model [3, 4].

SURVEYING THE PROBLEM RESOLUTION WAYS

The classical optimization resolves the model uncertainty problem just if there are pattern values of the object
parameters, that could help in getting the models classified, comparing also their outputs to the pattern ones [2,
3, 5, 6]. But if there is no pattern at all, what occurs widely on the prime stage of the object investigation [7, 8],
then the only way to optimize and to select the optimal model is to determine or to define a probabilistic measure
over the set of the mathematical models [9, 10]. Nevertheless, determining such measure requires at least some
pattern data, might be obtained during the initial process of watching or identifying the object. So without
preliminary object identification there is an open discussion about defining a probabilistic measure over the set
of the object models. And the most non-contradictory method of the plain definition of that probabilistic measure
is the minimax principle [11, 12], giving the second player optimal strategy (SPOS) as such measure. This
method had been implemented for cases with three and four mathematical models [13, 14], though they were
pre-stated to produce just the single output parameter [2, 3, 9, 10, 15, 16].

TARGET AND JOB

May there be N non-identified mathematical models, each of which gives the same number of output
parameters. The target of the initiated investigation is to state a probabilistic distribution over these models,
considering them equi-output-parametrized [17, 18]. For that there is the job of unifying all the parameters of
each model into a parametrical unit, whereupon this unit is going to be associated with the appropriate
probability from the probabilistic distribution in SPOS, generated by the minimax principle [11, 12, 19, 20].

UNCERTAINTY REDUCTION
In common generality, say that the j-th mathematical model has its m output parameters, me N, and

j =1 N by Ne N\{l, 2} . The case N =2 under condition of the pattern data unavailability is resolved only

into equiprobable distribution E ﬂ because there cannot be verified or refuted any nonobservational

hypothesis on the two-element distribution.

As every mathematical model has the same number of output parameters, then the models may be separated by
those parameters. This means that for the k -th parameter there should be found a probabilistic distribution over

its N output values {V§k>}§1’ where v§k> is the fixed value of the k -th parameter of the j-th mathematical
J=

model. Due to the pattern data unavailability, such a probabilistic distribution for N e{3, 4} and m=1 was
determined [13, 14] in SPOS of the 3x3 and 4x4 games with the matrix

le(hi<j1>) for hi§1>=‘vi<1>—v<jl>‘ at i=L,N and j=1, N. 1)
NxN

In essence, the matrix H, there [13, 14] had appeared the function of two [13] and three [14] variables, which
are the distances

(2,12} and fn,n, n) ®

correspondingly. Consequently, three-element and four-element SPOS were the functions of the distances (2),
although there was the continuum of SPOS in both cases, and the single SPOS was determined as the nearest

probabilistic distribution to the equiprobable distribution: some R*-point [qf” q§1> qéﬂ was nearest to
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1 11 . 1 1 1 1 .
= = Zlandsome R*-point |[g¥ g ¥ g | wasnearestto {— - = —} correspondingly by the
‘:3 3 3:| p |:Q1 ;" 0 q4:| 4 4 4 1 p gly by
least-squares method.
Up to now the set of SPOS in the game with the matrix (1), being the function of variables {hflflj}N , is not
j=
generally found for the integer N > 4. But suppose that the k -th matrix
He=(n)  for =9 —vi| at i=1N and j=1N by k=1'm @3)
NxN

N
is constructed for the k -th parameter of N models with its values {vﬁ”} , being the function of the variables
=1

{h<k>

N
j_lj}_ , And suppose that the set of SPOS in the game with the matrix (3) is already found and narrowed to a
j=

probabilistic distribution {qf”}Nl, being the nearest to the equiprobable distribution {N’l}ﬁl, where d§k> is the
i= =

N
probability of selecting the value v§k> of the k -th parameter from the j-th mathematical model, qu” =1,
j=1

Ne N\{l, 2} . Then it remains only to unify the probabilities along each model through its parameters, what lets

to state as an R" -point the probabilistic distribution {GJ}L over N models, where g is the probability of

selecting the j -th mathematical model with its values {vﬁ”}m

The probabilities {q§k>}km_l along the j -th model may be unified only through summing them up or putting them

into product. The influence of parameters is unknown, so their unification into the parametrical unit cannot be
accomplished with appropriate weights, unless they all are equal, where minimax approach is ignored as the
problem might have been ultra-minimaxed. Thus in summing,

AN, N
gy =—> 4 for j=1N )

and in multiplying,
j=—"7— for j=LN. ®)

Clearly, that (5) can be generalized to

q; = - for j=LN (6)
N m m
>{ITo
i=1 k=1
and (6) is generalized finally to
1
m ¥
q=—r*—<— by y>0 for j=LN. (7)
N m ;
>
i=1 k=1

The summation in (4) can be generalized in two ways:
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m v
q=—"*—~— by y>o0 for j=L N (8)
N m 7
S50
i=1 k=1
and
m n ¥
(o) -
q=—t——— by y>0 for j=LN. 9)
(a")
i=1 k=1

N
Anyone can ensure oneself that for any of (4) — (9) here is that qu =1.

j=1
Surely, for N =3 and N =4 the statements (7) — (9) are restated explicitly due to [13, 14] and denotations
h1<§> =8, hé? =b, h§§> =G

Essentially, for N =3 there are

d<k> _ 2a’ +ab, +b} d<k> _ & +2ab, +b} q<k> _ a +ab, +20 (10)
1 2 W2 12 2 K2 s 2 K2
4(ak +by +akbk) 4(ak +by +akbk) 4(ak +by +akbk)
by k=1, m and
1 1 1
m v m y m Y
Y {H(Zaf +a.h, +b§)J +[H(a§ +2ah, +b;)J +[H(a§ +ah, +2bk2)J , (11)
k=1 k=1 k=1

1
m

1 1
q :é[H(Zaf +ab, +bk2)jy . 0, :ﬁu_[(af +2a.b, +bk2)J A :E%[H(af +ah, + Zbkz)Jy (12)

= |~

k=1 k=1

as (7),
1 1 1
m v m v m v
e :(Z(zaf +ab, +bk2)J +[Z(a§ +2a.h, +b§)} +[Z(a§ +al, +2b )J , (13)
k=1 k=1 k=1
1 1 1
o 1(x A - L A N Y
q, = W[Z(Zaj +ab, + bkz)J Gy = W[Z(aﬁ +2a,b, +bk2)J ;O3 = W[Z(aﬁ +ab, + ZbE)J (14)
d3 k=1 d3 k=1 d3 k=1
as (8),
df¥ = (2af +ab, +b?) + > (al +2ab, +b?) + > (al +ah +207) (15)
k=1 k=1 k=1
u_lm 2 2\" u_lm 2 2\" u_im 2 2\Y
q, _@;(Zak +a.b, +bk) ., 0, _@;(ak +2a.b, +bk) , O = d§9> ,Z:l:(ak +a.b, +2bk) (16)
as (9); and for N =4 there are
o = 3a’ + 20 + ¢/ +3a.b, +b.c, 4 = a; +2b? +c2 +3ab, +b.c, +2a.c,
" 2(4b7 +387 +3c +4ab, +Abc, +2a,c, ) 2(4bf+3al+3c +4akb, +4bc, +2aC,)’
w0 ai+2bf+ci+ab +30c +2a,0, ) a +2b? +3c¢ +a.b, +3b.c,

- ¥ = 17
o 2(40? +3a7 +3c] +4ab +4bc +2ac, )  2(4b7+3a7 +3c] +4ab, +4bc, +2a,, ) an

by k=1 m and
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1

m v m v
di = (H(&a\f +2b2 +c2+3ab, +b.c, )J J{H(af +2b2 +c2 +3ab, +b.c +2a.c, )J +

k=1 k=1
1 1
m Y m Y
{H(akz +2b2 +¢? +ab, +3b,C, +2a,C, )J +(H(a§ +2b2 +3c? +ab, +30,C, )J : (18)
k=1 k=1
1 1

m v m ¥

G = ﬁ[H(Saﬁ +2b? +¢Z +3a.b, +b.c, )j . Oy = ﬁ[H(aﬁ +2b? +¢? +3ah, +b,c +2a.c, )] ,
4 k=1 4 k=1

m

1
=~ _ 1 = 2 2 2 Y N5 l 2 2 2 !
a5 ——(lk__l[(ak +2b2 +¢? +ah, +3b.c, +2a,C, )} . d, _W(H(a“ +2b7 +3c? +ab, +3bkck)] (19)

dz<17> 4 ka
as (7),
1 1
d = (Zm:(?,akz +2b2 +c2 +3ab, +b.c, )JY +{Zm:(ak2 +2b2 +¢2 +3ab, +bc, +2a.c, )]Y +
k=1 k=1
1 1
+(Zm:(af +2b2 +¢? +ah, +3b.c, +2a.C, )JY +(Zm:(af +2b2 +3c? +a.b, +3bc, )J/ , (20)
k=1 k=1

1 1
m v m v
Z:(3ak2 +2h2 +c2 +3a.h, +b.e, )J , 0, = ﬁ[Z(aﬁ +2b2 +c2+3ab, +b.c, +2a.c, )] ,
4 Uk
1 1

1 (X (L 0
qsz—[Z(af+2bk2+cf+akbk +3bkck+2akck)J , q4=W[Z(ak2+2bf+3cf+akbk+3bkck)J (1)
4 k=1

m m
df¥ = Z(3a§ +207 +¢7 +3ab, +bc, ) + Z(af +2b? +¢ +3ab, +b,c, +2a,c,) +
k=1 k=1
+> (a2 +207 +c? +ab +30,6 +2a,G ) + Y (af+207 +3¢7 +ah +30c ), (22)
k=1 k=1
1
dy?

m m

Z(a,f +2b% +¢ +3ab, +b.c, +2ac, )y :

k=1

g 1 Y )
q, =WZ(3af +2b7 +¢7 +3a.b, +bkck) v O =

4 k=1
AR T '
Q= 3 (a2 + 207 + ¢ +ab, + 36, +2a,) q4=WZ(af+2bf+Scf+akbk+3bkck) (23)

d4 k=1 4 k=1
as (9).
And for many cases of m-parameter model uncertainties the statements (11) — (16) and (18) — (23) are

sufficient, inasmuch as five and more mathematical models of the object identification or description is an
uncommon rarity.

INFERENCE

The reduced m -parameter N -model uncertainty with the fixed data {vﬁ”}i1 into the probabilistic distribution
{GJ}L of (7) — (9) may be applied strictly in using the j -th mathematical model with probability ¢; every
time, when there are the fixed data {vﬁ”}’; on the object event or its watch moment. This particularly is very
hard, and investigator can apply the distribution of probabilities {qj}?:l nonstrictly, calculating either the

minimaxed expectation values

Bicnux 3anopizvkozo nayionanvnozo ynisepcumemy Ne2, 2013



88

N
7= v vk=1m
=1

after parametric unification or the minimaxed expectation values

=

N
v = Zq§k>v§k> vk=1 (24)
=1

For (24) with N =3 and N =4 the statements (10) and (17) are valid. In advancing the process of watching the

object there will be acquired the nonnegative weights {{W§k>}N } which help to determine the k-th
j=1

k=1

N
probabilistic measure from probabilities {u§k>} over the set of N mathematical models, where
j=

And then the probability u<jk> should be used in the same way as the probability d<k>.

10.

11.

12.

13.

Lo _ _
Wl =—~2— for j=1L N by k=L m.

S

i=1

j
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PO ®PUBOHAYYU I'PAIIMO3HOCTD
I'PA®OB [IUKJINYECKOUN CTPYKTYPBI

1 2
Cemenrora M. @., x. ¢.-M. H., noueHT, ‘Tletpentok . A., k. ¢.-M. H.
1
Kupoeozpadckas nemuasn akademus HAYUOHATLHOLO ABUAYUOHHO20 YHUBEPCUMEemA
2
Hucmumym xubepuemuru umenu B.M. I'nyuuxosa HAH Vkpaunwei

B crathe mpoBeneHO uccienoBaHHME CTPYKTYpbl rpados, He nomyckaronmx OuOOHAYYHM TPALHO3HYIO
pa3meTky. Jloka3aHa Teopema, HCKIIIOYAIOLIasl OIpeNeNeHHbIH Kkiacc rpadoB, u3 crnucka dubonauun
rpanuno3HbIx rpados. Ilonyuensl pe3ynbTathl oTHOCUTENEHO PHOOHAUuH rpanuosHocTy rpadga nC ) .

Knwouesvie cnosa: pasmemra epagpa, Qubonauuu epayuosnas pazmemra, Qubonauuu epayuo3nviii cpag.

'Cemenrora M. ®@., lerpentok [I. A. IIPO ®IBOHAYUI TPALIIO3HICTb T'PA®IB IIMKJIIYHOI
CTPYKTYPU / KipoBorpaachka NhOTHA akaeMis HALIOHANBEHOTO aBialiifHOro yHiBepCHTETY, 2IHCTHTYT
kibepuetuku imeni B.M. I'mymikoBa HAH VYkpainu, Ykpaina

B craTTi npoBeneHo NOCIiPKEHHs CTPYKTYpHu Tpadis, mo He nomyckaioTh DiboHaYUi rpaiio3Hy po3MiTKy.
JoBeneHa TeopeMa, sIka BUKJIIOUYa€ TIeBHUH Kitac rpagis 3i cricky Pibonaudi rpamiosnux rpadis. OxepxaHo
pesynbratu BiiHocHO Pi6oHauyi rpaniosHocti rpada nC,, .

Kniouoei cnosa: posmimxa epagha, @ibonayuyi epayiosna posmimka, Qibonayyi epayiosnuii epag.

Semenyuta M., “Petreniuk D. ON FIBONACCI GRACEFULNESS OF GRAPHS / 'Kirovograd Flight Academy
of National Aviation University, 2Institute of Cybernetics named V.M. Glushkov of national Academy of Sciences
of Ukraine

Relevancy of the subject is indicated in the paper, and some special cases of the general Fibonacci graceful
graphs characterization problem are considered. In 1967 Alexander Rosa introduced p-labeling (which was
later called gracious labeling) in connection with graph decomposition theory. The case when edge labeling
of graph is a bijection from the edge set to the first g numbers of an arbitrary progression {a,}, is a natural

development of the graph gracefulness concept. The first instance when Fibonacci numbers were used as
{a;} progression took place in 1983, but the papers showing the main results on the subject have been

published in recent 8 years. In the present study unsolved problems are indicated by analyzing the papers. The
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