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Abstract. A theory for the spontaneous emission (SE) of radiation for a Bloch electron
traversing a single energy miniband of a superlattice (SL) in a cavity while undergoing
scattering is presented. The Bloch electron is accelerated under the influence of
superimposed constant external and internal inhomogeneous electric fields while
radiating into a microcavity. The constant external electric field strength is chosen so that
the emitted radiation lies in the terahertz spectral range. The quantum dynamics for the
inhomogeneous field correction is obtained from a Wigner—Weisskopf-like long-time,
time-dependent perturbation theory analysis based on the instantaneous eigenstates of the
electric field-dependent Bloch Hamiltonian. It is shown that SE for the cavity-enhanced
Bloch electron probability amplitude becomes damped and frequency shifted due to the
perturbing inhomogeneity. The developed general quantum approach is applied to the
case of elastic electron scattering due to SL interface roughness (SLIR). In the analysis,
the interface roughness effects are separated into contributions from independent planar
and cross-correlated neighboring planar interfaces; it is estimated that the cross-
correlated contribution to the SE relaxation rate is relatively small compared to the
independent planar contribution. When analyzing the total emission power, it is shown
that the degradation effects from SLIR can be more than compensated for by the

enhancements derived from microcavity-based confinement tuning.
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1. Introduction

It has been known that spontaneous emission (SE) of
photons from an optically active medium can be strongly
enhanced or inhibited by controllably modifying the
dielectric environment in which the emission of photons
occurs [1, 2]. Relevant to the subject of this paper is the
coherent emission of electromagnetic radiation from
Bloch oscillations in electrically biased semiconductor
superlattices (SLs) [3-12]. In the case when the bias is
chosen that the radiation output is in the terahertz
regime, this allows for the possibility of inversionless
terahertz lasers [13].

A theory of microcavity-enhanced spontaneous
emission (MESE) for a Bloch electron traversing a
single energy band without scattering accelerating in an
external constant electric field has recently been
examined by the authors [14, 15]. The theoretical
analysis was fully quantum mechanical in that the
quantized radiation field was described in terms of the
dominant rectangular microcavity waveguide mode in
the Coulomb gauge; also the instantaneous eigenstates of
the Bloch Hamiltonian were utilized as the basis states in
describing the Bloch electron dynamics to all orders in
the constant electric field. Analysis of the probability
amplitudes, over integral multiples of the Bloch period,
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resulted in selection rules for photon emission in both
photon frequency and wave vector, showing preferable
transitions to the Wannier—Stark ladder levels. It was
shown that the SE rate could be enhanced over free
space emission [16] by tuning the emission frequency to
align with the cavity mode spectral density peak, thus
resulting in an output power of several microwatts in the
terahertz spectral range for a GaAs-based superlattice
(SL) imbedded in a microcavity.

In this paper, we generalize the analysis of MESE
for a Bloch electron accelerating through a single
miniband of a SL structure to include the electron
scattering. As an example, the additional interaction of
the electron with a perturbing inhomogeneous electric
field arising from interface roughness [17-19] inherent
from the SL material process is studied. The intent in
studying the effect of such a perturbing inhomogeneity is
to determine its role in limiting the MESE process as a
scattering influence that dephases the coherency of the
Bloch oscillation, and to quantitatively determine how
the MESE selection rules are influenced by such a
perturbation. The theoretical approach developed herein
is quite general and allows for the inclusion of electron-
phonon scattering as well. In this work, however, SLs
are only considered for which the miniband width is less
than the LO-phonon energy thereby relaxing the need to
consider phonon effects in this analysis. A host of other
possible deleterious scattering mechanisms are discussed
in the literature [7, 17-20]. The developed theoretical
methods and details of derivations, which are not
reflected in a reduced version [21] are fully described.

The paper is organized as follows. In Sec. II, the
quantum approach is briefly reviewed, and the
Hamiltonian for a Bloch electron in the quantum
electrodynamic field of interest is developed. The
classical external electric field is described in the vector
potential gauge, and the quantized electromagnetic
radiation field is described by the dominant microcavity
TE,p rectangular waveguide mode in the Coulomb
gauge; the general inhomogeneous electric field is
treated in the scalar potential gauge. In neglecting the
higher-order quantum field-field interaction term, it is
shown that the total Hamiltonian for this problem
reduces to the sum of three contributions, the
Hamiltonian for the Bloch electron in the classical
external  electric  field interacting  with  the
inhomogeneity, the Hamiltonian of the free quantized
electromagnetic field, and the Hamiltonian for the first-
order interaction between the cavity quantum field and
the accelerated Bloch electron. Further, the
instantaneous eigenstates of the Bloch Hamiltonian and
the states of the free radiation field are utilized as basis
states in describing the time development, and in
calculating the one photon SE transition rates of the
accelerated Bloch electrons under the simultaneous
perturbing action of the quantum cavity radiation field
and the inhomogeneous potential energy. In Sec. 111, the
overall probability amplitude analysis for one photon
emission is developed; as a result of treating the

perturbing inhomogeneity in long-time, time-dependent
perturbation theory relative to the Bloch-accelerated
system in the electrodynamic radiation field, it is found
that the SE amplitude for the cavity-enhanced Bloch
electron radiation becomes damped and frequency
shifted in the off-diagonal and diagonal matrix elements
of the inhomogeneous potential energy with respect to
the instantaneous Bloch eigenstates. This resulting SE
amplitude for the cavity-enhanced Bloch radiation is
strikingly reminiscent to the form obtained for the
Boltzmann transport equation to describe scattering in
the  well-known  relaxation-time  approximation.
Therefore, in Sec. IV, for purposes of showing trends
with regard to simple Bloch oscillation dephasing effects
as the electron undergoes scattering, the dephasing
analysis is carried out for a heuristic constant relaxation-
time approximation, where the damping term is assumed
constant and the frequency shift is constant, in particular,
zero. Also, since our basic quantum analysis excludes
the dissipative effect of the cavity radiation field
interacting with lossy cavity walls, use is made of a
well-known phenomenological treatment of dissipation
whereby the singular part of the density of states is
replaced by a Lorentzian with a broadening parameter
dependent on the quality factor of the microcavity. In
analyzing the total power in this approximation, it is
shown that the degradation effects from SLIR can be
more than compensated for by the enhancements derived
by microcavity-based confinement tuning. In Sec. V, the
theoretical analysis is extended beyond the heuristic
relaxation-time approximation and is developed for the
specific case where the inhomogeneous potential energy is
represented by a lattice comb of planar interface
inhomogeneities of variable potential strength, where the
SL planar interface roughness is characterized statistically
by an ensemble averaged over the variable potential
strength. It is found that both the frequency shift and the
damping constant are dependent on the Brillouin zone
vector component perpendicular to the SL direction, the
characteristic correlation lengths, and the applied electric
field. Further, since the required matrix elements for the
inhomogeneous potential energy are separable in terms of
planar and cross-planar interface roughness contributions,
detailed analysis revealed that the cross-planar
contribution to the SE relaxation rate is relatively small,
representing less than roughly 10% of the total relaxation
rate relative to the dominant independent planar
contribution. In Sec. VI, a summary and discussion of
overall results is given. The Appendix provides the details
of the time-dependent double perturbation theory analysis
used to calculate the probability amplitude.

2. Quantum approach: Dynamics based on
instantaneous eigenstates

Dynamical properties are considered for the situation in
which the electron is confined to a single miniband 7, of
SL with energy ¢, (K), while the effects of interband
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coupling are ignored [22,23]. Therefore, the quantum
dynamics is described by the time-dependent
Schrédinger equation

iho| ¥, (r,t))/0t=H | Y, (r,1)),
where the exact Hamiltonian
H =[p—(elc)AT/2my +V.(r)+ H, +V(r,t)

can be reduced to a sum of the following separate
Hamiltonians

H=H,+V({t)+H,. +H,.

Here, the first two terms represent the Hamiltonian,
Hy@t)=[p+ pc(t)]z/ZmO +V,(r), for single electron in a
periodic crystal potential, V_.(r), interacting with a
homogeneous electric field E, and the potential energy,
V(r,t), for the inhomogeneous electric field due to the

impurities or interface roughness; although the special
case for the scattering potential considered in this work
is time independent, the developed general treatment is
applicable to a general time-dependent perturbation
V(r,t). Also H, is the Hamiltonian for the cavity mode

electromagnetic radiation field (m, is the free-electron

mass, ¢ is the velocity of light in vacuum, and e is the
electron charge). The total vector potential in the exact
Hamiltonian  consists of A=A_,+A,, where

A, =—(c/e)p, describes the external electric field with
!

p.()= ej E(t\dt'=eEt for the time-independent
)

homogeneous electric field turned on at initial time
to=0; A, describes the TE,, cavity mode of the
quantized radiation field E, with the frequency o,

given by [24]
4,,=>
9z

and 4, = A,,=0, where a

4rthc?
0,eV

sin(qxx)(&qeiqzz + fz;'e”'qzz), (1)

+
q

boson creation and annihilation operators, € is the
dielectric constant of the medium filling the waveguide
of the length L. and cross-section L,.L,,, Vy=L,L,L

xHy o xHytzo

and ¢, =n/L,. For the chosen system geometry, the

and a, are the photon

corresponding electric field E, is polarized in the

direction of the dc field, which is assumed to be oriented
along the y axis (also the SL growth direction). The

Hamiltonian for the quantized radiation field has the
_ AT A
H, = zqhwqaqaq,

o, =o[1+(q./q,)*1"* is the

form where

mode dispersion

relation, and o, :qxc/«/g is the angular cutoff

frequency; also the guided mode wavelength is written
as A=k (0, /0,)> —11"%, where A, =2L, is the
cutoff wavelength [25]. The

H,(@)=—(e/myc)A, -[p+p.(¢)], for the
interaction between the quantum field and the Bloch
electron, couples both subsystems H, and H,, and

Hamiltonian
first-order

causes transitions between the accelerated Bloch
electron states through photon absorption and emission.
Then, starting with the reduced Hamiltonian
H=H,+H,+H; +V(r,t), use is made of first-order,
early-time time-dependent perturbation theory [26, 27]
to calculate SE transition probabilities between states of
Hy+H, while regarding H,;(t)~ A, -[p+p.(?)] as a
perturbation, and at the same time, use is made of a
long-time Wigner-Weisskopf approximate perturbation
theory analysis [27,28] to calculate the relaxation
influence of V(r,t) on the SE transition probabilities;
this time scale ordering is invoked since SE rates are
orders of magnitude faster than relaxation times due
to V(r,?).

The solution for |'¥, (r,#)) can be represented in

terms of the  eigenstates of Dbasis  states
| \Vnol( (rat)a{nq,j}> :| “ranK (r:t»' {nq,_/ }> of the
unperturbed Hamiltonian H, + H, as

RRCHEDIDY Ay DY, (0,0, {1 1)

K ing, it

< exp{—% J: e, (KD + Y hoo,n, j]dt} . 2)
0 qQ.j

Here, the summation over K is carried out over
the entire Brillouin zone, and {n, ;} is specified over all

possible combinations of photon occupation number,

ng ;> wWith photon wave vector q and polarization éq’ o

j=1,2. The instantaneous eigenstates of H are given
[22, 23] by k() =Q ey, \(r), where
Uy k() (r) is the periodic part of the Bloch function,

k(t)=K+p_(¢)/h, and the values of the electron wave

vector K are determined by the periodic boundary
conditions of the periodic crystal of volume Q .

For the case of one photon SE, which assumes that,
initially, no photons are present in the radiation field, the
probability amplitude in the wave function of Eq. (2)
satisfies the initial condition
A{nqy/}(K’tO):{any/,O}SK,KO at time ¢=t¢,, when the
0 .
q,j
The probability

electric field is turned on. Here, K, and n, , =0 are

the initial values of K and ng;.
amplitude for SE, A{nqj}(K,t), is evaluated by double

perturbation theory in the Appendix.
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3. Probability amplitude analysis
A. Probability amplitudes — one photon emission

The appropriate time-dependent equations of motion for
the A4 {nq/}(K,t) coefficients expressed in Eq. (2) relate

the time rate of change of A{nqj}(K,t) to the basis-

dependent matrix elements of H, and V(r,¢) through a
self-consistent set of equations. In applying early-time,
first-order perturbation theory to the H; -coefficients of

the set of equations, and applying a long-time, Wigner—
Weisskopf-like approximation to the V -coefficients of
the set of equations, we obtain [see Appendix,
Eq. (A12)] a closed form of inhomogeneous equation for
the one photon SE amplitude

. 1
4,(K,,1) _l,_thOKO (N4,(Kg,0)+

L . ,
o D e O (4, K0 =

K'#K|
. 1 .
= A7 (Ko +— 3 fic, w0 A7 (K1) (3)
l ,
K'zK,
Here,

ko(®)=K,+p,.()h,and
S =V (t)exo{% [[ 16 ko012, KGN }dr'} ,

4)

where VKOKV(I):(\VHOKO(r,t),V(r,t)\u”OKr(r,t)) are the
appropriate matrix elements of the perturbing
inhomogeneity, V(r,?); the general time dependence of

{ng;t>n=1,

the matrix elements originates from both the explicit
time dependence of V(r,f) and from the time

dependence of k(t) = K +p,_(¢)/i1. Also,
!
Ay (Ko,0)= D(q, /)" [ di'v, ko () -, 1%

xexp{—%j; (e Ko ()], [ko<rl>—qs]—hmq}dﬁ},

®)
the probability amplitude for the microcavity-based SE
alone [14]; D =—inco/w. eV, , o= e*/hc is the fine

structure constant, q, ={*q,,0,q,} with “+” for s =1

and q=1(q; +¢>)"”

vy[k(t)]=(1/h)VKysno(K)|k(t), the y component of

[T3EL)

for s=2, , and

Bloch velocity in the band.

B. Analysis of one photon SE amplitude equation

The solution for 4,(K,,¢) in Eq. (3) depends explicitly
on fg k' (f) asnoted in Eq. (4). The time dependence of

S,k (1), expressed through the time-dependent matrix

elements of V(r,t#) and through the time dependence of
accelerated instantaneous energy eigenstates in the phase
of f'KOK (¢) , are now addressed. For the type of potential

energy function of interest in this problem, that is, one
where V(r,t)=V(r), a function of position alone, and
where V(r) is a comb of abruptly changing, planar,
interface inhomogeneities positioned at the SL lattice
sites  with randomly distributed planar interface
roughness, one can find the analytic solution to Eq. (3)
quite readily. Attention is now focused on the closed
form inhomogeneous equation for the one photon SE
amplitude noted in Eq. (3).

1. The potential energy consideration
In the Wannier representation, the instantaneous
eigenstates, y, g (r.?) , are equivalently expressed as

PO

r i(K+p (eynh
WnOK (l',t) = We h Ze ( Pe ) VVW0 (l' —l), (6)
0 1

where Ny, =N, N, is the total number of lattice sites,
and W, (r—l) are the Wannier functions, which are
independent of K [29], defined over all the lattice sites,
I, of a given band, 7. Then, in taking the matrix

elements of V'(r) with vy, ¢ (r,f) in Eq. (6), one obtains

t

1 I i—~(I'-1)

Viaw () =—D ST e n 7 (7)
N, e

where V= J.dr W, (r=1)7(r) W, (r=I'). The matrix
elements in Eq. (7) are seen to be dependent on time
through the p.(¢f) dependence or, equivalently, through
k()=K+p_.(t)/h.

For the case where V' (r) is a lattice comb of planar

interface inhomogeneities with randomly distributed
planar interface roughness, V} can be expressed as

W = ZV(IV)S“VSH, , so that
1

1 HK'—K)-
Vi == D v1,) e On ®
Ny 4

Here, v(1,) includes the effect of the SL interface
roughness which is generally accounted for [30]
independent planar interfaces by an ensemble averaged
autocorrelation function in the form

G N =8, , v(L,y) |z>ef(1,fl:.i>2//\§. ©)
and
<V(1r)> = 0, (10)
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with 1, ={/,,,1,, }. Later, we consider the effect of SL

interface roughness from cross-correlated neighboring
planar interfaces. It is noted that an equivalent abrupt
interface model has been utilized in Refs. [31, 32] based
on potential with similar correlation properties. The
Fourier transform of the autocorrelation function is a
specific Gaussian [33] assumption with two parameters
which characterize the rms height of the interface
potential fluctuations and the roughness correlation
length. Other forms may be more suitable [34] based on
empirical data.

2. The evaluation of the integral of the instantaneous
eigenstates

Since Vg is time independent, for the potential energy

of interest, the only other source of time dependence in
Jxik'(t) comes from the accelerated instantaneous

energy eigenstates, €1, [k(#)], in the phase of fxg (¢) in

Eq. (4). This time dependence in a constant electric field
can be expressed as

!
I, = jogno [K +p,(t)/h]dt' =

(11)
=g, (K )t+m(K,0)-in(K.,?),
where
g, (K, )= Z,,O(Ky,Kl); (12)
y1<
and
e (al K (K a+o
n(K.p= 3 Sl B) ko, (13)
2 osly
with
zK a(
€, (afy,Kl)f—zsno(Ky,Kl) (14)
N, K,

g = eEa/h the Bloch frequency, a the SL period, and
€, (K, )=¢, (K) is the average

¢, an integer. In (12),
value of ¢, (K) along the K, direction in the Brillouin

zone, dependent on K alone. In particular, in (13),
when the nearest-neighbor tight-binding (NNTB)
approximation is considered, only the terms with

/ y = +1 need be retained in the sum.

In order to arrive at the result of Eq. (11), we
develop the time integral required by expressing &, (K)

in the Wannier representation. As such, ¢, (K) can be

written as

e, (K)= &, e, (15)
where l

(0=~ D, (K)e ™, (16)

0 K

Then, it follows that, for a constant electric field,
with p, -1=rhogl t, the phase integral, /, , becomes

inZyt 1

iK1€
I, =Y, M

N iogl,

a7

Equation (17) can be rewritten explicitly in terms
of £,=0 and 7, #0 contributions, which when using

Eq. (16) results in
L, =%, (K )+ e, (al . K,) e
£,#0
(18)
Here, €, (K ) is given in (12) and ¢, (al,.K )

is given in (14), which gives the result of Eq. (11). In
further considering the integral, 7/, , in Eq. (11), but

ny
instead over the limits from 0 to ¢, the same procedure
is followed, but with limits from ¢’ to z, to obtain

t
J' ,, [K+p, (") di" =
P
=%, (K )¢t -t")+m(K,")—im(K,1),

(19)

where n(K,¢) is given by Eq. (13).

The variables defined by Egs. (12), (13), and (14)
are central to the entire analysis. Although they are
formally defined for a general band structure, they are
evaluated here for the specific SL miniband dispersion
relation expressed as

’

X l'aK
g, (K)=¢, (0)+ Y Aysin®—>+¢, (K,),
I=1

(20)

where ¢, (0) is the miniband edge, A, is the width of

the /' -th miniband harmonic of SL, and ¢, (K ) is the

contribution from the perpendicular components of the
band. Such a form for the energy band dispersion in the
SL growth direction generally includes long range
coupling over the neighboring quantum wells (QWs)
with a relative strength measured by the specific value of
the ratio A, /Ay <1, which is strongly dependent on

the extent of wave function overlap. In putting the
expression for g, (K) from Eq. (20) into Eq. (12) and

using ZK), ()=

g, (K))=¢, <0)+Z

+e (K. @2y

Also, for g, (a/@ K ) in Eq. (14), one similarly

obtains ano(a/ K )= —lA‘/l and in using this

expression in Eq. (13), n(K) =n(K,0) becomes
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o0

A
) =iy S

=1 “OBYy

sin(K ,al ). (22)

Therefore, for the assumed miniband dispersion,
&,,(K) depends only on K , ¢, (af,,K ) is constant,
and n(K) depends only on K, .

The result of Eq. (11) is a significant reduction of

I, and allows one to develop a simple time-dependent

o

expression for fy (t) as

S () =
1 . n Ll = '
et {mK.0-n(K"O-K)-n(K )]}eg Eng (KL)=Ep, (KJ.)]t’
(23)
where Vgg is given in Eq. (8), n(K,?) is given in

Eq. (13),and €, (K ) is given in Eq. (12).

3. Solution to SE amplitude equation for planar interface
roughness

In looking for the solution to Eq. (3) for the potential
energy function defined by matrix elements Vi given
in Eq. (8), with v(1) satisfying ensemble average values
given in (9) and (10), it has been already shown that
Jxx (¢) 1s given by Eq. (23); also, from (4), it follows
that

S O frg (1) =
Vi I exp{%f,[sno (K+p/h)—e,, (K'+p./h)] dt"} .
(24)

It then follows from the use of Eq. (19) in Eq. (24)
that

S (O fiiae (1) = Yigae () 070 (25)
with gy =[§n0 (Kl)—§n0 (X' ))/h and
1
, —{MK.)EK" )]-[nK.H-K"D]}
Vi (1) = Vige [Pe P . (26)
where
Ve =g S o0y (1) K00, @7)
Ny 47
After ensemble averaging over the interface

roughness, it is clear from Eqgs. (9) and (10) that the
diagonal matrix elements Vi = (1/ NO)ZIV (I) and the
matrix elements in Eq. (8) ensemble average to zero

because (v(l)) =0 at each 1; but |Vkg > survives
because Eq.(27) contains ensemble averages over

(v()v* (")) which obeys an autocorrelation relation
from Eq. (9).

Therefore, in putting fy(¢) and fxx (0) [k (t)
into Eq. (3), and taking the ensemble average to lowest
order (dropping the ensemble average symbol for

mathematical convenience), one obtains the SE
amplitude equation as

. i
4,(Ko,1) +EVK0K0 4,(Ko, 1)+

1
+—

t ) (t—t") ,
52 e O A, (kg0 = 29)

K'#KO
= 40 (K.1).

Here, the ensemble average of Vi x is zero, but
0™0

we retain the diagonal element to show the systematic
behavior of perturbation theory in what follows.
Equation (24) contains an integral form which
requires the explicit time-dependent specification of
Yk (1) defined through n(K,a+opt,K,) and

nN(K,a+opt' K, ), where n(K) is given in Eq. (22).
For NNTB, in the SL band of interest, we see from

Ao
Eq. (22) that n(K,aK,)=-i——sin(K,a). Then
2mp
vk (¢,¢") from Eq. (26) becomes
YKK’ (t .t ’) =
| VKK’ |26i§{ [sin(KyaerBt’)—sin(K},aerBt')]—[sin(KyaerBt)—sin(K}aerBt)]}’

(29)

where &= A;/2hiowg. In utilizing the well-known result

[35] exp(i&sina) = zw:_ J,(E)exp(ima), where
J,, (&) is the m-th order Bessel function of the first kind,

it then follows that yg (z,t") can be expressed as a

product of four sums over Bessel functions with
differing indices, which when placed in (28) and ordered
appropriately with respect to indices and time, results in
the equation

- i 1 ,
An(KO:t)"'EVKOKOAn(KO:t)+—2 z Vo |” %
K’#KO

im(Ko, —K_’V)a y

x D @ ©)e
X D T @ (E)e

m",m'"=—co

—im"(K,y,~K},)a eiK;,a[(m—m')—(m"—m"')] %
¢ o) (KDJe0)

xj dt'en™ "0 0 x
0

Xefi(uB (m"fm'")(tft')eiu)B[(mfm')f(m"fm'")]t' An (Ko,l")

= A0 (K,,0). (30)
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Eq. (30) is solved by Laplace transform, and an
analytic solution can be obtained in the long-time limit.
We note that the temporal integral in Eq. (30) is in the
form appropriate to apply the convolution theorem.

However, with F),(s) noted as the Laplace transform of
A,(K,,1), the term e/ lm=m)=m=m™est 4 (K 1) under
the integral, which gives rise to the Laplace transform
component F,{s—i[(m—m")—(m"—m")]og}, is rapidly
oscillatory for m —m'#m" —m" as t' grows; thus, for
ogt' >>1, the terms in the four-fold sum for which
m—m'=m"—m" dominate in the long-time limit.
Therefore, the terms with m—m'=m"—m" only are
retained in the four-fold sum while all other terms are
neglected. Thus, in letting

F,(s)= re_”An(t)dtzL{An(t)}, Eq. (30) can be
0
transformed to get

4,(K,.0) L{A)(K,0)}

F(s)=— - , (D)
S+EVK0K0 +iA(s) S+EVK0K0 +iA(s)
where
1< ’ VKOK"2
A(s)=— Z R, z . (32)
h m=—o0 K’ #K,, ((DKOK' _mmB)+lS

Also, R,(&) in Eq. (32) has its origin from

. 2 .
summing over the term z G |“=R, in
g KJ’?KO | KO},¢KJ, | m

y

Eq. (30), where
Grp i, &M= T (®)y(®)e

im'(Ky,~K,)a

We then find that

R,(E) =N, D o (€)= 8,05 (33)

hereafter we omit a comparatively small additional term,
) compared to the leading term which is

proportional to N, , the number of SL sites in the y

m,0 >

direction. Then An(KO,t)=L’1{Fn(s)} is the inverse
transform of (31) for all . However, one can obtain the
long-time behavior of 4,(K,,f) by examining (31) in
the limit A(s — 0). In using the well-known relation

lim‘gqo{;} = P(i] —ind(x) , it is clear that
X+is X

R Vo
z’A(O):h—z Z R, —
m=-—o0

K/ 7Kg, CKoK' ~MOB (34)

T 0
+h—2 z Ry, Z IV ok’ ? 8 (o k' —mop) .

m=—0o0 K’liKOL

Therefore, in the long-time limit, dropping the
homogeneous solution and keeping the inhomogeneous

solution in Eq. (31), we obtain
Li4) (Ko} L{4)(Kg.0) 35)
' I'(K,) ’

Fy(s)=— =
S+EVKOKO+1A(O) S+1Am(K0)+T

where
hA(D(Ko) = VKOKO +

YR Y

m=—o0 K’liKOl

Vi (36)

€,y (Ko 1)=&y (K')—mhoy

and

I'(Ky) I i R, z VK oK' ? x

h KliKOL

m=—co (37)
x8[E,, (Ko1)—&,, (K') — mhog] .

The inverse Laplace transform of (35) is

! . . , —M(H’)
A,(Kg.0) = jdt'A;’(Ko,t')e"A‘”(Ko“"f>e 2 (38)
0

A4,(K,¢) in Eq. (38) is a key result and shows that

the SE for the -cavity-enhanced Bloch electron
probability amplitude becomes damped by I'(K,) in
Eq. (37) and frequency shifted by Aw(K,) in Eq. (36)
due to the perturbing influence of the constant external
electric field and the assumed interface inhomogeneity.
It is interesting to note that the result obtained in
Eq. (38) is strikingly reminiscent of the result obtained
for the Boltzmann transport equation to describe the
scattering processes in the well-known relaxation-time
approximation [36]. Therefore, in an approach similar to
analyzing the complications of the Boltzmann theory, we
first consider the model, noted here as the constant
relaxation-time —approximation, where Aw(K,) is

assumed to be a constant, chosen to be zero for
convenience, and I'(K,) is assumed to be a constant,
independent of wave vector K, to analyze, in the
simplest heuristic approximation, the dephasing effects
due to interface roughness.

The frequency shift in Eq. (36) is essentially, to
within R,,, the second-order perturbation correction for
the inhomogeneity and the external field, and the energy
difference in the denominator is taken with respect to the
average value of the energy band in the direction of the
constant electric field, which is the y direction. It is
noted that the frequency shift can be expressed in terms
of the Green function for the field-dependent SL
Wannier functions in the NNTB approximation as [37]

Go&Ll53)= Y W
B

m'=—x

(39)
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Then, 7Aw(K,) in Eq. (36) can be alternatively
expressed as

2
hAo(Ko)=Vgk, + Z Vi k' [ %
Kl#KOl

. (40)
X 3" NI (E) Gol&,m,ms &, (Ko )=, (K]

m=—o

Also note that the neglected off-diagonal term on
the right-hand side of Eq. (40) [which arises from the
neglected term on the right-hand side of Eq. (33)] is
expressed in terms of G, as

D k! i T (&) (&)

Kl#KOl
x Gl & m,m"; g, (Ko )—&, (K]

(41)

m,m'=—oo

For convenience of performing the sum over K,
we use the form Aw expressed in Eq. (36) throughout.

4. Degradation of cavity-enhanced SE: Constant
relaxation-time approximation

In this section, for purposes of showing heuristic trends
with regard to the effects of interface roughness, the
analysis for Eq. (38) is carried out for the assumed case
where the damping term, I', is a constant, independent
of K, and the frequency shift is zero. In this case, it
follows from Eq. (38) that

! . '
A,(Ky,0)= jo dt' 40 (K g,t)e ", (42)

where t=2/I" takes on the meaning of a characteristic
mean dephasing time, and from Eq. (5) it follows that

AY(Ko,0) = D(q,/9)"v,[Ko(1) - q,]x

xexp{—% [} oy ko 00153, [y () - 0,110, } dzl} .
3)

Therefore, the one photon SE probability amplitude
can be expressed as

4,(Ko.0) = 4) (Ko, t,8,)e ", (44)

where A;)(Ko,t,a)q) is obtained from Eq. (5) by the

formal substitution of a renormalized complex photon
“energy” hw, =ho, —iho, in place of hw, with

o, =1/, so that

t
) (K.t.3,) = Dlq /)" [ di'v, k(1) -, ]

xexp{—%jot {e,, [Ko(t)] &, [ko(t) —a 110, } dt1}~

(45)

This  incorporation of the relaxation-time

approximation parameter, ®,, as a complex addition

into the renormalized photon frequency, cT)q, thus allows
us to analyze degradation in a straight forward manner.

Then the emission process results in the total SE
probability

P6)=D 3 14,0

q s=1,2

(46)

A. Selection rules

In evaluating A4,(Ky,7), the external dc field, E, is
assumed to be oriented along the ) axis; it then follows
that ko, (1) =K,, +eEt/h . In taking advantage of the
periodic properties of the terms in Eq. (45), 4,(K,,?) in
Eq. (44) is evaluated in clocked integral multiples N of
the Bloch period, so that ¢=Nty, where
g = 1l/vg =2m/®g, the time to traverse one period of

the Brillouin zone. The integral in Eq. (45) over time can
be replaced by an integral over kj, through the

dt = (h/eE)dk,,. Then the probability

amplitude of Eq. (44), evaluated at integral multiples of
the Bloch period, can be expressed in terms of the
probability amplitude over a single Bloch period, 7y,

[16] to obtain

substitution

1- exp(—iNBq

) (N-
4,(Kg,N1g) = e Y (K, 1R),
1 —exp(-if3,)

(47)
where the complex parameter ﬁq is given by

~ oN)q 1 KO}’+G}’ [ ]
B, :2“§+ZJ‘KO, dko, [, (ko) =&, (Ko —4q,)],

(48)
and G, =2n/a , the y component of the SL reciprocal-

lattice vector. From Eq. (47), the corresponding squared
probability amplitudes are expressed as

| 4,(Ko,Ntp) [P =n(e,,N,1)| 4, (Ko, 75) [, (49)
where the fransfer function n(o,,N,1) is given by

n(mqu:T):

B sinh2(7tN/rc0B)+sin2(7tNoaq/u)B) o-2n(N-Djrog (50)

sinh? (n/t0g) + sin? (to,/op)

Here, m clearly shows the effect of Bloch

oscillation dephasing in the constant relaxation-time
approximation.
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Fig. 1. The transfer function m =n(wg, N, ) calculated at
maximum growth conditions [Eq. (51)], N = NMumax, as a function
of a number of Bloch oscillations N for different values of tvg:
(a) 5<tvg<10 and (b) 2 < tvg < 4. The dashed curve shows
Mimax ~ N without dephasing (tvg — ).

The general behavior of n(w,,N,1) is displayed in

Fig. 1. From Egs. (49) and (50), it is seen that for the
case of a weak scattering when nN/tog <<1, i.e., when

the electron scattering event is not probable even over
many Bloch oscillations, N, on the time scale of the

scattering time 7, then the quantity | 4, (K, Ntg) |2 will
reach its maximum growth value when B, = 2n(m +9) ,
where B,= Re(ﬁq), m is an integer and 6 — 0; for
this limiting case, the function n(coq,N ,T) is reduced to

the function n(w,,N) previously obtained in the

absence of scattering [16], that is
(@, N) =sin?(NB,/2)/sin’ (B,/2) > N, ie, it
becomes sharply peaked at the resonances with

increasing N. It is clear that this condition for maximum
growth establishes the selection rules for both the photon
emission frequency, ®, and the key wave vector
component, ¢. ,

(1)

2 /2
®, =moy, q.=q.,=q, [(mwB/wc) —1]‘ ;

this gives the “Stark ladder” resonance frequency
condition, along with the sustaining wave vector cavity
resonance conditions. Thus, the modes that radiate with
the highest probability correspond to the fundamental
Bloch frequency and its harmonics. These quantization
conditions are obtained without requiring any
assumptions concerning the existence of Wannier-Stark
energy states. Further, analyzing the changing behavior
of n(w,,N,t) with increased intensity of scattering, it

is noted that the peak positions are negligibly affected,
although the associated spectral widths become
broadened and related peak values are reduced with
decreasing ratio of 1/t (Figs. la and 1b). From this
relaxation-time approximation result, it is noted that the
maximum growth condition for the probability
amplitudes in Egs. (49) and (50) still preserves the
selection rules for SE given in Eq. (51) despite the
increased reasonably strong scattering (tvg =1). It is
important to emphasize that both Eqgs. (49) and (51)
taken together are central to the evaluation of total SE
probability.

In the preceding calculation, if Am(Ky) were chosen
to be a non-zero constant, say g, then the selection rules
in Egs. (51) would indicate a constant shift in o, by the
assumed constant ey, which would then be appropriately
reflected in Eq. (50) by replacing o, with o,+ .

Not withstanding the relaxation-time
approximation, both A® and I' in Egs. (36)-(38) are
non-trivial functions of K-vector and #wg, so that
depending on the strength and breath of the interface
inhomogeneity, the Stark selection rules and the SE will
be affected by this dependence. The analysis is extended
beyond the relaxation-time approximation in Section V
to demonstrate the dependence of I" and A® on K-vector
and Zmg within a model problem.

B. General expression for the total SE probability

The total SE probability at time ¢= Nty, noted as
P’ =P)(Ntg), is
|Aq(K0,NrB)|2 from Eq. (49) into Eq. (46). The sum
over ¢ in Eq. (46) is replaced by an integral over ¢, by

evaluated by  substituting

taking into account the TE,, mode density of states and

polarization that
> (9> (Lo/m) [dg- 1= (q,/a)’1? . Thus, P
q

can be written as

such

| 4,(Kg,t5) [

(1.0 ]"
In Eq. (52), we have made use of the mode density
of states for a lossless waveguide cavity; this results in
infinitely sharp peaks at the system resonances.
However, if we incorporate a radiative loss component

S LZ
P= > jdqn(coq,N,r)
s=1,2

(52)
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into the density of states due to the interaction of the
radiation field with lossy cavity waveguide walls, this
would lead to a broadening and finiteness of the density
of states resonance peaks. Therefore, we introduce here a
well-known and frequently used phenomenological
Lorentzian broadening component into the density of
states, which approximates [38] the effect of radiative
dissipation to the cavity walls. As such, the singularity
of the density of states in Eq. (52) can be expressed as

=g/’ 1% = (glaWalq, +1)'" (glg, -1D)"*;

then, in (qlq, -1 by

limr eo[%
71Ty +(q/q,—1)

O is the microcavity quality factor, we can express
Eq. (52) as

replacing

1/4
] with I, =1/2Q0, where

L
Fo=—= > qun(mq,N,r)X

s=1,2
5 1/4 (53)
Xq|Aq(KOaTB)| 1
/ .
q.(qlq, +D"* | T] +(qlg, 1)

Thus, P in Eq. (53) is reflective of the loss
component at the resonances.

The integral in Eq. (53) can be evaluated by using
the special property of the integrand, that is, n(o,,N,1)

is a sharply peaked, symmetric function of ¢, at

9=q, = (q? +q22m )1/2 . With decreasing t, the

maximum values of this function decrease relative to the
no scattering case (t=ow). However, its sharp and
oscillatory behavior is preserved for the wide range of
physical scattering times greater than or of the order of
the inverse Bloch frequency vg. Thus, for tvg 21, at

every node defined by the resonance conditions, the
slowly varying function of ¢ in the integrand, including

the peaked density of states, can be replaced by its value
evaluated at g = g,,, and then removed from the integral

over ¢ . It is noted that in comparing the effective half-
widths of 1 and the Lorentzian lineshape, we find that
the sharpness of mn dominates for the conditions that

I, >> Ty =120y, Q<<Qy =+151N . Within these

criteria, the integral over ¢ can be completed as
outlined to obtain

/
L o max 0 - )
P :1N(WB)LZ—(DB D14 (Ko, @) x
xTe =1 s=1,2
(54)

1/4
x QI/qx 1
(q1/q, +D" | T} +(q/q, —1)?

Here, [, follows from ¢ .. =/ (®p/®.)q,,
and determines the upper limit in the sum over higher

Bloch oscillation harmonics. The integral 1y (tvg)
reflects Eq. (50) and is defined by

2 il .2

Iy(tvy)=e N EJ’"  Sinh (2N/2WB) + sz(NX)'
T J0 sinh”(1/2tvg) +sin” (x)

(55)

The calculation of P’ in Eq. (54) requires the use

of A)(Ky,15.®,) in Eq.(45), evaluated at the

maximum growth conditions of Eq. (51), that is, when
ho, =mhog and g = gq,,. In addition, the dependence
on ¢ in Eq.(45) is made explicit by invoking the
assumption of photon long-wave limit, which is valid for

all periodic potentials of interest, even superlattices,
where g = m/a . Thus, Eq. (45) results in

0 ~
A‘fl Ky, 15,0

12
2n qx ; 0
0 —_(_J DI,exp(—zKOya(oql/(nB),

g \ 9
(56)
where

| n .
I :EJ:ﬁdSk[vy(Sk)exp(Sk/2mvB)]exp(zlSk) (57)

of the function
and

is the [-th Fourier
v, (8p)exp(3/2ntvy),

oN)ql =lwg —i/t. Note that D in Eq. (56) has been

component
Sk = koya .

defined below Egq.(5). Since the electron velocity
component v,(3;) depends on details of the SL

miniband structure, such dependence comes explicitly
into the SE probability amplitude through the integral 7/,

given by Eq. (57), thus

qx
2
q1VB

Note that the exponential term in Eq. (58) contains
a dependence on the initial wave vector, K, . This

| Aq (Ko, 5.0, ) = =25 DI, [ exp(Ky,almevg) . (58)

dependence is implicit in Eq. (44) through t and o,
and arises from the symmetry breaking incorporation of
damping into SE probability amplitude analysis. Since
K,a/m is bounded within [-1,1] in the Brillouin zone,
and 2<tvy <o is the physical range of values taken
under circumstances of strong to weak scattering,
respectively, a simple estimate shows that for tvy =2,
the exponential factor varies from approximately 0.61
at Ky, =-mla to 1.65 at K,, =mn/a, and for weak

scattering, when tvg is very large, the exponential

factor is approximately unity throughout the Brillouin
zone. Therefore, in further discourse, the analysis is
treated for the weak scattering case, and the exponential
factor is replaced by unity so that Eq. (58) becomes
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DI, . (59)
q1VB

If one wanted to include this exponential factor for
strong scattering analysis, then knowledge of the initial
condition would be required; in lacking such knowledge,
a suitable ensemble average would have to be taken over

probable initial conditions to get a weighted average.

0 ~ 2_ ~ 2_
|Aql (KO’TB’O‘)ql)l :| Aql (TBﬁmql)| -

C. Analysis of the total SE probability
for specific energy miniband

The analysis for SE and radiation characteristics is now
developed by considering a general form for the electron
energy miniband dispersion relation given by Eq. (20).
In particular, the well-known case of NNTB
approximation corresponds with purely harmonic energy
dispersion where only the single term (I'=1) is
considered as significant, so that the next nearest
neighbor and longer range QW wave function overlaps
are assumed to be negligibly small. The electron group
velocity in the general miniband of Eq. (20), for the
given K, in the y direction, is then given by

v, (K,)= z;:lv,, sin(/'aK ) , where v, =I'aA, /21 , the

maximum velocity associated with the ' -th miniband of
band width, A, . Substituting the expression for
v,(K,) in Eq.(57), one can find the total SE

probability from Egs. (54) and (59) as

2a81/2L v2u)
Py = =2 =10 1) (tvg)sinh (112tvg )
n°L,c wp
- , 1/4 (60)
o IS 1
= (qlg, +D" | ] +(qilq, —1)°

where v, = aA,/2h and

5, = Ve | cos[n(l'+ )]

Vi
= {i(l'+l)+1/2mvB i(l'-)—12ntvy

(61)

Here, summation is carried out over both the higher
harmonics of Bloch frequency (/) and higher harmonics
of the general energy miniband (/") from Egs. (20)
and (61).

Let us consider the case of a purely harmonic
miniband (/'=1) described within the NNTB
approximation; in this case, the probability amplitude in
Egs. (59) and (57) results in

~ 2_
|Aq1 (TBJO*)ql)| -

cos [r(l' = 1)] }

sinhz(l/Z‘CVB)
oyl (nlitvg)? +[(121vg)? - (1> - D>
(62)

2
20

=4n*|D|

where an account has been taken for the wave vector
q; = 9. log/o, . In particular, if finite scattering is totally

ignored (tvg — ), then from Eq. (57) I, =i(v,/2)5;,
and therefore
| 4y, (15,0, ) = 4, (15) = 7* | D (0, fe0)3;.

Thus, it is concluded that for the electron dynamics
in a purely harmonic miniband when only the single
Fourier component of the electron velocity v, (3;) with

I"=1 is nonzero, and in the absence of scattering, all

probability amplitudes |A‘11 (1:B)|2 are zero, except the

one corresponding to /=1. In accordance with the
selection rule of Eq.(51), this frequency harmonic
corresponds to the fundamental Bloch frequency alone.
It is interesting to note that with finite values of
scattering time, the generation of higher Bloch
harmonics becomes possible even in a pure harmonic
miniband. From Egs. (54) and (62), the total SE
probability becomes

LV o
P :SRZOLIN(’L‘VB)SI/ZL—X—E—CX
y €7 OO
1
§ s sinh?(1/2tvg) .
=1 (q)/q, +1)1/2{(7tl/rvB)2 +[(1/2tvg)? -2 (1 —1)]2}
1/4
X ; (63)
T, +(q/q, -1’

It is seen from Eq. (63) that with increasing T, the
effect of higher Bloch harmonics generation becomes
reduced, and for t—> o it completely disappears. In
tracking the contribution from higher harmonics of
Bloch frequency in the total SE probability, note once
again that the NNTB approximation in Eq. (20) is
obtained by letting A, =A,8,, so that v, =8, .
Occurrence of the Kronecker symbol, §,,, allows for

the contribution of the /' =1 term only, whereas all other
terms are equal to zero, thereby limiting, within the
NNTB approximation and without scattering, generation
to the fundamental Bloch harmonic. In this problem, the
genesis of harmonics arises from the basic structure of
the probability amplitude in Egs. (42), (43); these
equations have a direct dynamical dependence on the
Bloch electron velocity and the SL miniband energy,
both of which contain a broad harmonic dependence due
to band periodicity. However, as noted from Egs. (60)
and (61), in the relaxation-time approximation, finite
scattering plays a role, but as t— oo, only the pure
harmonic survives.

D. Total SE power estimate

Spontaneous emission is considered for photon energy
ho, =hog corresponding to the fundamental Bloch
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harmonic frequency. It follows from Eq. (63) that the SE
probability for / =1 is given by

2
Livi o

y ¢ op

Pi(=1,1)= 81t2oLIN (rvB)ssl/2

sinh2 (1/2‘EVB)
(q/q, + D [(/rvp)? + (121v)*]

1/4
X ;
I, +(glq, -1)°

In the absence of scattering, Eq. (64) is evaluated in
the limit tvy — oo to get

X

X (64)

O

L)( V2
1(;([ 1’ VB ? ) 2:N1/2[ 12
y C (DB(O“)B/O“)C +l)

72 %

1/4

X 1 N

I} +(oglo, ~1)* |
(65)

indeed, for the limit of tvy — oo, the integral in
Eq. (55) behaves as a linear function of N, that is,

T2 ia2
Iy(vy ) > @) sin (VD) ey,

0 sin“(x)
so that Eq. (64) goes over to Eq. (65). For finite values
of T, the linear dependence of P’ (N) is replaced by the
general factor 7, (tvy), which is a slower than linear,

but an increasing function of N. To compare the
probabilities for SE with and without scattering, we
obtain the ratio

Fi=Lt _
P (I=1,tvg > x)
12
L (o) —— s (20ve)
N (12tvg) 1+ (1/4ntvg)?]

In particular, for frequencies close to the peak of
the density of states (op =, ), we get from Eq. (65) in

7

(66)

the absence of scattering

Pi(I=1,1vg = 0,05 = 0,) = > (c0)"* P, 67)
; .

where Py = (2n/3)aNvi/c? is the probability of SE into

free space. Hence, the enhancement of SE probability
into the microcavity waveguide relative to SE into free

space, FP.(tvg > o)=F (I=1,tvg >®,05 =0.)/P

is determined by

P.(tv —0) = %(SQ)”Z, 68)

1/2

i.e., the Purcell factor proportional to Q"“. Similarly,

for a finite T, it follows from Eq. (64) that

Fig. 2. Relative SE probability P, [Eq. (66)] as a function of N
at fundamental Bloch frequency for different values of tvg.

P(=1,1,05 =0,)=

(69)
= PF.(tvg > ©0)F, = F.(1)Py,
where the relative probability
P(v)=P (=1,1,05 =0,)/P is given by

P.(t)=P.(tvg > ©)P.. The latter clearly reflects both
the effects of the microcavity waveguide [P.(tvy — )]
and the electron scattering (P.). Depending on the
operational parameters ( and tvg, either factor in
Eq. (69) can dominate in which case inhibition
[P.(t)<1] or enhancement [ P.(t)>1] can take place.
Then, assuming the enhancement of the total probability
in Eq. (69) P.(t)>1, we get the criterion on the quality
factor Q> Q,(tvg), where Q,(tvg)=(n/3)*/eP? is
determined from the equation P.(t)=1. Combining

both criteria [see discussion above Eq. (54)], we get the
region for Q wvalues which is determined as follows

Op(tvg) <O <<QOy.
The relative SE probability, P

ro

calculated as a
function of N at different values of the dephasing
TV,,
relaxation-time approximation, it is seen that the effect
of dephasing on the relative total SE probability
becomes more prominent with decreased tvy. As a

parameter is shown in Fig.2; within the

numerical estimate, assume that tvy =10 and N =10,
which corresponds to the aspect ratio of tvg/N=1.
Then in using the data of Fig. 2 with the curve indicated
by tvg =10, one obtains P. =0.39 for N =10; then it
follows that the total SE probability and the generated
output power of SE is appreciably damped by a factor of

2.6 due to dephasing effects as compared with that in the
absence of scattering. To obtain a specific value for
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power output, use is made of the conditions for a GaAs-
based SL (e&=12.2) with the miniband width
A=36meV, the SL period a=10nm, the vertical

dimension 14um, and the lateral section

28x1000 umz embedded into a rectangular waveguide.
For the estimate, the electron density is taken to be

Cross

5.10'cm™, which provides the total number of

electrons n=2x10'" in the active region of SL. The
Bloch frequency vy(=v,.)=1.5THz corresponds to

hog =6meV and the field

E =hwog/ea = 6 kV/cm, which requires the external bias

electric

of 8.4V. The SE power generated into free space is
estimated to be W =(hogn/Ntg) Py =0.36 uW . The

Purcell factor is estimated as P.(tvg —>o0)=10 for
0=9 (0,=0.6, Oy =69); then we get P.(1)=3.9.
This results in the estimate of the damped SE power

generated into the microcavity environment under the
dephasing effects W_ =1.4 uW . The estimates show that

the SE power of about 1uW is achievable for the

microcavity quality factor in the range of 4-5; this shows
the degradation effects from SLIR can be more than
compensated for by the enhancements derived from
mircocavity-based confinement tuning.

5. Localized interface roughness model

In proceeding beyond the relaxation-time approximation,
consideration is now given to the more general result of
Egs. (36) and (37) where the interface roughness model
is explored, that is, the lattice comb of localized planar
interface inhomogeneities with randomly distributed
planar interface roughness defined by an ensemble
averaged autocorrelation function (9) and (10). Clearly
the results of evaluating Egs. (36) and (37) explicitly
will differ from the constant relaxation-time
approximation in that both Aw(K,) and I'(K,) are

non-trivial functions of wave vector K, . As such, it has

been explicitly shown in Sec. III that the matrix elements
for this lattice comb are given in Egs. (8) and (27) from
which one can arrive at

<| VKK' |2> = %Z(v(l)v* (l’)) ei(K—K’).(],lf) '

0 LI

(70)

This ensemble average matrix element can be re-
expressed by opening the sums over 1 and 1" in terms of
v and perpendicular components so that Eq. (70)

becomes

(Vxx -— Z

yll’

x Z<v(ly,lm*<l', ‘Ne

1.1

(71)

i(K=K) [y, ~13)j+(1 L ~11)]

In general, the matrix elements in Eq. (71) can be

separated into planar, (Vg |2) »» and cross-planar,

([ Vkx: |2 >cp > contributions as

(Ve 7=V 1) + Vi [P » Where

Vi 2, = " z
Ny N Nt | -
X Z CT(AN TR RO (D) i
1,1
comes from independent planar interfaces and
2 1 1
<|VKK’| >Lp7_2 z FX
y Lyl 0, V1
' (73)

i(K=K)[(1,~1,) J+(1 1))

x >l 1)V e

1.0

takes into account cross-correlations between different
planar interfaces. The planar and cross-planar
contributions to the matrix elements are established
below in Secs. A and B, respectively, along with their
contributions to the damping constant, I', and the
frequency shift, Aw .

A. Roughness effects from independent planar interfaces

For independent planar interfaces, then making use of
the autocorrelation relation (9) in Eq. (72), one obtains

1 5 1
(Vi Py =—5 D v, Py —5 %
N, D N

<y o LD/ ik K 1)

1,1}

(74)

1 .
The double sum N—lebll in Eq. (74) can be

evaluated by using the Poisson summation formula.

Specifically, the double sums over areal vectors
1, =/i+/k and I, =Ii+/'k can be further
decomposed into four sums over I, =n.a,, I, =n\a,;

and [, =nla

z7z )

l,=n.a

z7"zo

where 7, are the number of

cells and a; are the directional lattice parameters for
each perpendicular direction. Then, in the limit of large

n; in each direction perpendicular to the SL axis, the

double sum in Eq. (74) is decomposed into z and

L0

xo'x

z; , and evaluated separately by the method of

z'z

Poisson summation formula [39] to obtain

2
\/* Z —K?Ai,[l-%—%m] /1
S; = i ,

i m=-ow

(75)
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for each of the sums. Here, G;=2mn/a; is the i-th
component of the reciprocal lattice vector and x; is the
i-th component of (K, -K'). For lattices with

a; 257A, G =1.1x10"m™"

than any scattering component, «;,

which is much larger
in the perpendicular
direction; thus G,/|x;[>>1 and the only significant

term contributing to the sum of exponential terms in
Eq. (75) corresponds to the term when m=0. Thus,

S; :NiAyﬁexp(—KizAzyM) and the double sum in

Eq. (74) can be expressed as

2
= Lz ze—“rlDZ/Ai Sk A NN,
L, Sy

(76)
here, x=|K, -K'| |, S, =N,a.a,,and N, =N_N,.
Therefore, Eq. (74) becomes

n A2 “

Wi £, =7 2000 PN ™ M am

y

summed over the y direction of the SL layers.

Therefore, at each SL layer, the ensemble averaged
matrix elements depend only on the perpendicular

components of K and K'. In addition,
&, (K)-¢, (K" from Eq. (12) becomes
€, (K,)-¢, (K'\), which depends only on the

perpendicular component of wave vector in the Brillouin
zone. Therefore, Aw(K,) and I'(K;) can be rewritten
in terms of the perpendicular contributions as Aw (K, )
and I'(K;, ).

Analysis of the type of matrix elements reflected in
Eq. (77) have been reported for a model square-well SL
[30]. For the simple model case considered in this work,
()P
that the ensemble averaged matrix elements from
Eq. (77) can be simplified as
(Vi ), = (RA*/N S, )v* exp(—x*A*/4),  with the

measure of interface roughness at each interface site

is essentially constant at all interface sites, so

reduced to the statistical parameters (| v(/,) *y=v* and

A, =A . Inthis case, Egs. (36) and (37) become

ZRX

m=—oo

oA (KoyKl)z/ét

nah*v?
Aw, (Ko )=

(78)

« 2

K/ #Kq, €, (KoL) =%, (K')—mhog

and

2n2anv?
T (K. (=292 7Y
»(Ko1) 20

= 2 )2
SR, T N KoKy /4,

m=—o00 Kl#KOl

x 6[5;10 (KOJ_) _Eno (K’J_) - mhmB ]s
(79)
aN,S, and g, (K,) comes from Eq. (21)

and depends on the specific perpendicular component of
the band structure for the material under study.
As a model calculation of I', in Eq.(79), it is

where Q=

assumed that g, (K ) is given by Eq.(21), and, for

simplicity, it is also assumed that ¢ (K )= K f/2m L
The delta function in Eq. (79) can be expressed as

8[€,, (Ko )¢, (K )—mhop]=

2m 2 2 m
:h—zls (KJ_ _KOJ_ +—2Lmh0)B)

2.~ (2n)

delta function, the sum over K', alone, namely,

and

J-dK 1. Using the property of the

2 1 N\2
IF(KOL): Z e—A (Ko -K'}) /4 x
Kl#KOl (80)
XS[E,,O(KOL)—E,!O(K’L)—mhmB]
can be expressed as
S . m -A? K&L—m—émhws /2
= 1o(B,)e [t : 1)

I(Ky, )=
r 0L ZTChz

where 7,(B,,) is the modified Bessel function of the first
kind of integral order n, I,(x)=J,(ix), and

12
L
% )

The expression for I-(K,,) of Eq.(81) can now

A? 5
_KOJ_(KOJ_ -

Bn==

be inserted into Eq. (79) and summed over m under the
restriction on m imposed by the delta function
condition, namely that

2
U (K'? —KZ)+mhog =0.
my
Since
2 2
U K'?= U K2 —mhog >0,
2m, 2m,

it follows that m<m, =[hK} /2m og]. m
imposes an upper limit on the possible values of m in

the set {—oo,0}, and [x] is the greatest integer function

Here, m,

of x.In addition, m =0 must be excluded from the sum
over m, for then, the term K| = K, would necessarily
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be dropped from the sum over K' in Eq.(79) as
required. Thus, I', (Ko, )=T,(K,,) in Eq. (79) can be

expressed as

< (mhoy—2K2 Im )z
Fp(KOJ_):FO szIO(Bm)e ? . L/)L:

m=—ow

(82)
where m=0 is imposed in the sum over m.
T, =2mv’/he, , &, =h*(A2)2/2m, is the
quantization energy associated with the length A/2, and

size

Rm(E.!) - z Jm (E.a)Jm +m(E.a)-

m'=—o0

0,(8)= (83)

In Eq. (83), note that _,,(§)=0,,() and R, ()
is defined in Eq. (33). A graphic analysis of ©,,(§) is
depicted in Fig. 3; a plot of o,(§) versus & in the
interval 1<E<5 for m values 1, 2, 3 shows a peaked

and decreasing oscillatory behavior, which is a general
trend inherent in this quantity.

For the special case where K;,, =0, then m, =0,
B,=0, and 7,(0)=1; thus, Eq.(82) reduces to
r,0)=T, Z:Zlcm(&)emhm‘s/ “. For convenience in
further numerically analyzing I',(0), it is scaled in

terms of two variables € = A/e, and &= A/2hwg , where

A=A, is the miniband width. As such, it is re-expressed

as
F —mx/Z&
- cZ n(&)e (84)
0
0.2 B
1
€
o 2
0.1} 3 E
00 T T T T T T T T T
0 1 2 3 4 5
A/thoB

Fig. 3. The dependences of 5,,(&) [Eq. (83)] as a function of
&= A2hwg for the first three values of m in Eq. (84): m =1
(curve 1), m=2(2),and m =3 (3).

where l/FéerEhA/vaz. The relaxation rate
[,(0)=I,(C,E=const) as a function of C has a

maximum, I .. ,at = .., which can be found from

the equation digl"p ()=0. An approximate analytic

solution is easily obtained, if we keep only one term in
the sum over m (m=1); then C , =2& and

=(2/e)[1€o,(&). The dependences of T’ (C)/FO,
and rp(a)/ro,

calculated for different values of , are plotted in Figs 4

max

calculated for different values of &,

and 5, respectively. If using numerical parameters from
Sec. 4D, that is hog =6 meV and A =36 meV (£=3),

we can make an estimate of the relaxation time t=2/T .
In particular, we find T'({,,)/T;=0.36 at the
maximum point .. =42 (Fig. 4, curve 3); thus we
obtain the length
A= 7?1(2me/mLA)1/2 =16 nm and the relaxation time
T=5.51, . Fig. 6 displays the parameter t, versus v. If
v=14meV,

1, =1.8ps which gives the relaxation time

correlation

we take then we get an estimate
t=10ps.
In evaluating Aw,(K,,) expressed in Eq. (78),

one proceeds in a similar fashion as done in Egs. (80)
and (81); the sum over K'| in Eq. (78) is evaluated with

care taken of the principal value (K’ #K,, ) and
attention is given to lower limit of K’ determined by
g, (K )=¢. +e,(K)) Eq. 21)],
€ =8y, (0)+A/2 is the bottom of the band. The sum

[see where

over K'| alone in Eq. (78), namely,

e—AZ(KOL—Kl)Z/“

Tpo (Ko )= — — (85)
K'J_#ZKOJ_ 8/10 (KOL) - Sno (KL) - mth

can be expressed as

L (Kgy) = =210 g o Ko scle ., (86)

27th

here

10 = [ 1ylul (87)
X, X xm

x=g, (K\)ey, x.=¢/ey, X, =[mhog—-¢, (KOJ_)]/SA ,

and p(x)=2(x—x,)"e2(K,,)/el? . Thus Eq.(78)
reduces to

Ao, (Kyy )= ——ro Lo (Ko ~<clfey Zc M. (88)

m=-o
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B. Roughness effects from cross-correlated neighboring
planar interfaces

The planar contribution to the matrix elements,
(Vkx 1) p» has already been established in Sec. A,
along with its contribution to I' in Eq. (84) and Ao in
Eq. (88). The evaluation of (| Vg |2)Cp in Eq. (73), and,
therefore, its contribution to I", is strongly dependent on
the  cross-autocorrelation  function  given by
<V(lyalL)V*(l;;sl'L)> .
interface roughness models for autocorrelation functions
in multilayer systems [20, 40, 41], especially with regard
to analysis of X-ray scattering [40]. Here, we make use
of an approach motivated by X-ray scattering analysis
which considers the cross-correlation function to be
approximated as

Ol 1 V(1)

v (1,1

There is a great discussion of

= [y, 1) %

N v, 'J_)>]1/26_dyy'/8yy’ ’

(89)

where (v(ly,ll)v*(ly,l'l)) and  (vV(1,, 1 v (L1
are given by Eq. (9) for both /, and [}, ; also d,, is the
and &,, 1is the cross-

correlation length for layer y —y'.

thickness of layer y-—y’,

Thus, putting the cross-correlation term of Eq. (89)
into (| Vkk' |2>Lp of Eq. (73), and summing over zl 1
10

as in Eq. (76), we obtain

T
Wi [ ep =—5
NS,
90)
L (
z A,Vy'L?vy : y’y/ el(K-V KXy ly)’
lyilj, l’y
where A, =)D v(T) exp (_ dy /3, ),

2 _ 2, A2 - :
L7y =2)Ay +Ay), and [,=al, with [, an

integer. Then, in placing (| Vg k’ |2)Cp into Egs. (36) and

(37) and performing the separate sum over K; from

Z = z Z , we obtain the additions
K'=#K, K%K, K' #K,,

to I' and Aw for cross-correlation contributions as
2n N~
Fep (Ko)= ry Z Ayy Z R gy X
1, 1, m=—co

- 2
x z | VKOK' |cp [gno (KOJ_)

Kl iKOl

(KJ_) mhog]

o1

and

z Ay y ZRmy v

1 #l),.10), m=-o0

A Ocp (KO)
) 92)

|VK0K’ |cp .

€y (K1) =&, (K" ) —mhop

p

K’J_ iKOJ.

here

R, (®)=N, ZJ ) tem O s O iy (€) (93)
and |I7K0Kr |fp:(n/N§SJ_)L§/,y' exp(— KzLi,yr/4) The

equation (91) can be reduced to the form of the planar
contribution in Eq. (82) by using the same procedure

[sce Eqs. (80)-(82)] and taking (| v(l,)p=v, A, =A,
3, =38 forall y and )" so that
< (mhon—h2K2,Im,)
L (Ko) =Ty 3 &, y(B,) e "m0l - (04)
where
5, (6)=2) "5, (&) (95)
s=1

here,

G s(6)=

Also, the upper limit of the index s,

(IIN,)R,, (8) and G, (§)=5,,(5).
s, =28-2, is
determined by the criterion that the number of interfaces
crossed within the Bloch oscillation, 2§—1 (neglecting

turning points), should be greater than or equal to 1+
so as to ensure interface-interface interactions; thus, it
follows that 2&—-1>1+s or s<2¢-2 so that

s, =2&—2 foragiven §.
Therefore, including both planar and cross-planar
correlations allows us to express the total I' =T, as the

sum of the two contributing terms I, =", + I, for “p”
and “cp” contributions (Aw, can also be analyzed in a

similar way). The total I' =I', can be expressed as

(mhog-"Kg /m,) ey
9

T(Ko ) =Ty D0\ 1o(B,)e

m=-on

(96)

with o' (€)= 5,,(6)+5,,(€) , where 5, () and 5, (&)
are defined in Egs. (83) for “p” and (95) for “cp”
contributions, respectively. We evaluate I, in the

manner used in the previous Sec. A, then Egq. (96)
becomes

Lt CZ (&) e, ©7)
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0.4} 4 - -
LT 3

0.3} K 2 1
- o ,/
E /

7,
0.2+ // 1 4
¥
0.1}
0.0 L L L L
0 1 3 4 5
A/ak

Fig. 4. Normalized relaxation rate I'(C)/T"y as a function of
C=AJg, calculated for different values of &= A/2hwg:
E=1(1); £=2(2); £=3 (3, 4). The solid curves /-3 take the
planar correlations alone [Eq. (84)], while the dashed curve 4
takes the total, planar and cross-plane correlations [Eq. (97)].

0.4 T T T T

0.0 1 1 1
2 3 4 5
A/2ﬁmB

Fig. 5. Normalized relaxation rate T'(§)/Ty as a function of

&=A2hog calculated for different values of {=Alg;

[Eq. BH]: C=1(1);6=2(2)6=3(03)C=4().

1
1.0 1.5 2.0 2.5 3.0

V (meV)
Fig. 6. The parameter 1ty = 1/I"y as a function of v
(A=36 meV).

This equation has the form similar to Eq. (84)
derived for planar correlations alone and shows the
similar behavior as a function of { and & . In Egs. (96)

and (97), we that the

0 — p ;
G, =0, +6,, which corresponds to cross-planar

can see term G, in

interference, is relatively small compared to the planar

contribution, o,. As a numerical estimate of the

contribution from cross-planar correlations in Eq. (97),
we take =3 and a/6=1, i.e, for a =10nm we take

6=10nm. In this case, we obtain (., =49 and
[(Cpax VT =039  (Fig. 4, dashed The

estimates show that, for the assumed values of the model
parameters, the cross-planar contribution to the SE
relaxation rate is about 8% as compared to the dominant
independent planar term defined in Eq. (84).

It is worth noting that the developed methodology
for evaluating the degradation effects from SE due to
perturbing inhomogeneity in the SL is quite general and
is not restricted to a one-dimensional (1D) quantum-well
SL with the miniband dispersion as in Eq. (20). Recent
progress in nanotechnology makes it possible to
fabricate various kinds of SLs that are different from the
usual periodically layered QW structures based on III-V
compounds. [3-5] These examples include quantum-dot
SLs of varying dimensionality (1D, 2D, and 3D SLs)
[42, 43], graphene-based SLs [44-46], and natural SLs in
SiC crystals [47], which, in particular, have been
investigated for the practical realization of a Bloch-
oscillation terahertz generator [48-52].

curve 4).

6. Summary

A theory for the spontaneous emission of Bloch
oscillation radiation under the competing influences of
microcavity environment and inhomogeneous interface
scattering is presented. The external constant electric
field strength is chosen so that the emitted radiation is in
the  terahertz  spectral range; the  quantum
electromagnetic radiation field is described by the
dominant TE, rectangular microcavity waveguide mode
in the Coulomb gauge. The instantaneous eigenstates of
the Bloch Hamiltonian are used to describe the Bloch
electron dynamics to all orders in the constant electric
field, and the inhomogeneous electric field describing
the interface inhomogeneities is treated in the scalar
potential gauge. In general, it is shown that the
spontaneous emission probability amplitude for the
cavity-enhanced Bloch electron radiation becomes
damped and frequency shifted due to the perturbing
influence of the inhomogeneous electric field; the
frequency shift is shown to be proportional to the
second-order perturbation theory correction of the
Hamiltonian for the perturbing inhomogeneity with
respect to the Bloch instantaneous eigenstates, and the
damping term is shown to be proportional to the square
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of the off-diagonal transition matrix elements of the
perturbing Hamiltonian with respect to the instantaneous
eigenstates summed to the appropriate final states as
determined in a golden-rule fashion. The general

emission formulation with regard to competing
influences lends itself to a heuristic relaxation
approximation development; therefore, a simplified

trend analysis was developed in order to explicitly
characterize the degradation of cavity-enhanced
spontaneous emission in a user friendly way; the results
of this analysis clearly show that the degradation effects
reflected in the probability amplitude as a result of the
presence of interface inhomogeneities can be more than
compensated for by the enhancements derived by
microcavity-based confinement tuning. Finally, the
general theoretical analysis is extended to the specific
case where the inhomogeneous interface potential
energy is represented by a comb of localized planar
inhomogeneities of varying strength positioned at all the
SL sites. The frequency shift and damping constant is
discussed for this model problem as a methodology for
going  beyond the  constant  relaxation-time
approximation. In this approach, the interface roughness
effects were separated into those arising from
independent planar and cross-correlated neighboring
planar interfaces; it was estimated that the cross-
correlated contribution to the spontaneous emission
relaxation rate is relatively small, comprising less than
roughly 10% of the total relaxation rate, compared to the
independent planar contribution.

Although the special case of abrupt interface
roughness treated in this work is time independent, the
general treatment developed in the Appendix is
applicable to the more general case of quantum
spontaneous emission under the competing influence of
a general time-dependent perturbation. This perturbation
can also be made to depend on other degrees of freedom,
so that the analysis provides a framework for examining
the influence of phonon scattering on the spontaneous
emission process; this will be the objective of a future
study.

Appendix: Time-dependent double perturbation
theory approach

The equation for the probability
Ay, (K, 7) in Eq. (2) is given by
q.j

z ZA{H (K D)

K’ {ngq,

amplitudes

dA{nq }(K 0

<{nq,j}:WnOK (I',l) | (H] + V) | WnOK' (l',l), {n(ll,j }> X

j ot
X ex{—éj;o[sno (K'(#))~e,, (k) + %;(nq,j g, )i 14t } ’

(A.1)

We assume that at initial time, #, the system is in

one of the eigenstates of Hamiltonian H,+H, with
wave function |y, k. (r),{nfl)’ 71, corresponding to the

Bloch electron in a single band r, with the wave vector

K, and with the initial distribution of photon numbers
field | {ng ).
o) 0D = A(O) (K t)+A(1) DT

in the radiation Substituting
into

Eq. (A.l), and takmg into account the initial condition

A{n }(K,to):{én 0 }SKKO, one obtains to the
Ng.j 4./ "q.j ’

zeroth and first order in H,; for A{(S) 1(K.7) and

q./

A(l) }(K t), respectively,

A{(’(’)if}(K’t) B {8"11,_/"2\/' IOk Ky (A.2)

and

dA(” KD

1 Q)
EA K'.0)V t)x
df lh , ( )KK()

xexp{—éj’[eno K'() ¢y, (k(t'))]dt} =
fo

1
=g bV O H Wk, (r.t),{ng ;1)

Xex%_—f 1, (ko0) 53y (KO + S g, ]dt}

q.j
(A3)

(1)

this equation for A (K,t) is good to first order in

H,; and to all orders in V. Matrix elements for the

perturbation operator H; are given by
(g bW gk (00 | Hp [ i, (60, {ng 1) =
Tcol 1

o.eV 4. S=1,2[1+(qlz/qx
H 6, 18, 0D
+\/n3/+1<6q 08, o})BKOKW}

For brevity in using notation, Eq. (A.3) can be
written as

)2]1/4 vky‘gno [k(t)]x

(A.4)

. 1 , -
4,(K, 1) —i—h;fkkr ()4, (K',0) = 4°(K, 1), (A.5)
with
i () =Vigger (1) exp {—%jf[s,,o K@)~z <k<r'>>]dr'},
(A.6)
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where VKK' (t) = (\Vnol( (rat)aV\‘r/nOK' (r:t)) > and

. 1
A0 = — (g 1 W (00 TH W (6,0, 1)

x exo{—% Jj e, (Ko (1)) —¢, (k())+ Z(”.(l), g, )he, ]dt (}
0 q.j

(A7)

Again, it is emphasized that Eq. (A.5) is valid to

the first order in H,; and to all orders in V. Also to
simplify notations,

A{(i) v}(K,t)EAn(K,t). Then, separating terms with
9.

we designated

diagonal and off-diagonal matrix elements fy x (¢) in
Eq . (A.5) so that

An<K,t>—iihka(r>An<K,t>—
1

in

. (A.8)
D fik (04, (K1) = 40 (K, 1) ,
K'=K
the equation for A4,(K',7) in the third term on the left-
hand side of (A.8) can be written as

i, (K',o—l.ihfm (004, (K. 1)

| i (A.9)
—— " w04, (K1) = 49 (K',).
ih 4
K"#K
Following to the Wigner—Weisskopf-like

approximation, we ignore the third term on the right-hand
side of (A.9); then, after integration on time, we find

t
A,(K',) :% j dt'fio (1) A, (K1) + A2 (K1), (A.10)
1 t

where we have taken into  account that
4,(K'ty) = SK',KO , L.e., is equal to zero for K'#K,,

and

t .
AV(K, 1) = J., AVK, 1)t (A.11)
0

Thus, by making use of (A.10) in Eq. (A.8), we
obtain the latter equation in the form

A, (K.D) = fiac 04,(K.0)+
> fiae O dtfiae ()4,(K.1) =
K'#K ‘o

. 1 ,
= A+ > frae ()4, (K'0)

K'#K

1
+—h2
(A.12)

Here, the solution to Eq. (A.12) represents an early-
time, first-order perturbation theory solution for H,,
and a long-time, Wigner—Weisskopf-like perturbation
solution for V in this double perturbation theory
approach.
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1. Introduction 

It has been known that spontaneous emission (SE) of photons from an optically active medium can be strongly enhanced or inhibited by controllably modifying the dielectric environment in which the emission of photons occurs [1, 2]. Relevant to the subject of this paper is the coherent emission of electromagnetic radiation from Bloch oscillations in electrically biased semiconductor superlattices (SLs) [3-12]. In the case when the bias is chosen that the radiation output is in the terahertz regime, this allows for the possibility of inversionless terahertz lasers [13].

A theory of microcavity-enhanced spontaneous emission (MESE) for a Bloch electron traversing a single energy band without scattering accelerating in an external constant electric field has recently been examined by the authors [14, 15]. The theoretical analysis was fully quantum mechanical in that the quantized radiation field was described in terms of the dominant rectangular microcavity waveguide mode in the Coulomb gauge; also the instantaneous eigenstates of the Bloch Hamiltonian were utilized as the basis states in describing the Bloch electron dynamics to all orders in the constant electric field. Analysis of the probability amplitudes, over integral multiples of the Bloch period, resulted in selection rules for photon emission in both photon frequency and wave vector, showing preferable transitions to the Wannier–Stark ladder levels. It was shown that the SE rate could be enhanced over free space emission [16] by tuning the emission frequency to align with the cavity mode spectral density peak, thus resulting in an output power of several microwatts in the terahertz spectral range for a GaAs-based superlattice (SL) imbedded in a microcavity.


In this paper, we generalize the analysis of MESE for a Bloch electron accelerating through a single miniband of a SL structure to include the electron scattering. As an example, the additional interaction of the electron with a perturbing inhomogeneous electric field arising from interface roughness [17-19] inherent from the SL material process is studied. The intent in studying the effect of such a perturbing inhomogeneity is to determine its role in limiting the MESE process as a scattering influence that dephases the coherency of the Bloch oscillation, and to quantitatively determine how the MESE selection rules are influenced by such a perturbation. The theoretical approach developed herein is quite general and allows for the inclusion of electron-phonon scattering as well. In this work, however, SLs are only considered for which the miniband width is less than the LO-phonon energy thereby relaxing the need to consider phonon effects in this analysis. A host of other possible deleterious scattering mechanisms are discussed in the literature [7, 17-20]. The developed theoretical methods and details of derivations, which are not reflected in a reduced version [21] are fully described.


The paper is organized as follows. In Sec. II, the quantum approach is briefly reviewed, and the Hamiltonian for a Bloch electron in the quantum electrodynamic field of interest is developed. The classical external electric field is described in the vector potential gauge, and the quantized electromagnetic radiation field is described by the dominant microcavity TE10 rectangular waveguide mode in the Coulomb gauge; the general inhomogeneous electric field is treated in the scalar potential gauge. In neglecting the higher-order quantum field-field interaction term, it is shown that the total Hamiltonian for this problem reduces to the sum of three contributions, the Hamiltonian for the Bloch electron in the classical external electric field interacting with the inhomogeneity, the Hamiltonian of the free quantized electromagnetic field, and the Hamiltonian for the first-order interaction between the cavity quantum field and the accelerated Bloch electron. Further, the instantaneous eigenstates of the Bloch Hamiltonian and the states of the free radiation field are utilized as basis states in describing the time development, and in calculating the one photon SE transition rates of the accelerated Bloch electrons under the simultaneous perturbing action of the quantum cavity radiation field and the inhomogeneous potential energy. In Sec. III, the overall probability amplitude analysis for one photon emission is developed; as a result of treating the perturbing inhomogeneity in long-time, time-dependent perturbation theory relative to the Bloch-accelerated system in the electrodynamic radiation field, it is found that the SE amplitude for the cavity-enhanced Bloch electron radiation becomes damped and frequency shifted in the off-diagonal and diagonal matrix elements of the inhomogeneous potential energy with respect to the instantaneous Bloch eigenstates. This resulting SE amplitude for the cavity-enhanced Bloch radiation is strikingly reminiscent to the form obtained for the Boltzmann transport equation to describe scattering in the well-known relaxation-time approximation. Therefore, in Sec. IV, for purposes of showing trends with regard to simple Bloch oscillation dephasing effects as the electron undergoes scattering, the dephasing analysis is carried out for a heuristic constant relaxation-time approximation, where the damping term is assumed constant and the frequency shift is constant, in particular, zero. Also, since our basic quantum analysis excludes the dissipative effect of the cavity radiation field interacting with lossy cavity walls, use is made of a well-known phenomenological treatment of dissipation whereby the singular part of the density of states is replaced by a Lorentzian with a broadening parameter dependent on the quality factor of the microcavity. In analyzing the total power in this approximation, it is shown that the degradation effects from SLIR can be more than compensated for by the enhancements derived by microcavity-based confinement tuning. In Sec. V, the theoretical analysis is extended beyond the heuristic relaxation-time approximation and is developed for the specific case where the inhomogeneous potential energy is represented by a lattice comb of planar interface inhomogeneities of variable potential strength, where the SL planar interface roughness is characterized statistically by an ensemble averaged over the variable potential strength. It is found that both the frequency shift and the damping constant are dependent on the Brillouin zone vector component perpendicular to the SL direction, the characteristic correlation lengths, and the applied electric field. Further, since the required matrix elements for the inhomogeneous potential energy are separable in terms of planar and cross-planar interface roughness contributions, detailed analysis revealed that the cross-planar contribution to the SE relaxation rate is relatively small, representing less than roughly 10% of the total relaxation rate relative to the dominant independent planar contribution. In Sec. VI, a summary and discussion of overall results is given. The Appendix provides the details of the time-dependent double perturbation theory analysis used to calculate the probability amplitude.


2. Quantum approach: Dynamics based on instantaneous eigenstates


Dynamical properties are considered for the situation in which the electron is confined to a single miniband n0 of SL with energy 
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can be reduced to a sum of the following separate Hamiltonians
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the probability amplitude for the microcavity-based SE alone [14]; 
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[image: image142.wmf]t


y


c


l


h


B


=


w


×


l


p


, the phase integral, 

[image: image143.wmf]0


n


I


, becomes 




[image: image144.wmf].


1


)


(


=


B


B


0


0


y


t


i


i


n


n


i


e


e


I


y


l


l


w


-


e


w


×


å


l


K


l


l



(17)


Equation (17) can be rewritten explicitly in terms of 
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Here, 
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where 
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The variables defined by Eqs. (12), (13), and (14) are central to the entire analysis. Although they are formally defined for a general band structure, they are evaluated here for the specific SL miniband dispersion relation expressed as 
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where 

[image: image156.wmf](0)


0


n


e


 is the miniband edge, 

[image: image157.wmf]l


¢


D


 is the width of the 

[image: image158.wmf]l


¢


-th miniband harmonic of SL, and 

[image: image159.wmf])


(


^


^


e


K


 is the contribution from the perpendicular components of the band. Such a form for the energy band dispersion in the SL growth direction generally includes long range coupling over the neighboring quantum wells (QWs) with a relative strength measured by the specific value of the ratio 

[image: image160.wmf]1


<


/


1


l


l


¢


+


¢


D


D


, which is strongly dependent on the extent of wave function overlap. In putting the expression for 

[image: image161.wmf])


(


0


K


n


e


 from Eq. (20) into Eq. (12) and using 

[image: image162.wmf])


(


2


=


)


(


/


/


L


L


y


a


a


y


K


dK


a


N


y


ò


å


p


p


-


p


, one obtains 




[image: image163.wmf].


)


(


2


(0)


=


)


(


1


=


0


0


^


^


¢


¥


¢


^


e


+


D


+


e


e


å


K


K


l


l


n


n



(21)


Also, for 
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Therefore, for the assumed miniband dispersion, 
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The result of Eq. (11) is a significant reduction of 
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3. Solution to SE amplitude equation for planar interface roughness

In looking for the solution to Eq. (3) for the potential energy function defined by matrix elements 
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It then follows from the use of Eq. (19) in Eq. (24) that 
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After ensemble averaging over the interface roughness, it is clear from Eqs. (9) and (10) that the diagonal matrix elements 
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Here, the ensemble average of 
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 is zero, but we retain the diagonal element to show the systematic behavior of perturbation theory in what follows.
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Eq. (30) is solved by Laplace transform, and an analytic solution can be obtained in the long-time limit. We note that the temporal integral in Eq. (30) is in the form appropriate to apply the convolution theorem. However, with 
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Also, 
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hereafter we omit a comparatively small additional term, 
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Therefore, in the long-time limit, dropping the homogeneous solution and keeping the inhomogeneous solution in Eq. (31), we obtain  
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and 
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The inverse Laplace transform of (35) is 
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The frequency shift in Eq. (36) is essentially, to within 
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, the second-order perturbation correction for the inhomogeneity and the external field, and the energy difference in the denominator is taken with respect to the average value of the energy band in the direction of the constant electric field, which is the 
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 direction. It is noted that the frequency shift can be expressed in terms of the Green function for the field-dependent SL Wannier functions in the NNTB approximation as [37] 
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Then, 
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Also note that the neglected off-diagonal term on the right-hand side of Eq. (40) [which arises from the neglected term on the right-hand side of Eq. (33)] is expressed in terms of 
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For convenience of performing the sum over 
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 expressed in Eq. (36) throughout.


4. Degradation of cavity-enhanced SE: Constant relaxation-time approximation

In this section, for purposes of showing heuristic trends with regard to the effects of interface roughness, the analysis for Eq. (38) is carried out for the assumed case where the damping term, 
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where 

[image: image256.wmf]G


t


2/


=


 takes on the meaning of a characteristic mean dephasing time, and from Eq. (5) it follows that 
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Therefore, the one photon SE probability amplitude can be expressed as 
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where 

[image: image259.wmf])


~


,


,


(


0


0


q


q


t


A


w


K


 is obtained from Eq. (5) by the formal substitution of a renormalized complex photon “energy” 

[image: image260.wmf]t


w


-


w


w


h


h


h


i


q


q


=


~


 in place of 

[image: image261.wmf]q


w


h


 with 

[image: image262.wmf]t


º


w


t


1/


, so that 




[image: image263.wmf]´


-


¢


¢


w


ò


]


)


(


[


)


/


(


=


)


~


,


,


(


0


0


1/2


0


0


s


y


t


x


q


q


t


v


t


d


q


q


D


t


A


q


k


K






[image: image264.wmf].


}


~


]


)


(


[


)]


(


[


{


exp


1


1


0


1


0


0


0


0


þ


ý


ü


î


í


ì


w


-


-


e


-


e


-


´


ò


¢


dt


t


t


i


q


s


n


n


t


h


h


q


k


k



(45)


This incorporation of the relaxation-time approximation parameter, 
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, as a complex addition into the renormalized photon frequency, 

[image: image266.wmf]q


w


~


, thus allows us to analyze degradation in a straight forward manner. Then the emission process results in the total SE probability 
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A. Selection rules

In evaluating 
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where the complex parameter 
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and 
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where the transfer function 
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Here, 
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 clearly shows the effect of Bloch oscillation dephasing in the constant relaxation-time approximation.
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Fig. 1. The transfer function ( = (((q, N, () calculated at maximum growth conditions [Eq. (51)], ( = (max, as a function of a number of Bloch oscillations N for different values of ((B: (a) 5 ( ((B ( 10 and (b) 2 ( ((B ( 4. The dashed curve shows (max ~ N2 without dephasing (((B  ( ().


The general behavior of 
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(51)


this gives the “Stark ladder” resonance frequency condition, along with the sustaining wave vector cavity resonance conditions. Thus, the modes that radiate with the highest probability correspond to the fundamental Bloch frequency and its harmonics. These quantization conditions are obtained without requiring any assumptions concerning the existence of Wannier-Stark energy states. Further, analyzing the changing behavior of 
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B. General expression for the total SE probability
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In Eq. (52), we have made use of the mode density of states for a lossless waveguide cavity; this results in infinitely sharp peaks at the system resonances. However, if we incorporate a radiative loss component into the density of states due to the interaction of the radiation field with lossy cavity waveguide walls, this would lead to a broadening and finiteness of the density of states resonance peaks. Therefore, we introduce here a well-known and frequently used phenomenological Lorentzian broadening component into the density of states, which approximates [38] the effect of radiative dissipation to the cavity walls. As such, the singularity of the density of states in Eq. (52) can be expressed as 
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Thus, 
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 in Eq. (53) is reflective of the loss component at the resonances.
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The calculation of 
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where 
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is the l-th Fourier component of the function 
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Note that the exponential term in Eq. (58) contains a dependence on the initial wave vector, 
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If one wanted to include this exponential factor for strong scattering analysis, then knowledge of the initial condition would be required; in lacking such knowledge, a suitable ensemble average would have to be taken over probable initial conditions to get a weighted average.


C. Analysis of the total SE probability 
for specific energy miniband

The analysis for SE and radiation characteristics is now developed by considering a general form for the electron energy miniband dispersion relation given by Eq. (20). In particular, the well-known case of NNTB approximation corresponds with purely harmonic energy dispersion where only the single term (
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 in Eq. (57), one can find the total SE probability from Eqs. (54) and (59) as 
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Here, summation is carried out over both the higher harmonics of Bloch frequency (l) and higher harmonics of the general energy miniband (
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Let us consider the case of a purely harmonic miniband (
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where an account has been taken for the wave vector 
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Thus, it is concluded that for the electron dynamics in a purely harmonic miniband when only the single Fourier component of the electron velocity 
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. In accordance with the selection rule of Eq. (51), this frequency harmonic corresponds to the fundamental Bloch frequency alone. It is interesting to note that with finite values of scattering time, the generation of higher Bloch harmonics becomes possible even in a pure harmonic miniband. From Eqs. (54) and (62), the total SE probability becomes 
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It is seen from Eq. (63) that with increasing 
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D. Total SE power estimate

Spontaneous emission is considered for photon energy 
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In the absence of scattering, Eq. (64) is evaluated in the limit 
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indeed, for the limit of 
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so that Eq. (64) goes over to Eq. (65). For finite values of 
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In particular, for frequencies close to the peak of the density of states (
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), we get from Eq. (65) in the absence of scattering 
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where 
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i.e., the Purcell factor proportional to 
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Fig. 2. Relative SE probability Pr [Eq. (66)] as a function of N at fundamental Bloch frequency for different values of ((B.
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where the relative probability 
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 The latter clearly reflects both the effects of the microcavity waveguide 
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The relative SE probability, 
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5. Localized interface roughness model

In proceeding beyond the relaxation-time approximation, consideration is now given to the more general result of Eqs. (36) and (37) where the interface roughness model is explored, that is, the lattice comb of localized planar interface inhomogeneities with randomly distributed planar interface roughness defined by an ensemble averaged autocorrelation function (9) and (10). Clearly the results of evaluating Eqs. (36) and (37) explicitly will differ from the constant relaxation-time approximation in that both 
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This ensemble average matrix element can be re-expressed by opening the sums over 
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In general, the matrix elements in Eq. (71) can be separated into planar, 
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comes from independent planar interfaces and 
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takes into account cross-correlations between different planar interfaces. The planar and cross-planar contributions to the matrix elements are established below in Secs. A and B, respectively, along with their contributions to the damping constant, 

[image: image479.wmf]G


, and the frequency shift, 

[image: image480.wmf]w


D


.


A. Roughness effects from independent planar interfaces

For independent planar interfaces, then making use of the autocorrelation relation (9) in Eq. (72), one obtains 
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The double sum 
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summed over the 
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 direction of the SL layers. Therefore, at each SL layer, the ensemble averaged matrix elements depend only on the perpendicular components of 
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can be expressed as 
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In Eq. (83), note that 
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Fig. 3. The dependences of (m(() [Eq. (83)] as a function of ( = (/2ħ(B for the first three values of 
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can be expressed as 
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B. Roughness effects from cross-correlated neighboring planar interfaces

The planar contribution to the matrix elements, 
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Fig. 4. Normalized relaxation rate ((()/((0 as a function of ( = (/(( calculated for different values of ( = (/2ħ(B: ( = 1 (1); ( = 2 (2); ( = 3 (3, 4). The solid curves 1-3 take the planar correlations alone [Eq. (84)], while the dashed curve 4 takes the total, planar and cross-plane correlations [Eq. (97)].
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Fig. 5. Normalized relaxation rate 
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Fig. 6. The parameter (0 = 1/((0 as a function of 
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This equation has the form similar to Eq. (84) derived for planar correlations alone and shows the similar behavior as a function of 
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 (Fig. 4, dashed curve 4). The estimates show that, for the assumed values of the model parameters, the cross-planar contribution to the SE relaxation rate is about 8% as compared to the dominant independent planar term defined in Eq. (84).


It is worth noting that the developed methodology for evaluating the degradation effects from SE due to perturbing inhomogeneity in the SL is quite general and is not restricted to a one-dimensional (1D) quantum-well SL with the miniband dispersion as in Eq. (20). Recent progress in nanotechnology makes it possible to fabricate various kinds of SLs that are different from the usual periodically layered QW structures based on III-V compounds. [3-5] These examples include quantum-dot SLs of varying dimensionality (1D, 2D, and 3D SLs) [42, 43], graphene-based SLs [44-46], and natural SLs in SiC crystals [47], which, in particular, have been investigated for the practical realization of a Bloch-oscillation terahertz generator [48-52].


6. Summary

A theory for the spontaneous emission of Bloch oscillation radiation under the competing influences of microcavity environment and inhomogeneous interface scattering is presented. The external constant electric field strength is chosen so that the emitted radiation is in the terahertz spectral range; the quantum electromagnetic radiation field is described by the dominant TE10 rectangular microcavity waveguide mode in the Coulomb gauge. The instantaneous eigenstates of the Bloch Hamiltonian are used to describe the Bloch electron dynamics to all orders in the constant electric field, and the inhomogeneous electric field describing the interface inhomogeneities is treated in the scalar potential gauge. In general, it is shown that the spontaneous emission probability amplitude for the cavity-enhanced Bloch electron radiation becomes damped and frequency shifted due to the perturbing influence of the inhomogeneous electric field; the frequency shift is shown to be proportional to the second-order perturbation theory correction of the Hamiltonian for the perturbing inhomogeneity with respect to the Bloch instantaneous eigenstates, and the damping term is shown to be proportional to the square of the off-diagonal transition matrix elements of the perturbing Hamiltonian with respect to the instantaneous eigenstates summed to the appropriate final states as determined in a golden-rule fashion. The general emission formulation with regard to competing influences lends itself to a heuristic relaxation approximation development; therefore, a simplified trend analysis was developed in order to explicitly characterize the degradation of cavity-enhanced spontaneous emission in a user friendly way; the results of this analysis clearly show that the degradation effects reflected in the probability amplitude as a result of the presence of interface inhomogeneities can be more than compensated for by the enhancements derived by microcavity-based confinement tuning. Finally, the general theoretical analysis is extended to the specific case where the inhomogeneous interface potential energy is represented by a comb of localized planar inhomogeneities of varying strength positioned at all the SL sites. The frequency shift and damping constant is discussed for this model problem as a methodology for going beyond the constant relaxation-time approximation. In this approach, the interface roughness effects were separated into those arising from independent planar and cross-correlated neighboring planar interfaces; it was estimated that the cross-correlated contribution to the spontaneous emission relaxation rate is relatively small, comprising less than roughly 10% of the total relaxation rate, compared to the independent planar contribution.


Although the special case of abrupt interface roughness treated in this work is time independent, the general treatment developed in the Appendix is applicable to the more general case of quantum spontaneous emission under the competing influence of a general time-dependent perturbation. This perturbation can also be made to depend on other degrees of freedom, so that the analysis provides a framework for examining the influence of phonon scattering on the spontaneous emission process; this will be the objective of a future study.


Appendix: Time-dependent double perturbation theory approach

The equation for the probability amplitudes 
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this equation for 
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For brevity in using notation, Eq. (A.3) can be written as 
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Again, it is emphasized that Eq. (A.5) is valid to the first order in 
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. Also to simplify notations, we designated 
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the equation for 
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 in the third term on the left-hand side of (A.8) can be written as 
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(A.9)


Following to the Wigner–Weisskopf-like approximation, we ignore the third term on the right-hand side of (A.9); then, after integration on time, we find 
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where we have taken into account that 
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Thus, by making use of (A.10) in Eq. (A.8), we obtain the latter equation in the form 




[image: image736.wmf]=


¢


¢


¢


+


+


-


*


¢


¢


¹


¢


ò


å


)


,


(


)


(


)


(


1


)


,


(


)


(


1


)


,


(


0


2


t


A


t


f


t


d


t


f


t


A


t


f


i


t


A


n


t


t


n


n


K


K


K


K


K


K


K


K


K


KK


h


h


&






[image: image737.wmf].


)


,


(


)


(


1


)


,


(


=


0


0


t


A


t


f


i


t


A


n


n


K


K


K


K


K


K


¢


+


¢


¹


¢


å


h


&



(A.12)


Here, the solution to Eq. (A.12) represents an early-time, first-order perturbation theory solution for 
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, and a long-time, Wigner–Weisskopf-like perturbation solution for 
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 in this double perturbation theory approach. 
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