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ÌÅÒÎÄÛ ÏÎÑÒÐÎÅÍÈß ÒÎ×ÍÎÉ ÐÀÇÍÎÑÒÍÎÉ ÑÕÅÌÛ
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ÓÐÀÂÍÅÍÈß ×ÅÒÂÅÐÒÎÃÎ ÏÎÐßÄÊÀ

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ïîñòðîåíèå òî÷íûõ ðàçíîñòíûõ ñõåì äëÿ óðàâ-
íåíèÿ ÷åòâåðòîãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Äëÿ ïîñòðîåíèÿ
èñïîëüçîâàíû ïîëó÷åííûå â ÿâíîì âèäå ðåøåíèÿ çàäà÷è Êîøè.

Êëþ÷åâûå ñëîâà: òî÷íàÿ ðàçíîñòíàÿ ñõåìà, çàäà÷à Êîøè, ñïëàéíû, îäíî-
ðîäíîå óðàâíåíèå.

ÂÂÅÄÅÍÈÅ

Â ðàáîòå [1] ïîëó÷åíà òî÷íàÿ ðàçíîñòíàÿ ñõåìà íà ðàâíîìåðíîé ñåòêå ñ ïÿòèòî÷å÷-
íûì øàáëîíîì xi�2 , xi�1, xi , xi�1, xi� 2 äëÿ óðàâíåíèÿ ( ) ( )pu qu ru f�� �� � � � � � .
Ïðè ýòîì èñïîëüçîâàëàñü ôóíêöèÿ Ãðèíà, êîíñòðóêöèÿ êîòîðîé ïðèìåíÿëà ÷å-
òûðå ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ çàäà÷ Êîøè äëÿ îäíîðîäíîãî óðàâíåíèÿ.

Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàþòñÿ äâà äðóãèõ ìåòîäà ïîñòðîåíèÿ òî÷íîé
ðàçíîñòíîé ñõåìû íà îñíîâå ÷åòûðåõ ëèíåéíî íåçàâèñèìûõ ðåøåíèé áîëåå ïðî-
ñòîãî îäíîðîäíîãî óðàâíåíèÿ, ó÷èòûâàþùåãî òîëüêî ãëàâíóþ ÷àñòü óðàâíåíèÿ.
Ýòî ïîçâîëÿåò óïðîñòèòü ïîñòðîåíèå òî÷íîé ñõåìû, òàê êàê ðåøåíèÿ çàäà÷ Êîøè
âûïèñûâàþòñÿ â ÿâíîì âèäå.

ÀËÃÅÁÐÀÈ×ÅÑÊÈÉ ÌÅÒÎÄ

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó:

( )pu f�� �� � , x �( , )0 1 , 0 0 12� �p C ( ) [ , ] , (1)

u u� � � 0 , x � 0 ; u u� � � 0, x �1 .

Âíà÷àëå ïîñòðîèì òî÷íóþ ñõåìó äëÿ îäíîðîäíîãî óðàâíåíèÿ

( )p u�� �� ��

0 , x x xi i� � �( , )2 2 . (2)

Èçâåñòíî, ÷òî ëþáîå ðåøåíèå óðàâíåíèÿ (2) ïðåäñòàâëÿåòñÿ â âèäå

u x A xj
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( ) ( ) ,�
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4

� (3)

ãäå � j óäîâëåòâîðÿþò óðàâíåíèþ (2) è ñëåäóþùèì íà÷àëüíûì óñëîâèÿì:

� � �1 1 1 0� � � �� � , ( )p �� � ��1 1 , x xi� �2 ,

� � �2 2 2 0� � � �� � , ( )p �� � �� 2 1 , x xi� �1,

� � �3 3 3 0� � � �� � , ( )p �� � � �� 3 1 , x xi� �1,

� � �4 4 4 0� � � �� � , ( )p �� � � �� 4 1 , x xi� � 2 . (4)

Ðåøåíèÿ çàäà÷ Êîøè èìåþò âèä
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Ñèñòåìà ðåøåíèé ëèíåéíî íåçàâèñèìà, òàê êàê îïðåäåëèòåëü Âðîíñêîãî îòëè-

÷åí îò íóëÿ.

Äëÿ íàõîæäåíèÿ A j
�

èñïîëüçóåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-

íèé (ÑËÀÓ)

u x A xs j

j

j s
�

�

( ) ( )�
�
�

1

4

� , s i� �2, i �1, i �1, i �2. (6)

Èñïîëüçóÿ ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëó÷àåì ñëåäóþùèå ñâÿçè

ìåæäó � j sx( ) :

� �2 2 1 1, ,i i� �� � , � �3 2 1 1, ,i i� �� , � �3 1 2 1, ,i i� �� ,

� �4 2 1 2, ,i i� �� , � �4 1 2 2, ,i i� �� , � �4 1 3 2, ,i i� �� � , (7)

ãäå � �j s j sx, ( )� .

Ââåäåì îáîçíà÷åíèÿ

� 2 2, i a� � , � 3 2, i b� � , � 3 1, i d� � ,

� 4 2, i c� � , � �4 1, i� � , � 4 1, i f� � . (8)

Òîãäà îïðåäåëèòåëü ìàòðèöû ÑËÀÓ (6) èìååò âèä
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Âûïèøåì ðåøåíèÿ ÑËÀÓ
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(10)

Òî÷íàÿ ñõåìà äëÿ óðàâíåíèÿ (2) ñëåäóåò èç (3) ïðè x xs i� .

Ïîäñòàâëÿÿ â (3) âûðàæåíèÿ èç (10) äëÿ A j
�

, ïîëó÷àåì ïÿòèòî÷å÷íóþ ñõåìó

� u A u A u A u A ui i i i i
� � � � �� � � �� � � �1 2 2 1 3 1 4 2 . (11)

Çäåñü A j èìåþò îäèíàêîâûå ôîðìóëû ñ ôîðìóëàìè â [1]:

A f d1 2 3 4� � �� �� � , A b c f2 4 3 1� � �� � � , A c a3 1 2 4� � ��� � � ,

A b d a4 2 1 3� � �� � � , � � � �af b cd� . (12)

Îäíàêî âñå � �j j x� ( ) óäîâëåòâîðÿþò áîëåå ïðîñòîìó óðàâíåíèþ (2).

Ïðèíèìàÿ âî âíèìàíèå ñâîéñòâà � j (7) è îáîçíà÷åíèÿ (8), çàïèøåì A j èíà÷å:
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ÏÐÎÅÊÖÈÎÍÍÛÉ ÌÅÒÎÄ

Äðóãèì ñïîñîáîì ïîñòðîåíèÿ òî÷íîé ñõåìû ÿâëÿåòñÿ ïðîåêöèÿ óðàâíåíèÿ íà

ñïëàéí. Òåîðèÿ ñïëàéíîâ ñ ïðèëîæåíèÿìè èçëîæåíà, íàïðèìåð, â ðàáî-

òàõ [5–7]. Ñïëàéí ïðåäñòàâëÿåì â âèäå
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(14)

Çäåñü � j óäîâëåòâîðÿþò óñëîâèÿì (4).

Êîýôôèöèåíò
~
A j íàõîäèì èç óñëîâèé ãëàäêîé íåïðåðûâíîñòè

~
( )S x . Ïðè

ëþáûõ
~
A j íåïðåðûâíîñòü â òî÷êàõ xi�1 è xi�1 ñëåäóåò èç óñëîâèé (4).

Äëÿ íåïðåðûâíîñòè
~
S ,

~
S �,

~
��S â òî÷êå xi äîëæíû âûïîëíÿòüñÿ óñëîâèÿ

~ ~ ~ ~
A A A A1 1 2 2 3 3 4 4� � � �� � � ,

~ ~ ~ ~
A A A A1 1 2 2 3 3 4 4� � � � � � �� � � � ,

~ ~ ~ ~
A p A p A p A p1 1 2 2 3 3 4 4�� � �� � �� � ��� � � � , (15)

~
( )

~
( )

~
( )

~
( )A p A p A p A p1 1 2 2 3 3 4 4 1�� �� �� � � �� �� �� ��� � � � .

Ïîñêîëüêó ÷èñëî íåèçâåñòíûõ ñîñòàâëÿåò ÷åòûðå, òî äîáàâëåíî óñëîâèå

ñêà÷êà (
~

)pS �� �1 â òî÷êå xi .

Òàêèì îáðàçîì, ïîëó÷åíà ÑËÀÓ ñ îïðåäåëèòåëåì Âðîíñêîãî, êîòîðûé óäîá-

íî âû÷èñëÿòü, íàïðèìåð, â òî÷êå xi�2 , òàê êàê âðîíñêèàí — âåëè÷èíà

ïîñòîÿííàÿ.

Ñ ó÷åòîì óñëîâèÿ (4) âûïèøåì ðåøåíèÿ è âðîíñêèàí ÑËÀÓ:

~
[ ( ) ( ) (A1 2 3 4 3 4 3 2 4 2 4 4� � �� � �� � � � �� � �� � � �� � � � � � � � � � � � 2 3 2 3

1
�� � �� �� � � )]

�
,

~
[ ( ) ( ) (A2 1 3 4 3 4 3 1 4 1 4 4� �� � � � �� � � �� � �� � � �� � � � � � � � � � � �1 3 1 3

1
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�
,

~
[ ( ) ( ) (A3 1 2 4 2 4 2 1 3 1 3 3� �� � � � �� � � �� � �� � � �� � � � � � � � � � � �1 2 1 2

1
�� � �� �� � � )]

�
,
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[ ( ) ( ) (A4 1 2 3 2 3 2 1 3 1 3 3� � �� � �� � � � �� � �� � � �� � � � � � � � � � � �1 2 1 2

1
�� � �� �� � � )]

�
,

� � �� � � � �� � � �� � �� � � � �[ ( ) ( ) (� � � � � � � � � � � �2 3 4 3 4 3 2 4 2 4 4 2 � � �� � �� � �3 2 3 2)]i .

Ïðîâåäÿ ñîîòâåòñòâóþùèå ïðåîáðàçîâàíèÿ ñ èñïîëüçîâàíèåì ôîðìóëû èí-

òåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëó÷àåì

~
A

A
j

j�
�

, (16)

ãäå A j è � èìåþò âèä (12).

Ïðåîáðàçóåì ïðîåêöèþ óðàâíåíèÿ
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Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì
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Ó÷èòûâàÿ óñëîâèÿ íåïðåðûâíîñòè (15), ïîëó÷àåì òî÷íóþ ðàçíîñòíóþ ñõåìó
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Çäåñü A j , � âû÷èñëÿþòñÿ ïî ôîðìóëàì (12), à S x1 ( ) — ïî ôîðìóëå (14), ãäå

âìåñòî
~
A j èìååì A j èç (16).

Ëåâàÿ ÷àñòü óðàâíåíèÿ (18) äàåò òî÷íóþ ñõåìó äëÿ îäíîðîäíîãî óðàâíå-

íèÿ (2), à ïðàâàÿ ÷àñòü ó÷èòûâàåò íåîäíîðîäíîñòü. Òàê êàê

p x x xi�� � � ��1 2( ) , p x x xi�� � � �� 2 1( ) , p x x xi�� � ��� 3 1( ) , p x x xi�� � ��� 4 2( ) ,

òî
2

4
2 1 4 2 3

h
T A A A A� � � �( ) , (19)

ãäå T pS dx
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.

Åñëè â îäíîðîäíóþ ñõåìó (11) ïîäñòàâèòü u x
�

( ) �1 è u x x
�

( ) � , òî ïîëó÷èì

ñîîòâåòñòâåííî

� �
�
� A j

j 1

4

; 2 04 1 3 2( )A A A A� � � � . (20)

Ðåøàÿ ñèñòåìó (19) è (20), ïîëó÷àåì

A
T

h
A A2 2 1 43� � � , A

T

h
A A3 2 4 13� � � . (21)

Ïîäñòàâëÿÿ ôîðìóëû (21) â óðàâíåíèå (18), ïîëó÷àåì òî÷íóþ ñõåìó â âèäå

ðàçíîñòíûõ ïðîèçâîäíûõ

h A u A u Tu Sfdxi
xxx i

i
xxx i xx i

xi

3
4 1 1

2

[ ], , ,� � � �

�

	 . (22)

Èç ôîðìóëû (13) äëÿ A1 è A4 ñëåäóåò ñîîòíîøåíèå A Ai i
1 4

2� � .
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ÌÎÄÈÔÈÊÀÖÈß ÑÏËÀÉÍÀ

Äëÿ ïðîåêöèè óðàâíåíèÿ èñïîëüçóåì ñïëàéí òîëüêî ñ äâóìÿ íåèçâåñòíûìè ïà-

ðàìåòðàìè, ÷òî áîëåå öåëåñîîáðàçíî ïðè ïðàêòè÷åñêîì ïðèìåíåíèè. Ñïëàéí

ïðåäñòàâëÿåì â âèäå
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1 2 11
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(23)

Çäåñü �, � — èñêîìûå ïàðàìåòðû, ~ ( )
( )

( )
�

�

�
j

j

j i

x
x

x
� — íîðìèðîâàííûå ðåøåíèÿ

� j x( ) , óäîâëåòâîðÿþùèå óñëîâèÿì (4).

Ïðè ëþáûõ � è � ñïëàéíû S x2 ( ), �S x2 ( ), ��S x2 ( ) íåïðåðûâíû â òî÷êàõ xi�1,
xi�1 â ñèëó íà÷àëüíûõ óñëîâèé äëÿ � j , à S x2 ( ) íåïðåðûâåí â òî÷êå xi , òàê êàê
~ ( )� j x íîðìèðîâàíû. Ñëåäîâàòåëüíî, äëÿ íåïðåðûâíîñòè �S x2 ( ), ��S x2 ( ) â òî÷êå xi
ïîëó÷èì ñëåäóþùóþ ÑËÀÓ:

�� � � � � � �~ ( ) ~ ( ) ~ ~� � � � � � � � �1 2 3 41 1 ,

�� � � � � � �~ ( ) ~ ( ) ~ ~�� � � �� � � �� � ��1 2 3 41 1 . (24)

Âûïèøåì ðåøåíèå ñèñòåìû (24)
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Èñïîëüçóÿ èíòåãðèðîâàíèå ïî ÷àñòÿì è óñëîâèÿ íåïðåðûâíîñòè, ïîëó÷àåì

òî÷íóþ ñõåìó â âèäå
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Ïîñëå ñîîòâåòñòâóþùèõ ïðåîáðàçîâàíèé ñõåìà ïîëíîñòüþ ñîâïàäåò ñî ñõåìîé,

ïîëó÷åííîé íà îñíîâå ñïëàéíà ñ ïàðàìåòðàìè A j (18).

ÇÀÌÅ×ÀÍÈß

1. Òî÷íàÿ ñõåìà ïðåäñòàâëÿåòñÿ â âèäå ðàçíîñòíûõ ïðîèçâîäíûõ (22), îäíàêî

äëÿ ðåàëèçàöèè öåëåñîîáðàçíî èñïîëüçîâàòü åå â âèäå (25).
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3. Äëÿ óðàâíåíèÿ u fIV � ñèñòåìà �
�

j èìååò ÿâíîå âûðàæåíèå
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4. Â ðàáîòå [3] ïîñòðîåíà òî÷íàÿ ðàçíîñòíàÿ ñõåìà äëÿ óðàâíåíèÿ

( )pu qu f� �� � � 0 .
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5. Èñïîëüçóÿ ñïëàéí S x0 ( ) , ïîëó÷àåì òî÷íóþ ñõåìó äëÿ óðàâíåíèÿ

( )pu qu ru� �� � �� 0 . Ñõåìà èìååò âèä
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Â îòëè÷èå îò ñõåìû â [4] äàííàÿ ñõåìà íå ñîäåðæèò ïàðàìåòðà � â Ai .

6. Äëÿ ïîëó÷åíèÿ òî÷íîé ñõåìû âáëèçè ãðàíèöû îòðåçêà ñïëàéí èñïîëüçóåò

äðóãóþ ñèñòåìó ëèíåéíî íåçàâèñèìûõ ôóíêöèé ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé

(ñì., íàïðèìåð, [2]).

7. Òàêèì îáðàçîì, âñå óêàçàííûå ìåòîäû ïîñòðîåíèÿ ïðèâîäÿò ê îäíîé è òîé

æå òî÷íîé ñõåìå.

8. Îòìåòèì, ÷òî ñõåìû âòîðîãî ïîðÿäêà òî÷íîñòè â ðàâíîìåðíîé ìåòðèêå èñ-

ñëåäîâàíû â [8, 9]. Óñòàíîâëåíî, ÷òî îöåíêè òî÷íîñòè äëÿ äîñòàòî÷íî ãëàäêèõ

ðåøåíèé ïðè åñòåñòâåííûõ ãðàíè÷íûõ óñëîâèÿõ ÿâëÿþòñÿ íåóëó÷øàåìûìè.
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ÇÀÊËÞ×ÅÍÈÅ

Âñå ìåòîäû ïîñòðîåíèÿ òî÷íîé ðàçíîñòíîé ñõåìû ïðèâîäÿò ê îäíîé è òîé æå

ôîðìå çàïèñè ðàçíîñòíîé ñõåìû. Îäíàêî ìåòîä ïðîåêòèðîâàíèÿ íà ñïëàéí, êî-

òîðûé ïðåäñòàâëåí â ÿâíîì âèäå, óïðîùàåò ïîñòðîåíèå è ðåàëèçàöèþ ñõåìû,

òàê êàê íå òðåáóåò ðåøàòü çàäà÷è Êîøè äëÿ ëèíåéíî íåçàâèñèìûõ ôóíêöèé.
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Abstract. The paper deals with the construction of exact difference schemes for
fourth-order equations with variable coefficients. To this end, we use the explicit
solutions of the Cauchy problem.
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