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ESTIMATES FOR THE MAXIMUM MODULUS
OF ANALYTIC CHARACTERISTIC FUNCTIONS
OF PROBABILITY LAWS ON SOME SEQUENCES

M. I. Platsydem, M. M. Sheremeta. Estimates for the mazimum modulus of analytic characte-
ristic functions of probability laws on some sequences, Mat. Stud. 42 (2014), 149-159.

Let ¢ be the characteristic function of a probability law F analytic in D = {z: |z| < R},
0 < R < 400, M(r,p) = max{|p(z)|: |z2| = r} and Wg(z) =1 — F(z) + F(—z), z > 0. We
obtain upper estimates for lim, .+ (In M (r, ¢))/®(r) for some positive convex on (0, R) function
® under certain conditions on Wg.

M. U. Inammaem, M. H. Ilepemera. OQuenka 048 MAKCUMYME MOOYAA GHAAUMUYECKUT TAPAK-
MEPUCTNUYECKUT PYHKUUT BEPOATNHOCTNHBIT 3AKOH08 Ha HEKOMOPHIT NOCACIOBAMEALHOCTNAL [/
Mar. Crymii. — 2014. — T.42, Ne2. — C.149-159.

Ilycts ¢ — xapakTepucTmdeckas (PYyHKIUsI BEPOSTHOCTHOTO 3aKoHa F', aHajimThIecKas B
Dr = {z:]2| < R}, 0 < R < +o0, M(r,¢) = max{|e(2)|: |2| = r} n Wp(z) = 1— F(z) +
F(—z), x > 0. s HekoTOpOii 1m10s102KuTesIbHOM BblnyKJoil Ha (0, R) dyukuuu ¢ upu ompene-
JIEHHBIX ycjioBUsAX Ha Wk 1nosrydennt onenku csepxy jyis lim,.,p(In M(r, ))/®(r).

1. Introduction and preliminary results. A non-decreasing left continuous on (—oo, +00)
function F is said to be a probability law ([1, p. 10]) if lim, ;o F(x) = 1 and lim, , _, F(x) =
0, and the function (z) = fjozo e**dF (z) defined for real z is called the characteristic
function of this law (|1, p. 12]). If ¢ has an analytic extension to the disk Dr = {z: |z| < R},
0 < R < 400, then we call ¢ to be the analytic in Dy characteristic function of the law F'.
In the sequel we always assume that Dg is the maximal disk of the analyticity of . It is
known (|1, p. 37-38]) that ¢ is the analytic in D characteristic function of a law F' if and
only if We(z) =0 1 — F(z) + F(—z) = O(e™™) as 0 < © — 400 for every r € [0, R).
Hence it follows that li_mxﬁﬂo%lnm = R. If we put M(r,p) = max{|p(z)|: |z| = r}
and pu(r, ) = sup{Wg(z)e™: x > 0} for 0 < r < R then (|1, p. 55], see also [2]) u(r,¢) <
2M (r, ). Therefore, the estimates from below for In M (r, ) follow from the same estimates
for In pu(r, ). Further we assume that In u(r, @) T +00 as r T R, that is

lim Wp(z)e®™ = +o0. (1)

r—r-+00

On the other hand ([1, p. 52]), M(r,¢) < I(r,¢) + 14+ Wg(0) for all r € [0, R), where
I(r,¢) = [;° We(x)e™dx. Since it is possible to estimate I(r, ) via u(r,¢) we will obtain
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the corresponding estimates for M(r, ¢) via u(r, ¢). Therefore, the investigation of the rela-
tionship between the growth of M (r, ) and the decrease of Wg(z) reduces to the study of
the behavior of u(r, ¢).

For entire characteristic functions the relationship between the growth of M(r, ¢) and the
decrease of Wg(z) in terms of the order and the type is investigated by B. Ramachandran (]3],
see also [1, p. 54]). N. I. Jakovleva (|4-5]) obtained such a relationship in terms of generalized
orders. Some additions tothe results of N. I. Jakovleva are obtained by B. V. Vynnyts’kyi
(|6]) and M. Dewess (|7]). V. M. Sorokivs’kyi (|8]) investigated the relationship between the
growth of M (r, ¢) and the decrease of Wr(x) for analytic functions in the disk ;. The most
general results are obtained (|9]) for entire as well as analytic in Dp, R < 400, characteristic
functions.

For the lower order

Mgl = lim Inln M (r, )

r—+00 hl r

of an entire characteristic function ¢ N. I. Jakovleva ([4]) obtained a lower estimate. She
proved that if

| 1 In M
lim ne >\ then lim —1In n—(r,go)
T—+00 | (l In 1 ) r—4oo 11T r

> A

Wr(z)

This result is generalized in [10]; namely, it is proved that if there exists an increasing to
+o00 sequence (zy) such that 1 = O(xy) as k — o0 and
1 1 1 In M
1nxk2)\ln(—ln ) then lim —lnM

x,  Wr(wg) b0 INT r

> A\

Various generalizations of this result are obtained in [10] for entire as well as for analytic
in Dr, R < +00, characteristic functions.
For an upper estimate of A[y] it is proved in [4] that if

T Inln M(r, ) Inx

=o0>1 and lim
r—+00 Inr 0

r—4o00, z€U In (% In WFl(g;)>

§6<Q_17

where U = [J;(ag;, azj+1) and lim; o (aj/azjr1) < 6/(0 — 1) then A[p] < 1+ 4.

Below we will show that, in this result the set U of intervals can be replaced with
a sequence that increases to 400 not very quickly.

As in [10], by (0, R), 0 < R < 400, we denote the class of positive unbounded func-
tions ® on [ry, R) for some ry € [0, R) such that the derivative @’ is positive, continuously
differentiable and increasing to +o00 on (rg, R). For ® € Q(0, R) let U(r) =r — g,((’;)) be the
function associated with ® in the sense of Newton and ¢ be the inverse function to ®'. It
is known (|11]) that the function ¥ is continuously differentiable on [rg, R), ¥U(r) T R as
r T R, the function ¢ is continuously differentiable and increasing to R on (x, +00) and the
following lemma is true.

Lemma 1 ([11], Theorem 2.1). Let ® € Q(0,R), 0 < R < +o00, and ¢ be an analytic in
Dg characteristic function of a probability law F, which satisfies (1). Then in order that
Inu(r, o) < ®(r) for all v € [ro, R) it is necessary and sufficient that In Wg(z) < —2xV(p(x))
for all x > x.
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The following assertion is also true.

Proposition 1. Let ® € Q(0,R), 0 < R < 400, and ¢ be an analytic in Dg characteristic
function of a probability law F, which satisfies (1). Then if In u(ry, ) < ®(ry) for some
sequence (1) increasing to R then

In Wr(zx) < =2V (d(r)) (2)
for all k, where x = ®'(ry).

Indeed, the condition In u(ry,p) < ®(ry) implies that In Wgp(z) < &(ry) — arg for all
x > 0 and k£ > 1. Therefore,

InWe () = InWe(' (1)) < ®(ry) — 1P (1) = =" (1) ¥ (i) = =2V (d(r)).

In view of Proposition 1 the question arises whether inequality (2) for some increasing to
+o00 sequence (zy) implies the estimate In pu(ry, @) < ®(ry) for some sequence (ry) increasing
to R. The answer is negative in general because the following statement is true.

Proposition 2. For every function ® € Q(0,R), 0 < R < +o0, and increasing to +oo
sequence (xy) of positive numbers there exists a probability law F' such that (2) holds for
all k > 1 and In p(r, ) > ®(r) for all r < R.

Proof. Indeed, let F(x) =0 for x < 27 and F(x) = 1 —exp{—a,V(¢(xy))} for z € [zy, 211),
k > 1. Then nWp(z) = mWp(zg) = —2xV(P(xy)) for all x € [z, x511) and k£ > 1.
Therefore, if r € [¢p(xy), ¢(xk41)] then

Inp(r, o) > sup{ln Weg(z) +rz: op <o < 2341} =
=sup{ln Wg(zg) +ra: xp <z < zp1} = =2,V ((xg)) + rops. (3)

On [¢(xk), d(zk41)] we consider the function A(r) = (—zxV(p(xk)) + rage1)/P(r). Then
A'(r) = a(r)/®(r)?, where a(r) = ®(r)zp1 — V' (r)(regs — 2,9 (é(xy))). Since

a(@(@r)) = P(d(xx))zrs1 — ze(S(xk) — 2p W (P (k) =
= 1 (D)) — wi((r))) + 27 W(P(a)) =
= — w2V (S(ar) + 23U (d(x1)) = —(rp1 — 2)aeP(P(2x)) <0,
a(@(@p11)) = P(D(Th+1))Thr1 — i1 (@pr10(Thi1) — eV (D(28))) = Tpr1 (P(A(@pr1)) —
—T10(Th1)) + Tp2e1 YV (D(21)) = T (e V(D (21)) — T V(A(@h11))) <0,
a'(r) = 2 ' (r) — " (r) (repe — 2V (d(2x))) — ' (M2t < —27(r)(d(2r) T —
—zpd(zr) + ©(d(zr))) = =" (1) (@1 — z1)P(21) + P(P(21))) <0

we obtain that a(r) < 0 on [¢(zg), ¢(zk11)], the function A(r) decreases on [¢p(zk), P(Tx11)]
and, thus,

=2,V (P(7)) + P(Thy1)Tria ~ T 1V (D(Trt1)) + Thg10(Thy1)
A= e - EIE)

Therefore, in view of (3) and of the definition of A(r) for r € [p(xy), d(zx11)] we have
(In pu(r, )/ @(r) = A(r) > L. N

= 1.
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2. Main results. Under additional assumptions on the decrease of W (i. e. on the growth of
In pu(r, ¢)) it is possible to get from (2) estimates on In (7, @) from above for some sequence
(rr) T R. Here we will suggest two related solutions of this problem. One of them is based
on results from [12].

For ® € Q(0, R) and ®'(x) < a < b < 00 we put

Gi(a,b, @) = —22 /abq)(“p(”dt, C&(a,b,@)z@(ﬁ /abgo(t)dt>.

b—a 2

It is known ([13]) that G1(a,b, ®) < Ga(a,b, @), and in [12] the following lemma is proved.

Lemma 2. Let (x) be an increasing to 400 sequence of positive numbers, ® € (0, R),
0 < R < +00, and pup(r) be the maximal term of formal Dirichlet series

= exp{—zy U(P(xy)) + sar}, s=r+it.

e ) v)
—Inpup(r —Inlnup(r
lm——*=1 lim——~* =1 4
MR D(r) MR Ind(r) ’ )
. Inup(r) . Gi(vg, g1, D)
| =1 5)
b )~ M Gy m1r, @) ©)
and if (19 ()
O(r)d"(r
| —— 2 1 |Ind >
nup(r) + < I > n®(r) >0, relr,R), (6)
then

lim Inlnpp(r) ~ lim In Gy (zg, Tps1, P)
e In®(r) fooo N Gao(T), Tpy1, P)

Using Lemma 2 we prove the following theorem.

Theorem 1. Let & € Q(0,R), 0 < R < +00, and ¢ be an analytic in Dg characteristic
function of a probability law F, which satisfies (1). We suppose that In u(r,p) < ®(r) for
all r € [ro, R) and InWg(xy) — InWg(xg1) = O(1), k — oo, for some increasing to +oo
sequence X = (xy) of positive numbers. Then

. Inp(r,9) G (wh, Tppr, @)
lim ———= < lim 8
TR P T) k—o0 G2($k7xk+17 (D) ( )
and if
@l/
Q0)+ (T 1) me0) 20>~ re iR ©)

WhereQ()—()1fR<+ooandQ()E nr if R = +o00, then

< lim In Gy (g, Tpt1, P)

) 10
mrR In (7“) h—oo IN G2k, Tpyr, P) (10)
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Proof. We put 2o = 0 and pu(r,¢; X) = max{Wg(xy)e™ : k > 1}. Then the condition
InWeg(z) —InWe(xgy1) = O(1), k — oo yields that

Inp(r,p) =sup(In We(z) +rx) =max  sup (InWg(x)+rz) <

>0 k>0 T <zx<Tpiq
< Iilfg((ln We(xg) + rege) = Iililg{(ln We(xps1) + 121 + In We(zg) —InWe(zp41)) <
< max(In Wg(2g+1) + ragsq) + const < Inp(r, ¢; X) + const. (11)

k>0
On the other hand,

Inpu(r, o) =max  sup  (InWg(z) +rz) > max(nWe(zg4) +reen) 2 npu(r, ;. X)

k>0 Tp<x<Tp4i

and since Inu(r, ) < ®(r) we have lnu(r,p; X) < ®(r) for r € [rg, R). Therefore, by
Lemma 1 In Wg(zy) < —2,V(p(z)) for all & > ko. Hence it follows that In pu(r, ¢; X) <
In pup(r) for r € [ro, R). Therefore, by Lemma 2 from (5) we obtain

lim In /’L(r7 '2) X) Gl (xka Tk+1, q))

< lim 12
MR O(r) " koo Ga(Tk, Thy1, P) (12)
and if condition (6) holds then (7) implies
lim Inln pu(r, ; X) < lim lnGl(xk,a:kH,(I))' (13)
R In®(r) h—oo IN Gk, Tppr, P)

We remark that (9) implies (6), because if R < 400 then (4) implies In up(r) T +oo as
r T R, and if R = +o0o then (Inup(r))/r — oo as r — +o0, that is Inln pup(r) — Inr — +oo
as r — +00.

Inequalities (8) and (10) follow from (11)—(13). O

If R = +o0 then the condition In Wg(zx) —In Wg(xky1) = O(1), k — oo, can be replaced
with some weaker condition provided that the function ® € (0, +00) grows not very quickly.

Let L be the class of positive continuous functions « on (—o0, +00) such that a(x) =
a(zg) for x < xg, 0 < a(r) T +oo as 9 < z — +o0o. We say that o € L° if « € L and
a((l+o(1)z) = (1 4+ o(l))a(z) as + — +o0, and o € Ly if afcx) = (1 + o(1))a(z) as
x — +oo for each ¢ € (0, +00).

Theorem 2. Let ® € Q(0,400) and ¢ be an entire characteristic function of a probability
law F and In u(r, ) < ®(r) for all r > rq. Then:

1) if ® € LY and In Wg(xy,) = (14 0(1)) In We(zk41), k — 0o, for some increasing to +o00
sequence X = (xy) of positive numbers then inequality (8) holds;

2) ifln® € Ly,

O(r)®"(r)
(®(r))
and if there exists an increasing to +o0o sequence X = (xy) of positive numbers such

that In Wg(zy) < aln Wg(zg,q) for some a € (0,1) and all k > ko then inequality (10)
holds.

—1>ln<I>('r)—|—lnr2q>—OO, 2> To, (14)
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Proof. We begin with the first part. Since In Wg(z) < (1—¢) In Wg(xyyq) for each e € (0,1)
and all k > ko = ko(e), instead of (11) now we have

Inp(r, ) < rgggc(ln We(zg) + rag) =

In Wg(x

<max{rg, 1, gg}cx((l — &) InWg(zpq1)+rag)} < (1 —¢) 121;‘13{(111 We(xp)+azpr/(1—¢))+
Z R0 =
g < (L —e)np(r/(1 —e),0; X) + rag 1. (15)

Therefore, from (12) we obtain

. Inp(r,e) . Inp(r/(1—e),¢; X)
Jm ey =09 I e :
< 0-9) lim BEGEES T SEGET S 02940 fin G, 09

where A(g) = lim,, o0 W. For ® € LY in [14] it is proved that A(e) N\, 1 as ¢ | 0.
Therefore, (16) implies (8).
For the proof of the second part we remark that now instead of (15) we have In u(r, ¢) <

alnpu(r/a,¢; X), and (14) implies (9). Therefore, from (13) we obtain

lim Inln pu(r, @) < lim Inln p(r/a, ¢; X) m In®(r/a) < lim lnGl(xk,ka,(I))'
rotoo N ®(r) r oo In®(r/a) r—+oo  In®(r) koo I Go (T, Tpy1, D)

If the function In Wg(z) is smooth enough, then it is possible to get an estimate of
In (7 ).

Theorem 3. Let & € Q(0,R), 0 < R < +00, and ¢ be an analytic in Dg characteristic
function of a probability law F such that lnWg(x) = —V(z) for all x > a, where the
function V' is positive, continuously differentiable and V'(x) 1 R as 0 < x 1 +o0. If conditions
(1) and (2) hold for some sequence (xy) of positive numbers then In u(ry, ) < ®(ry) + arg,
where 1, = V'(zy).

Proof. Clearly

In p(r, p) < max{ sup (In Wg(z) + rx), sup(In Wge(z) + r:z:)} < ar + max(=V(x) + rz)

0<z<a r>a z>a

and max,>q(—V(z) +rz) = (=V(z) + ra)|, where v(r) is the inverse function to V".

Therefore,

=u(r)’

In pu(ry, 0) < =V (v(re)) + reo(re) + arey = =V (0(V'(zx))) + V' (@p)o(V (@) + are =
=V (zg) + rrxy + arg < mgf(V(xj) +xr) + ary = m;if((ln Wg(x;) + xjri) + ar, <
j> 5>

< mixf((—xj\lf(qb(wj)) + ;1) +arg < m>ax(—x\11(¢(x)) + arg) + ary < O(ry) + arg,
12 r>a

because (zV¥(¢(x))) = ¢(z) and (—z¥(¢(x))) + 27)|sear () = P(7). O
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3. Corollaries. Examining the scale of growth in Theorems 1-2 it is possible to get a number
of results for analytic in D characteristic functions. Here we will restrict ourselves only by
three cases which arise often in mathematical literature. The most often used characteristics
of growth for analytic in Dg, 0 < R < 400 functions ¢ are the order g.[¢], the lower order
Aelp] and (if 0 < p.[p] < +00) the type Ti[p] and the lower type t.[p], which are defined by
the formulas

— Inln M(r, ) Inln M(r, @)

el =l AR =y M = R (17)
Tlg] = Im(R =) M(r, ), t.[¢] = lim(R ~ r) ¥ n M (r, ). (18)

We will show that in these formulas In M(r, ¢) can be replaced with In p(r, ¢). Indeed (|1,

p. 55])
Inu(r,o) <InM(r,o) +1n2. (19)

On the other hand (|1, p. 52]), if 0 < n(r) < R — r, then

M(r,p) < / We(x)e™de + 1+ Wg(0) = / Wp(x)e(”"(r))me*"(r)zdx +14+Wg(0) <
0 0

1
< ——p(r+n(r),p) + 1+ Wg(0),
that is
I M(r, @) <Inp(r+n(r),¢) —nn(r) +o(1), r1R. (20)
We choose 7n(r) = (R — r)?. Then for r > R — 1 from (20) we obtain
InM(r,p) <Inup(r+(R—7r)%¢)+2In(1/(R—7)) +0o(1), r1R (21)
Since Brtlion?® _y oy I(ford(Ron)?®) o Wh(/(Rr) _, g 4pq (R—r)¥In(1/(R—7r) =0

R—r In(R—r In(1/(R—r
as r T R, from (19) and (2(1) i)t follows tha’(c /1(11 fo)rmulas (17) and (18) In M(r,¢) can be
replaced with In u(r, ¢).

Therefore, if p.[¢] < 400 (Ti[p] < +00) then Inpu(r,¢) < ﬁ for all r € [ro(e), R),
where either o = o.[p] +c and T = 1 or o = p.[p| and T = T,[p| + €. For a function
® € Q(0, R) such that ®(r) = L=, for all r € [ry(¢), R) we have

(R—r)e
P'(r) = (R—T%’ d(z) = R — (To/z)" @+, w = T(Tp)~/(e+D) go/ (D)2
for © > x(g). Hence it follows that for k > ko(e)
G1(Tg, Thyr, @) = (?S@j;@i)l) x,fff]flxk (:I:,t/(lﬁl) - xllﬁi(]erl)) , (22)
Golap, 2p1, ®) =T ((9 + 1)(?@)1/(9+1) x,ﬁi(f;tl—_xi(a)ﬂ) ) e | )

Further we remark that

—(I)(r)cb”('r)_ n®(r zln—T 00, T
(e 1) e =51 free TR
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that is (9) holds. Therefore, if In Wg(xy) — In Wg(zk41) = O(1), k — oo, then by Theorem
1 in view of (22)—(23) and of arbitrariness of ¢,

n TELh41 1 o 1
Th+1—Tk mllc/(LH_l) xii(lg‘"l) (24>

Alo] < il kh_m - ,
— 00 x —x
In (W)
k+1 k
+1 +1 o
" [ ] < T[ ](Q+ 1)g+1 li LTl 1 B 1 l’iér(f ) [L’i/(g ) (25)
PSSP . _ Vo) 1ot — ‘
0 k—oo Tk+1 Tk x, g(;k+1 Tht1 Tk

We suppose that
Inz
f=: lim i

k—oo 1N Ll+1

< 1.

Then there exists a number 5* € (f,1) and an increasing sequence (k;) of positive integers
such that Inzy, < B*Inwy,41, that is x4, = o(z,41) as j — oo. Therefore, from (24) we

obtain
hl Lk Thj+1 1 i 1
xkj+1kaj xllc/-(ngl) wllc/Efrl)
m J J —

L 4
1 —00 Tk .41 Tk
’ In <—$g/<g+]1>_me/(]e+1))
kj+1 kj
In 7%/ (™) Inzy,
= o0.[i) lim ——4—— = o.[] lim —— < 0.[¢]8",
j—oo olnax,’ 2 j—oo In Thi+1

kj+1

i. e. in view of arbitrariness of $* we have the inequality A.[¢] < Bo.]p]. For § = 1 this
inequality is trivial.

Now we suppose that
Tk,

€ (0,1).

v =: lim
k—oo Lk+1

Then there exist an increasing sequence (k;) of positive integers such that z;, = (1+o0(1))x
XYZp;4+1 as j — 0o. Therefore, from (25) we obtain

+1 +1)\ ©
i < )y T (1 1 ) (AT e
T 0° j—oo Thj+1 — T, xij/(g+1) xiéﬂffl) Thj+1 — Tk, -
0+ 1) 5 (1 A RN P R
where
A(y) = y@/ (et (1 — 4/ (et (1 — ~o/(et1))e

(1 =)ert

It is easy to show that A(y) — ﬁ as 7 — 1, that is, (26) is transformed in the obvious
inequality t.[¢] < T.[¢] as v — 1. If v = 0 then x, = O(2x,;11) as j — oo and from (25) we
obtain easily that ¢,[¢] = 0. This equality follows from (26), because A(0) = 0. Thus, the
following corollary is proved.
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Corollary 1. Let the characteristic function ¢ of a probability law F be analytic in Dg,
0 < R < +o00, have order g.[¢| and lower order \,[p]. Assume that In Wg(xp)—In Wg(xp) =
O(1), k — oo, for some increasing to +oo sequence (xy) of positive numbers such that

hir;:i - = [, where [3 is some nonnegative constant. Then ] < Bos[p]. If, moreover,

—hmk%oo

¢ has type T.|p] and lower type t.[p] and lim,,_, 7o =7 then T, [o] < T [@](QJF;#A(V).

For an entire characteristic function ¢ of order p[p| € (1, +00) the quantities

= In M(r,p) L In M(r, )
T[SO] N TEI—POO TQ[‘P] ’ t[g@} o r£1>_r—iloo TQ[SO]

(27)

are called the type and the lower type of . From (20) for n(r) = 1 we obtain
InM(r,p) <lnu(r+1,¢)+o0(1), 1 = 4o0.

Combining this with (19) we conclude that in (27) In M (r, ¢) can be replaced with In u(r, ¢).
Therefore, we choose ® € €2(0,+00) such that ®(r) = Tre for r > rq = ro(c), where either

o=olp] +teand T =1 or o = glp] and T = T[p] +¢&. Then & € L°, In® € L, and
<% - 1) In®(r) = g;glln ®(r) — 400 as r — +oo. It is known [15] that for this
function

Tl _ _
G (k, T1, B) = (0 — )T Ve Dgre/lemn) TEEL (et _ /(o)

Th+1 — Tk
and
) 22/e7D _ ele1) @
Gao(xp, Tpyr, ®) = (0 — 1)eT Ve gme/le=1) | Tt
Tr1 — Tk

Therefore, if xy; = (1 + o(1))y Tk, 41 as j — oo, where 0 < v < 1, then

lim Gr(@hy, Thy1, P) 00 (1 =)o (1 — Hl/(e=D)
]:o Gg(ibkj, xij, CI)) (Q — 1)9*1 (1 — 79/(9*1))9

and if Inzy; < 8*Inxy, 11, where 0 < 8* < 1, then xy; = o(z,41), j — 00, and

InG X1, D o—1)+1
lim 1 1(xkj xkfrl )Sﬁ (Q )+ )

]:o In G2(xkjaxkj+17 (I)) 0

So, as in the proof of Corollary 1, using Theorem 2 in view of arbitrariness of 5* we obtain
the following corollary.

Corollary 2. Let the entire characteristic function ¢ of a probability law F' have the order
olp] > 1, the lower order ], the type T|p] and the lower type t[¢]. Then:

1) if inWg(zg) < alnWg(xgi1), 0 < a < 1, for some increasing to +oo sequence (xy) of
positive numbers such that lim, , 2% = f then A[g] — 1 < B(o[¢] — 1);

1n$k+1
2) if nWg(x,) = (14 0(1)) In We(xg41) as k — oo for some increasing to +00 sequence
(xy) of positive numbers such that lim, , -5 = « then t[p] < T[@]#Al(v), where

Th+41 o

1—~)e—1(1—~1/(e—1)
Al (7) = s ?1)_79(/(9—71))9 )
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If we define the modified order o,,[p] = lim,_, o0 ﬁ IHM and the modified lower
order A, [¢] = lim, - In M, then o, [p] = o[¢] — 1, Anle] = Al¢] — 1 and under the

assumptions of item 1) of Corollary 2 we have the inequality \,,[¢] < Bom[¢], which is an
analog of the inequality from Corollary 1.

If for an entire characteristic function ¢ the function In M (r, ¢) increases faster than the
power functions it is possible to use Theorem 1. We will demonstrate this by the example of
R-order pg[p], lower R-order Agly], R-type Tr[¢] and lower R-type tg[¢], which are defined
by the formulas

— Inln M(r, . Inln M(r,
gR{so]:nglm#a Alg] = lim &
r—400
Trle] = im M) trlp] = lim M
r—+o0 exp{ror[¢]} r>+oo €Xp{ror[¢]}

For n(r) = 1/r (20) implies the inequality In M (r,¢) < Inu(r + 1/r,¢) +Inr + o(1), r —
+00. From here and (19) it follows that in the formulas for og[¢|, Ar[¢], Tr[¢] and tg[e],
the function In M(r, ) can be replaced with the function In u(r, ¢). Therefore, we choose
O(r) = Te™ for r > ry = r9(e), where either p = pg[p| + ¢ and T' =1 or p = pg[p| and
T = Tg[p] + €. It is known ([15]) that for this function

1 xprpgq

x
G1(Tk, Thy1, D) = In kH, Go(zg, Tpp1, @) = og P

1 {xkﬂ Inzp 1 — xpInay }
O Tk41 — Tk T

Tp41 — Tk
If now Inzy, < B*Inwy, 41, where 0 < 8* < 1, then xy;, = o(w,41), j — 00, and
In Gl ('Tk]'7mk‘j+1’ q))

lim
j;o In G2 ('Tk]' ) mk‘j-i-l’ q))

<p
and if oy, = (14 0o(1))y T;41 as j — oo, where 0 < v < 1, then

Gi(xp,, xp 41, P ]
lim 1(hy, 241, @)y exp{1+7n7}

1
= In —.
j—oo GQ(%]-, Thj41, ‘I)) L—7 I—»

Y

Repeating the proof of Corollary 1, we obtain the following corollary.

Corollary 3. Let an entire characteristic function ¢ of a probability law F' have R-order
orly|, lower R-order Aglyp|, R-type Tg[p] and lower R-type tgr[p]. We suppose that
InWeg(zr) — InWe(zge1) = O(1) as k — oo for some increasing to +o0o sequence (xy) of
positive numbers. If lim, , 2% — 3 then \g|p] < Bogle] and if

In Tr4+1 -

1 1
lim % — v then tglp| < Trly] 7 exp {1 +21 n’y}ln—.
k—oo Th+1 I—» I—7 Y

We demonstrate the application of Theorem 3 only for an entire characteristic function
of finite R-order. It is easy to verify that for the function ®(r) = " we have zV(¢(z)) =
%ln ex—g. Therefore, under the corresponding assumptions on Wg, Theorem 3 implies that if
InWp(zp) < = In 2k then Inp(ry, ¢) < (14 o(1))e?*, k — oo, where r, = V'(z,). Hence

the following corollary follows.
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Corollary 4. Let the characteristic function ¢ of a probability law F' be entire and analytic

in Dg. Assume that lnWg(x) = —V(z) for all © > a, where the function V' is positive,
continuously differentiable and V'(x) T R as 0 < x T +00. Then Ag[p| < lim %
T—+400

One can obtain analogues of Corollary 3 for other scales of growth, but we are not going
to discuss this here.
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