On size effect of elastic modules in thin fibres
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In the paper the dependence of elasticity modules in thin fibres on the fibre radius is investigated.
The relations of local gradient approach in thermomechanics are taken as a starting point. The
approach is based on including of a chemical potential gradient in the space of state parameters
along with the stress and strain tensors. The chemical potential disturbance is identified with
disturbance of the bonding energy. It is shown that the dependence of elasticity modules on the
fibre radius is essential in the fibres of radius less than ten times of the size of nearsurface nonho-
mogeneity region. Using asymptotic expansions of modified Bessel functions the Young’s modulus,
Poisson’s ratio, Lamé’s parameters, and bulk modulus at large fibre radius are studied. The agree-
ment of the obtained results with known in the literature theoretical and experimental data is shown.
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Introduction. Recently the scientific literature pays a considerable attention to the model-
ling, description and study of the properties of solids, distinguished by various size effects.
Such solids feature comparable contributions of surface and volume factors to internal
energy and one of their geometrical sizes (further — characteristic size) is comparable to
the size of the region of nearsurface nonhomogeneity. The properties of the solids essen-
tially differ from the properties of solids without such effects. Such solids include
nanosized elements, which are bases for construction of the structures (nanomaterials)
allowing to build enhanced devices and substances of improved properties [1, 2]. At
present nanoelements and nanomaterials are widely used in electronics and nanobio-
technology.

One of the effective approaches to investigation of the stressed-strained state
in solids with significant interface phenomena, is the local gradient approach in ther-
momechanics [3, 4]. In this paper the equation set of the model built at such an appro-
ach is used to describe and study the elasticity modules in thin fibres. Under thin fibres
we understand fibres the radius of which is comparable with the size of the nearsurface
heterogeneity region.

1. The stressed-strained state of the cylinder

Choosing as key functions the stress tensor ¢ and chemical potential disturbance n,

the solving equation set of the model for description of the steady state of a solid
for local gradient approach can be written in the form [4, 5]
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Vzn—Kin—Kiczo, V.6=0,
x[(3ak +2au) (akc+2auaehn) ]xV 0. (1)

A

Here a, ,a K, are constants, I is identity tensor, c6=6:1.

wo ens K>

This set of equations is applied to study of the stressed-strained state of
a cylinder under action of the stretching loading. We consider the infinite circular
cylinder of radius R, which in the cylindrical system of coordinates {r,,z} occupies
a region » <R and is loaded at infinity by stretching force intensity p in direction
of axis Oz. We consider that lateral surface of the cylinder is free of a force loading and
the value of chemical potential at the surface is constant and equal n, #0.

Writing equations (1) in cylindrical coordinates for nonzero components
of stress tensor and chemical potential disturbance with account for the problem geo-
metry we obtain

do, d[akc+2auaeth d20¢ 2dc¢ do, d[ d{akc+2auaethJ
=— r + — >
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The necessary conditions are
1 2n R
n|r:R =Na>» G”|r:R =0, 2 J‘ d¢j rczdr =P (3)
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and the conditions of solution finiteness in the region of a body are written as
|T],G,,,G¢,Gz |r§R<+OO .
The problem (2), (3) solution takes the form
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From the solution it is seen that in the case of the force load absence (p = 0)
the stressed-strained state of the cylinder is conditioned by the nonzero value of chemi-
cal potential at the body surface. It is shown in [4] that disturbance of chemical poten-
tial can be identified with disturbance of bonding energy. For the cylinders of large
radius ({R >> 1) stresses are localized in a narrow nearsurface region, while in the thin
fibres stresses are substantial in the whole region of the body.

2. Size effect of elastic modules
To find the Young’s modulus and Poisson’s ratio the definition is used which in the
considered case can be written as

E=L v=—e”ﬂ (%)

B B

e, Caxial

where e, is deformation in longitudinal direction, e, is deformation in radial direction.
Within the framework of the considered model for the strain tensor the following
formula is held
5 a,c+2a,a A
2a, 2a, (3% + ZaH)

On this base for e, it is written

ax +a“ P ae/’l n + bm(ak+2au) l 1— 211(&R) (6)
a, (3ak +2au) 3a, +2a, ¢ 4a, (3ak+2au)f;c ERI,(ER)

Taking into account the state of body in the case of the force load absence for the
modules £, v is obtained from (5), (6)

E=(3a, + ZaH)/{ak o +\P(aR)},
a

n

v=(;2—T(§R)J/{aK:a“ +‘I’(<";R)}, (7
u m

where ‘P@R)Zak-'_za“D 1— 2h(ER) 1—p|1- 2hER). |
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The reduced Young’s modulus E,,
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dependence on a cylinder radius are illustrated by the graphs in Fig. 1.
It is clear from the graphs, that module £ dependence on ER can be substantial

in thin fibres. The obtained dependence is in accordance with known results of experi-
mental investigation of the size effect of the elastic modulus [6, 7].
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Fig. 1. Young modulus E,, dependence on a cylinder radius
for a;. / a, = 1,25; D = 0,1 (dashed line); D = 0,2 (solid line)

In scientific literature next to the modules E, v the Lamé’s parameters A, y, shear G
and bulk K modules are used. These parameters are related to £, v by formulas

E E E
A K

Ah=————, u=G-= , =, (8)
1+v)1-2v) 2(1+v) 31-2v)
From (7), (8), for these modules we get
1+3¥Y(ER)
G=aq,, Kz[ak +§au)/[l+3‘l’(§R)]. 9)

Note that within the accepted approximation (particularly linear state equation and
geometric linearity) of the model the elasticity modules do not rely on the surface value
of chemical potential 1.

3. Approximation for «thick» fibres

Using asymptotic presentation of the modified Bessel functions [§]

CE [ k-1 (k=D - 9)(k ~25) e
1,(2) @{ o W) +} k=4n", |z|>>1,

for fibres of the radius satisfying inequality & R >> 1, keeping the first terms in expan-
sions over parameter (£R) ' in formulas (7), (9) we get

E(&R)=Ew(1+d§€} V(éR)=vw(l+%J,

_ 4. _ i
k(&R)—kw(l+§RJ, K(F,R)—KOO(1+&RJ, (10)
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where
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With the growth of the cylinder radius, as easily seen from (10), the value
E,v,A\,K tends to E_,v,,\,,K, accordingly, and these last ones are possible to

be interpreted as elasticity modules for massive bodies.

The obtained dependences of the elasticity modules on the characteristic size
of the body (radius of fibre) conform to the known in literature results of theoretical
and experimental researches [6, 9, 10].

Conclusions. Local gradient approach in thermomechanics allows describing the size
effect of the elasticity modules. Within the framework of accepted in the model
approximation the elasticity modules do not rely on the surface value of chemical
potential. For thin fibres which characteristic radius does not exceed ten sizes of the
region of nearsurface heterogeneity the dependence of the elasticity modules on the
radius of fibre is substantial. It is indicated that the obtained results agree well with
those known in literature.

References

[11  Cyszoanes, H. I1. HanorexHomorus: GU3NKO-XUMHSI HAHOKJIACTEPOB, HAHOCTPYKTYpP ¥ HAHOMAaTepH-
anos / Y. I1. Cy30anes. — Mocksa: KomKnwura, 2006. — 592 c. (Cuneprernka: oT HpOILIOro K
Oynymemy).

[2] Tyces, A. 1. Hanokpucrammmdeckue Mmatepuansl / A. U. I[yces, A. A. Pemnens. — Mocksa:

OUSMATIIUT, 2001. — 224 c.

[31 Bypax, A H Maremarideckoe MOJETHPOBAHHE JTOKATHHO-TPATMEHTHEIX TPOIECCOB B MHEPIIHOHHEIX
TepMomexanmueckux cucremax / A M. Bypax, T. C. Haeupwuiii // TIpux. Mexanuka, — 1992, —
T.28,Ne 12. — C. 3-23.

[4] di3uko-MaTeMaTHYHE MOJCIIOBAHHS CKIQIHUX cucteM / A. bypak, €. Yannsa, T. Hazipuuii Ta 1H.;
min pen. A. bBypaxa, €. Yanni. — JIeBiB: CITOJIOM, 2004. — 264 c.

[51  Nahirnyj, T. On size effect of mechanical properties of thermoelastic solid / 7. Nahirnyj, K. Tcher-
vinka // ®i3.-mMaT. MoJIeNTIOBaHHS Ta iHpopMamiiHi TexHomorii. — 2009. — Bum. 10. — C. 75-83.

[6] Guenot, S. Surface tension effect on the mechanical properties of nanomaterials measured by
atomic force microscopy / S. Guenot et al. / Phys. Rev. B. — 2004. — Vol. 69. — P. 165410.

[71  Npysten, B. Elastic modulus of polypyrrole nanotubes / B. Nysten et al. // Phys. Rev. Let. — 2008. —
Vol. 85, No 8. — P. 1690-1693.

132



(8]
(9]
(10]

ISSN 1816-1545 ®izuko-maTemaTUyiHe MoAeNIOBaHHA Ta iHcdopmauiiHi TexHonorii
2010, Bun. 12, 128-133

CIpaBOYHUK IO CIENUATbHBIM (QYHKIHAM ¢ (GopMynamH, rpadukaMHu ¥ TaOIHIAMH; IO pel.
M. Abpamosuya u M. Cmuean — Mocksa, Hayka, 1979. — 832 c.

Guo, J. G. The size dependent bending elastic properties of nanobeams with surface effects /
J. G. Guo, Y. P. Zhao // Nanotechnology. — 2007. — Vol. 18. — P. 295701(6 pp.).

Guo, J. G. The size-dependent elastic properties of nanofilms with surface effects / J. G. Guo,
Y. P. Zhao // J. Appl. Phys. — 2005. — Vol. 98, Ne 7. — P. 074306(11 pp.).

[o onucy po3mipHoro edekTy NpyXHUX MOAYNIB Yy TOHKUX BOJTIOKHaX

Tapac HaripHuin, KoctaHTnH YepsiHka

VY pobomi susueno 3anesxicnicmo MoOYII8 NPYIHCHOCHE MOHKUX 80J0KOH 610 ix padiyca. 3a ocHogy
NPULIHAMO CNIB8IOHOUIEHHSL IOKATbHO 2PAJIEHMH020 NiOX00y ¥y mepmomexariyi. Lleii nioxio 6azy-
€MbCsL HA 8NPOBAOIICEHHT Y NPOCMIp napamempie cmany NOPs0 i3 MeH30paMu HANPYICeHb ma
deghopmayitt maxooc epadicnma ximiynozo nomenyiany. Ipu yvomy 36ypenns Ximiunoeo nomenyi-
any OomomodiCHIOEMbCS 31 30ypeHusm eHepeli 63aemolii. Ilokazano, wo 3anedxicHicmv MoOYi8
npPYACHOCI 810 padiyca GONOKHA € CYMMEBA Y 8ONOKHAX, PAOLyC SKUX € MEHWUL 8i0 0ecamu po3-
Mipie obracmi npunosepxHeoi HeoOHOpiOHOCmI. Buxopucmosyouu acumnmomuiri po36uHeHHs.
Mooughikosanux ynryiil Becens, docnioaceno nosedinky mooyns FOnea, koeghiyienmis Ilyaccona,
napamempie Jlame ma mooyis 06’€MHO20 CMUCKY 3a 3pOCMAaHHA paodiyca 6010KHA. Brazano
HA Y3200CEHICMb 00EPIAHCAHUX PE3YTbINAMIG 13 8I00MUMU Y TIMEPAMypi meopemuyHuMuy i eKcne-
DPUMEHMATLHUMU OAHUMU.

O pa3mepHoM adhcpekTe ynpyrux moaysrie B TOHKMX BONTOKHaX

Tapac HarunpHbiin, KoHcTaHTUH YepBuHka

B pabome uzyuena 3agucumocms Mooyietl ynpyeocmi MOHKUX 0JI0KOH OM Ux paouycd. 3a ocHogy
NPUHAMO COOMHOULIEHUSL JIOKAILHO SPAOUEHMHO20 NOOX00d 8 MePMOMeXanuKe. dmom nooxoo oa-
BUPYEMCsl HA 66e0EHUU 8 NPOCMPAHCMBO NAPAMEMPOE COCIMOAHUSL PIOOM C MEH30PAMU HANPSIHCE-
HUtl u depopmayuil maKice 2padueHma Xumuiecko2o nomenyuana. Ipu smom 603myujenue xumu-
YeCK020 NOMEHYUANLA OMONCOECMEIIAECNCSL C B03MYUEHUEeM dHepeuu e3aumooeticmeus. Tlokazaro,
YUMo 3ABUCUMOCHTL MOOYIEU YIPY20CMU OM PAOUyca GOIOKHA ABIAEMCS CYUWeCMBEHHOU 6 B0I0K-
HaX, paouyc KOmopwix MeHblile 0eCsamu pazmepos 001acmu NPUNOBEPXHOCHHOU HEOOHOPOOHOCTIU.
Hcnonvsys acumnmomuueckue npeocmasienus MoOuGuyuposantvix Gyukyuil Beccens, ucciedo8ano
noseoderue mooyas IOnea, kosppuyuenmos Ilyaccona, napamempog Jlame u Mooyns 06vemHo2o
colcamus npu OONLUIUX PAOUYCAX BONOKHA. YKA3AHO HA CO2NACOBAHHOCMb NOLYUEHHBIX Pe3yib-
Mamos ¢ U38eCMHbIMU 8 TUMEPAMYPE MEOPEMUYECKUMU U IKCNEPUMEHMATIbHBIMU OAHHbIMU.

Otpumano 27.09.10

133



