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We consider hypercyclic operators on free Banach spaces and little Lipschitz spaces which
are some kind of generalizations of shift operators and composition operators respectively.

M. B. IIyGeii, A. B. Baropoantok, 3. I. Moxkuposckast. [unepyukiuueckue onepamopvs Ha
aunwuyesur npocmpancmeax // Mar. Cryqii. — 2013. — T.39, Nel. — C.103-106.

PaccmarpuBaroTcst TUepnuKImYecKue OmnepaTopbl HA CBODOMHBIX OAHAXOBBIX ITPOCTPAH-
CTBaX M MAJIBIX JIMIIIAIIEBBIX IPOCTPAHCTBAX, KOTOPBIE, B HEKOTOPOM CMBICJIE, 0O0OIIAI0T O11e-
PaTOPHBI CABUIA U OIEPATOPbl KOMIIO3UIIUU COOTBETCTBEHHO.

1. Introduction. Let X be a nonempty metric space and we fix a point 8y € X. The pair
(X,0x) is called a pointed space.

Definition 1. Let X and Y be metric spaces. A map f: X — Y is Lipschitz if there exists
a constant Ly > 0 such that

p(f(p), f(q)) < Lyp(p,q)
for all p,q € X.

The least such Ly is called the Lipschitz constant of f. We denote by Lipy(X,Y") the space
of all Lipschitz maps between pointed metric spaces (X,0x) and (Y,6y) which map 6x
into fy. In the case, when Y is a linear space we suppose that ¢y = 0. It is known (see
e.g. |4, 5]) that for an arbitrary metric pointed space (X,0x) there is a unique (up to
isometrical isomorphism) Banach space B(X) and a Lipschitz embedding v: X — B(X)
such that for every normed space E and any map f(x) € Lipy(X, E) there is a linear
operator f(z): B(X) — E with f(v(z)) = f(z), z € X and ||f] = L. We denote by spanX
the linear span of v(X) in B(X) and elements by z = v(x). By the construction, elements
> pi Ak, are dense in B(X). The space B(X) is called a free Banach space.

A map F from metric space X to X is called topologically transitive if there is a vector
x € X such that the orbit Orb(F,z) = {F"(z) = Fo---0 F(x): n € N} is dense in X. In

the case when (X, fy) is a metric pointed space we require that Orb(F, z) is dense in X \ 6.
Let E be a Fréchet space. A linear continuous operator T': £ — F is called hypercyclic it T
is topologically transitive. An element = € E is called a hypercyclic vector for T if Orb(T, x)
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is dense in E. A vector x € E is cyclic for T provided the linear span of orbit Orb(7), x) is
dense in F.

The study of hypercyclic operators started after Birkhoff’s result (|3]) that the operator
of composition with translation x — x +a, a # 0, T,: f(z) — f(x + a) is hypercyclic in the
space of entire functions H(C) on the complex plane C. R. Aron and J. Bes in [1] proved
that the operator of composition with translation 7, is hypercyclic in the space of weakly
continuous analytic functions on all bounded subsets of a separable Banach space X which
are bounded on bounded subsets. A detailed survey of hypercyclic operators is given in [2].

2. Hypercyclic operators on B(X).

Theorem 1. Let (X,0) be a complete metric pointed space and F': X — X be a topologi-
cally transitive map with F'(§) = 6. Then the linear operator F': B(X) — B(X) is cyclic.

Proof. Let x € X be a hypercyclic vector of F. Then Orb(ﬁ,g) is dense in v(X) = X. By
the definition of B(X), the space spanX is dense in B(X). Then the space span(Orb(F, z))
is dense in B(X) as well. O

We remark that in the general case, hypercyclicity of operator F does not follow from
the topological transitivity of F.

Example 1. Let X = S'(J6 be the space with natural metric and 6 = (0,0) € R?, where
S1 is the unit sphere in R%. We define a map of rotation F' on X by an irrational angle o. It
is known that F is topologically transitive and for every x € S*, Orb(F, z) is dense in S*. So
Fisa cyclic operator and for every x € S!, z is a cyclic vector. But the norm ofa hypercyclic
operator must be strictly greater than 1 and we have ||F|| = Lr = 1.

We will use the Hypercyclicity Criterion (see [2]) to establish conditions of hypercyclicity
of operators on a free Banach space.

Theorem 2. (Hypercyclicity Criterion) Let E be a separable Fréchet space. An operator
T: E — E satisfies the Hypercyclicity Criterion provided there exist Xo C E, Yy C E dense
subsets of E and maps S,,: Y — E, n € N, such that:

(i) T,x — 0, n — oo for all x € X,
(ii) S,y — 0, n — oo for all y € Yy,
(iii) (T, 0S,)y =y, n — oo for ally € Y.

Theorem 3. Let (X, 0) be a separable complete metric space and F': X — X, F(0) =6 be
a 1-Lipschitz map. Suppose that X can be represented as a countable union of nonempty,

pairwise disjoint sets
oo
X =[]JA.
n=0

where Ay = 0, F(A,) = A,_1 for any n > 0 and the restriction of F' to A,, is injective for

~

every n > 1. Then T = A\F is a hypercyclic operator on B(X) for any A, |A| > 1.

Proof. We define Yy = Xo = span(X '\ 0). It is a dense subset in B(X) for every z =} a;z; €
Xo, 5(2) = X a5 (), Sul2) = 57(2).
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Since span(X'\#) consists of formal finite sums, for every z € span(X \ 6), T™(z) = 0
starting with some number m. Therefore condition 1) is fulfilled. Thus if |[A\| > 1 then

as n — o0o. Therefore condition 2) is fulfilled. Further (770 S™) = Id is the identical operator
and therefore condition 3) is also fulfilled. O

Example 2. Let X = N[JO0 be the space with discrete metric and fixed point § = 0.
It is known that B(X) = ¢;(N). We define F': N — N, F(n) = n—1 for n # 0 and
F(0) = 0. Let A, = {n}, then F satisfies the conditions of Theorem 3. Observe, that
)\ﬁ(al, cey Qo) = Nag, ..., ay, ... ) is the weighted left shift. It is well known that M s
hypercyclic for |A| > 0.

Theorem 4. Let E be a separable Frechet space. If T: ' — E Is a hypercyclic operator
satisfying the Hypercyclicity Criterion, then T': B(FE) — B(FE) is also a hypercyclic operator
and satisfies the Hypercyclicity Criterion.

Proof. Since T satisfies the Hypercyclicity Criterion, there are apropriated spaces X, Yy and
sequence of maps S,,. The spaces Xy, Yy are dense in E, then spanX, and spanYj are dense
sets in B(E). We define S,(2) = 3" a,S,(xy) for every z = S agz, € spanYy. It is easy to
see that for T\, §n, spanX and spanYy the conditions of the criterion are fulfilled. Therefore
T satisfies the Hypercyclicity Criterion. O

3. Hypercyclic operators on little Lipschitz space lip(X). We know that every Lip,(X)
is a dual space. Like with a first predual, for a larger class of examples we actually have a nice,
explicit description of a double predual. It is the subspace of Lip,(X) consisting of precisely
those Lipschitz functions with a certain local flatness property (|5, p. 73|). This space is
the “little” Lipschitz space lipy(X). The norm topology is the primary topology on lipy(X),
while it plays the same role that the weak* topology in the case of Lip,(X). Also, the theory
of lipg(X) breaks down when X is not compact ([5]). We denote M the class of compact
pointed metric spaces.

Definition 2. Let X € M{ and Y be a metric space, and let f € Lip(X,Y). Then f is
a little Lipschitz function if for every e > 0 the exists 6 > 0 such that

p(p,q) <6 = p(f(p), (@) < ep(p,q).

The little Lipschitz space of real valued functions lip(X) is the subset of Lip(X). Simi-
larly, lipy(X) is the subset of the space of Lipschitz functions Lip,(X). The space lip,(X) is
a Banach space. It is known that lip,(X)** = Lipy(X) (see [5]).

Let T € lipy(X, X) for a compact metric space X. Our purpose is to study the composition
operator on lipy(X).

Theorem 5. Let X be a compact metric space and T € lipy(X, X) be a surjective map.
Suppose that X can be represented as a countable union of nonempty, pairwise disjoint sets

X:[OJOAn,
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where T'(A,,) = Anq1 for any n > 0 and Ay = 0. Then for every A\, |\| > 1, the composition
operator
Cxr: lipg(X) — lipg(X), Af = foT

is a hypercyclic operator on lipy(X).

Proof. Let us consider an operator AT': B(X) — B(X), where B(X) is a free Banach space.
We know that lipy"(X) = B*(X). We will assert that T*: B*(X) — B*(X) satisfies the
Hypercyclic Criterion. Let us define Yy = X = span(X). It is a dense subset in B*(X). Since
T(A,) = Ant1, T*(spand,, 1) = spand,,. For every z = > a;x; € X, S(z) = Zalf\Tl(gz)
for any A, [A| > 1, S,(z) = S"(z). It is casy to see that (A\T*)™ = 0 starting with some
number m, S"(z) — 0 and (AT" o S™) = Id. So AT* satisfies the Hypercyclicity Criterion.

Hence, the restriction of AT to lipy(X) C B*(X), Cyr satisfies the Hypercyclicity Criterion.
Therefore the composition operator Cyr is hypercyclic on lip,(X). m
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