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M. M. Bokalo, A. M. Tsebenko. FExistence of optimal control in the coefficients for problem
without initial condition for strongly nonlinear parabolic equations, Mat. Stud. 45 (2016), 40—
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An optimal control problem for systems described by Fourier problem for nonlinear
parabolic equations is studied. Control function occur in the coefficients of the state equations.
Different types of observation is considered. The existence of the optimal control is proved.

Introduction. Optimal control of determined systems governed by partial differential equa-
tions (PDEs) is currently of much interest. Many ideas and methods of solving different
optimal control problems for systems governed by evolutionary equations and variational
inequalities were considered in monograph [25]. Numerous generalizations of problems consi-
dered there were investigated in many papers. In particular, papers [1], [4], [5], [6], [16]-[18],
[19], [21], |26], [27], [32], |33] are devoted to this topic. In all these papers the state of
controlled system is described by the initial-boundary value problems for parabolic equati-
ons.

Optimal control problems for PDEs are most completely studied for the case in which
the control functions occur either on the right-hand sides of the state equations, or the
boundary or initial conditions (see for example, [13], [30], [34]). So far, problems in which
control functions occur in the coefficients of the state equations are less studied (see for
example, [1], [27], [32], [33]). A simple model of such type problem is the following.

Let © be a bounded domain in R™ with piecewise smooth boundary I', T" > 0, @ :=
Qx(0,7), ¥ :=Tx(0,T). A state of controlled system for given control v € U := L*>®(Q) is
defined by a weak solution y = y(v) = y(x, t;v), (z,t) € Q, from the space L*(0,T; H} ()N
C([0,T); L*(£2)), of the following problem

Y — Ay +vy = f, y‘ =0, y’ = Yo,
> t=0

where yo € L*(Q) and f € L*(Q).
The cost functional is J(v) := [ly(-, T;v) — 20(-)||22(q) + #l[V[7~(q) Vv € U, where p > 0,
29 € L*(Q) are given. An optimal control problem is to find a function u € Uy := {v el :
v>0 a. e on Q} such that
J(u) = inf J(v).
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In [1] and [27] control functions appears as coefficients at lower derivatives, and in [32],
[33] the control functions are coefficients at higher derivatives. In [27] the existence and uni-
queness of optimal control in the case of final observation was shown and a necessary opti-
mality condition in the form of the generalized rule of Lagrange multipliers was obtained. In
paper [1] authors proved the existence of at least one optimal control for system governed by
a system of general parabolic equations with degenerate discontinuous parabolicity coeffici-
ent. In papers [32], [33] the authors consider cost function in general form, and as special case
it includes different kinds of specific practical optimization problems. The well-posedness of
the problem statement is investigated and a necessary optimality condition in the form of
the generalized principle of Lagrange multiplies is established in this papers.

In papers [4], [16]-[19], [21], [26] authors investigate optimal control of systems governed
by nonlinear PDEs. In particular, in [4] the problem of allocating resources to maximize
the net benefit in the conservation of a single species is studied. In [17] the optimal control
problem is converted to an optimization problem which is solved using a penalty functi-
on technique. Paper |21] presents analytical and numerical solutions of an optimal control
problem for quasilinear parabolic equations. In [23] the authors consider the optimal control
of a degenerate parabolic equation governing a diffusive population with logistic growth
terms. In paper [26] optimal control for semilinear parabolic equations without Cesari-type
conditions is investigated.

In this paper, we study an optimal control problem for systems whose states are descri-
bed by problems without initial conditions or, other words, Fourier problems for nonlinear
parabolic equations.

The problem without initial conditions for evolution equations describes processes that
started a long time ago and initial conditions do not affect on them in the actual time
moment. Such problem were investigated in the works of many mathematicians (see |7, 12, 31]
and bibliography there). Fourier problem for linear and a plenty of nonlinear evolution equati-
ons are correct only under some restrictions on the growth of solutions and input data as
the time variable leads to —oo ([7], [24], [28], [29], [31]). However, there are some nonlinear
parabolic equations for which the Fourier problem are uniquely solvable without any condi-
tions at infinity ([8]-[10]). In our paper the state of control system is governed by Fourier
problem for a nonlinear parabolic equation of such type. The model example of considered
optimal control problem is a problem which differs from the previous one (see beginni-
ng of this section) by the following facts: the initial moment is —oo and, correspondingly,
the state equation and control functions are considered in the domain @ =  x (—o0,T),
a boundary condition is given on the surface ¥ = 9Q x (—oo0,T). A state of controlled
system for given control v € U := L*(Q) is defined by a weak solution y from the space
L} (=00, T; Hy(Q)) N LY (—o00,T; LP(Q)) N C((—o0, T|; L*(2)), of the following problem

loc loc
y— Ay + |y Py +ouy=f, oy ,=0

where p > 2 is constant and f € L{’;C(—oo,T; (), 1/p+1/p =1.

As we know among numerous works devoted to the optimal control problems for PDEs,
only in papers [5], [6] the state of controlled system is described by the solution of Fourier
problem for parabolic equations. In the current paper, unlike the above two, we consider
optimal control problem in case when the control functions occur in the coefficients of the
state equation and cost functional unites observations of different types (final, distributed,

etc.). The main result of this paper is existence of the solution of this problem.
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The outline of this paper is as follows. In Section 1, we give notations, definitions of
function spaces and auxiliary results. In Section 3, we formulate the optimal control problem.
In Section 2, we prove existence and uniqueness of the solutions for the state equations.
Furthermore, we obtain a priori estimates for the weak solutions of the state equations.
Finally, the existence of the optimal control is presented in Section 4.

1. Preliminaries. Let n be a natural number, R™ be the linear space of ordered collections
x = (v1,...,7,) of real numbers with the norm |z| := (|z1|*>+. ..+ |2,]*)"/2. Suppose that €
is a bounded domain in R™ with piecewise smooth boundary I'. Set S := (—00,0], @ := Q2 xS,
Q1 = QX (t1,82) for all t1,t5 € R (t; < ty), X:=T x S.

For every q € [1,00] denote by L{ (Q) the linear space of measurable functions on Q
such that their restrictions to any bounded measurable set @' C @ belong to the space
L9(Q"). The sequence {z;} is said to be strongly (resp., weakly) convergent to z in L{ (Q)
(q € [1,00)) if it is strongly (resp., weakly) convergent to z in L(Q’) for every Q' C Q.

Let X be an arbitrary Banach space with the norm || - || x. Denote by L{ (S;X) (¢ €

[1, 00]) the linear space of measurable functions defined on S with values in X, whose restricti-
ons to any segment [a, b] C S belong to the space L%(a, b; X). We say that z,, — z strongly
m—0o0

(resp., weakly) in L{ (S; X) if for each t;,15 € S (t; < t2) we have z,, — z strongly (resp.,
m—r0o0

weakly) in LI(ty,t9; X).

Denote by C!(a,b), where —o0o < a < b < +00, the linear space of continuously di-
fferentiable functions on (a,b) with compact supports. By C(S; X)) we denote the space of
continuous functions determined on S with values in X. We say that z,, oz in C(S;X)

if for each 1,1ty € S (t1 < t2) we have max ¢y, 1) |[2(7) —21(7)|| x = 0.
— 00

Let HY(Q) := {v € Ly(Q) | va; € Lo(Q) (: = 1,n)} be a Sobolev space, which is a Hilbert
space with respect to the scalar product (v, w)m(q) == [y { D) VayWs, + vw} dz and the
corresponding norm |[v|| 1) == ([, { Xoi; [va, [ + [v[*}dz)*/2. Under H}(Q) we mean the
closure in H'(Q) of the space C°(f2) consisting of infinitely differentiable functions on {2
with compact supports.

Also define 0yz := 2, 0;2 = 2z, ifj € {1,...,n}.

We denote V() := H}(Q) N LY(Q), where ¢ > 1 is arbitrary.

It is well known that

(VI(Q) = H Q)+ L7(Q), ¢ = q_il

(Q) N C(S; L*()). We say that z,, — 2

m—00
strongly in Y, (Q) if for each t1,ty € S(t1 < t2) we have z, — z strongly in L?(t1, to;
m—00

Hy ()N LY(Qu 1) N C ([t ta]; L2(9).

2. Formulation of the optimal control problem and the main result. Let U be
a closed linear subspace of L>(Q), and one be a space of controls, for example, U := L*(Q)
or U:={ue L*(Q) | v(z,t) =0 for a.e. (x,t) € Q\ Qi+ o}, where t* < 0 is arbitrary fixed.
Assume that Uy := {v € Ulv > 0 a. e. in Q} be the set of admissible controls.

We assume that the state of the investigated evolutionary system for a given control
v € Uy is described by a weak solution of the problem

Also we define V! (Q) := L} _(S; H3(Q)) N L

loc

n d R
ve— Y 7—ailw by, Vo) +ao(e,ty, Vy) +ole, gl ty) = fo,1), (20 €Q, (1)
i=1 "
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yly, =0, (2)
where functions ag, ay, ..., a,, f and g satisfy the following conditions:

(Ay) functions

QxR xR"> (x,t,8&) — ai(x,t,5,8) €ER (i =1,n),
Q xR xR"> (x,t,8,6) — ap(x, 1,5, €R

are Caratheodory functions, i.e., ao(z,t,-, ), a;(z,t,-,-): R x R* — R are continuous
functions for a.e. (z,t) € @, and ay(-,-,s,§), a;(+,-,s,£): @ — R is the measurable
function for every (s, &) € R x R™; moreover, ay(z,t,0,0) = 0, a;(x,£,0,0) =0 (i = 1,n)
for a. e. (x,t) € Q;

(As) there exists p > 2 such that for every i € {1,...,n}, for every (s,&) € R x R", and for
a.e. (x,t) € @ the following estimates are valid

(. t,5,6)] < Cr(|sP~" + [€2P7Y/P) + ho(x,
jai(z,t,5,6)] < Ca|sPP? + I€]) + hila, 1),

where Cy, Cy = const > 0, hg € LY (Q), h; € L2.(Q) (i =1, n);

loc loc

(Aj3) for every (s1,&), (s2,€%) € R x R™ and for a.e. (z,t) € Q the following inequality holds

t),
1?”7

n

Z (ai(x,t,sl,fl) - CLZ'(IL',t, 82752)>(€i1 - g?)

i=1
+ (a(](‘r7 t? 517§1> - aO(xJ tv 52, 52))(81 - 52) > K“Sl - S2|p + |£1 - §2|2i|7
where K = const > 0;
(F) | € L,(Q);

(G1) the function @ x R > (x,t,s) — g(x,t,s) € R is the Caratheodory function, i.e.,
g(x,t,-): R — R is the continuous function for a.e. (z,t) € @, g(-,+,s): @ > R

is the measurable function for every s € R; moreover, g(-,-,0) € L2 (Q);

(Ga) for every si,s2 € R and for a.e. (z,t) € @ the following inequalities hold
0< (g(x,t, s1) — g(x, t, 52)) (31 — 52) < M|s; — so]?,

where M > 0 is a constant.
2

Hereafter p = 27, ie., S+ =1 VY= (Yays - ¥ )y VY =200 [y,

Remark 1. Example of g: g(z,t,s) = go(x,t)g1(s), where g9 € L*(Q), go > 0 for a.e.
(x,t) € Q, and ¢g1: R — R and |g1(s1) — g1(s2)| < M|s; — s9| for all 51,5 € R.

Definition 1. The function y is called a weak solution of problem (1), (2) if it belongs to
Y (Q) and the following integral equality holds

loc

J]{-voe + Y atont, Vo) + Gula by V) + vyl t.9)b fdod
Q i=1

— [[ toptsat, v evi@), peci-so0) (3)
Q
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Remark 1. Research methodology of problems similar to problem (1), (2) is quite well
developed, in particular, in papers of one of the authors ([8]-[10], [12]). But exactly the
same problem as considered here, more precisely, Fourier problem for semilinear parabolic
equation in bounded spatial variables domains, is not investigated in literature. Beside this
local estimates of the weak solution are important for us. So, for a complete presentation of
the material, in Section 3 we give full proof of existence and uniqueness of the weak solution
and its local estimates.

A weak solution y of the specified problem will be called a weak solution of problem
(1), (2) for control v, and will be denoted by y, or y(v), or y(z,t), (z,t) € Q, or y(x,t;v),
(x,t) € Q. The existence and uniqueness of a weak solution of problem (1), (2) (for a given
v € Uy) is shown in Section 3 (see Theorem 2).

We assume that the cost functional has the form

J(v) = G(y(-, 5 0) + pllvlL= @), (4)
where p > 0 is arbitrary fix and functional G satisfies following condition:

(J) G YP.(Q) — [0,400) is lower semicontinuous in L}

(93 L2(Q)), or C(S; L*(Y)), or
(S: L2(Q)) N O(S; L2()).

loc

Remark 2. For example we may choose functional G as following
Gly(-0)) = / A1) = a1 gyt
o macx [p(8) |y (-, t:0) = yaz (- )72 + ZMSZIIy i3 0) = 244() |22y v ET,
tes ’

where N € N, ya1 € L3,(S; I(9), yaz € C(S; X)), 245 € I(Q) (i = T,N), 5 € I(S)
and p € C(S) are nonnegative functions, which vanish outside some bounded interval, p; >
0,1t > 0,3, >0 (i =1, N) are given and p; + iz + Zi\;l psi >0, andt; € S (i =1,L) are
any fixed points for some L € N.

We consider the following optimal control problem: find a control v € Uy such that
J(u) = inf J(v). (5)

We briefly call this problem (5), and its solutions will be called optimal controls.

The main result of this paper is the following statement.

Theorem 1. Suppose that conditions (Ay)—(As), (F), (G1), (G2) and (J) hold. Then prob-
lem (5) has a solution.

3. Well-posedness of the problem without initial conditions for nonlinear para-
bolic equations.
3.1. Formulation of the problem and corresponding results.
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Theorem 2. Suppose that conditions (A;1)—(As), (G1), (G2) and (F) hold. Then there exists
a unique weak solution of (1), (2). In addition, the estimate

_inax /|ya;t]da;+/ / [[Vy|* + y[P]dzdt <
—Ryo, to to—
< C{R—2/<P—2>+ / R/ | f|p’dxdt (6)
to— Q

holds for each ty, Ry and R such that to € S, Ry > 0 and R > max{1;2Ry}. Here C is
a positive constant which depends on K, p and mes,§2 only.

Hereafter mes,{2 means the Lebesgue measure of (2.

Remark 3. Note that Theorem 2 has no conditions imposed on the behaviour of the solution
and the growth of the functions a; (j = 0,...,n) as well as on the behaviour of f as ¢t — —o0.
However, the theorem is not true for the case When p = 2 (see, for example, [12]). Therefore
the condition p > 2 is essential.

3.2. Auxiliary statements.

Lemma 1. Suppose that a function z € L*(t1,ts; Hy () N LP(Qy, 1, ), where t1,t5 € R (¢ <
ty), satisfies the identity

/ t/ﬂ{ Bad igiaiw}d””dt =0, YeVIQ), peCihta), (7)
f i=0

for some g; € L2(Qt1,t2) (i=1,n), g€ Lpl(Qtl,tz)'
Then

(i) the function z belongs to the space C([t1,to]; L?(?)) and for every 6 € C*([ty,t2]) and
for all T, 79 € [t1,t3] (11 < T2) we have

t=72 1 T2 T2 n
-0 t)/ |z(x,t)|2dx‘ — —/ / |z|29'd:17dt—l—/ /Zgi@-zﬁdxdt =0; (8)
Q = 2J5 Jo n JQ

(ii) the derivative z of the function z in the sense D'(t1,ta; (VP(2))') (the distributions
space) belongs to L¥ (ty,ts; (VP(2))'), furthermore

to
I
/ ||Zt< )H VP )’dt < 03 |:Z ||g7f||Lp tl to; L2 )) + ||go||Lp/(Qt1,t2)]7 (9)

t1 =1
where C's > 0 is a constant depending on t1, 15, p and n only.

Proof. The first statement follows directly from Lemma 2 of [11]. Let us prove the second
statement. Firstly note that the following continuous and dense embeddings hold

VP(Q) C LA(Q) C (VP(Q)). (10)

Since the spaces L2(t1,t; VP(Q)), L¥ (t1,ts; (VP(2))') can be identified with subspaces of
the space of distributions D'(t1, ta; (VP(2))'), then it allows us to speak about derivatives of
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functions from L?(ty,t; VP(2)) in the sense of D'(ty,t2; (VP(€2))’) and their belonging to the

space L¥ (ty,ta; (VP(Q))").
Let us rewrite equality (7) in the form

to t2 n
—/ /Z@ZJSO/dxdt = —/ /Zgi@wgpdxdt, e VP(Q), p € Clty,ts). (11)
t1 JQ t1 JQ i=0

According to the definition of the derivative of distributions from D'(t1, ts; (VP(Q)),), (11)
implies that z, belongs to the space L (t1,ty; (V?(Q))'), and for almost all ¢ € (¢1,1,)

<Zt('7t) VP(Q) /Zgz l‘t ﬂb

where (-, )y»(q) denotes the canonical scalar product between (V?(Q))" and V?(Q).
From this, using the Cauchy-Schwarz inequality, for almost all ¢ € (¢1,t3) we obtain

{20 0), 0 (Dveio !<Zng, 2@l Ol z2@) + 190C )l oo 10 ()l 2o @)

(anz, Wa) 0O @ + a1l ) v (12)

From (12) it follows that for almost all ¢ € (¢1,t2) the following estimate is valid

1/2
e 1) vy < (an_ W)+ oo )l < (13)

<Z||gz, Mz + 1900 Ol o -

Holder’s inequality implies

n

(Y e) <P a0, i=0n (1)

i=0 =0

From (13), using (14), we obtain

2, O (Z lgiC-, )% + ool DI, g ). (15)
where Cy := (n + 1)P'/7.
Integrating (15) we get (9). O

Lemma 2. Suppose that conditions (A;)-(As) and (G1), (G2) hold. Given t1,t; € R such
that to — t; > 1, we suppose that functions y; (I = 1,2) from L*(t1,t2; H3(Q)) N LP(Qyy 4,) N
C([t1,ts]; L*(2)) satisfy the following identities

to n
/ / <_yl¢§0l + Zai(x)taybvyl)aﬂb@+60(x7t7y7 Vy)wSD +Ug<l‘,t,y)¢g0>d$dt =
/0 i=1

- / ’ / fibpdadt, € VP(Q), p € CLtr, 1), (16)
t1 JQ
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with the functions f; € LP (Qy,4,) (I =1,2).
Then the inequality

to
ma [ Gt e 0o [ (900wl + = b
te[to—Ro,to] QO to—Ro/ Q2
to
30{3—2/<P—2>+/ R/|f1—f2|p'dxdt} (17)
to— Q

holds for each ty, Ry and R such that, Ry > 0, R > max{1;2Ry} and t; < to — R < ty < ts.
Here C' is such as in (6).

Proof. Let to, Ry, R be such as in the formulation of the lemma, and 7(t) :=t—ty+ R,t € R.
For given ¢ € VP(Q), p € CL(t1,t3) we subtract equality (16) when [ = 1, and the same
equality when [ = 2. Then, putting

aO,lQ(x>t) = aO(watayl(xat)a Vyl(xat)) —ao($7t>y2($>t)a VyZ(:U7t))7
(liJQ([L’,t) = ai(xat7y1(l’7t)7 V?Jl(%t)) - ai(x,t,yg(x,t), vy?(l‘7t))
(t=1,...,n; (z,t) € Q),

we receive an equality. From this equality using Lemma 1 with w = 412, go = @0 .12+vg12— fi2,
gi=aj12 (j=1,...,n),0 =n° s:=2p/(p—2), 1 =tg— R, » =7 € (to — R, to], we get
the equality

775(7)/ |y1a (e, 7) [Pda + 2/ H/ [Z a;,12(y) (Oiy12) + o212 + 09123/12]77503556% (18)
Q to— Q i=1

:s/ R/ |y12|2n5‘1dxdt+2/ R/flgylgnsda:dt.
to—R/Q to—RJQ

We make the corresponding estimates of the integrals of equality (18).
From conditions (Aj3) and (G2) we obtain

/ R/ [Z a;12(y) (Oiyi2) + Qo 12Y12 + Ungylz} n*dxdt > K/ p/ (|Vy12|2 + |y12\p) n°dxdt.
to— Q i=1 to— Q

(19)
Further we need the following inequality:

ab < elal?+e V@ V|7, abeR, g>1,1/g+1/¢d =1,e>0, (20)

which is a corollary from standard Young’s inequality: ab < |a|?/q + |b|? /¢
Putting ¢ = p/2, ¢ = p/(p — 2), a = |yw2|*n*/%, b= 1°/9"1, ¢ = £, > 0, under (20) we
obtain

/ K/ ly1o|?n*dadt < / R/ lyia PP dadt + &7 772 / K/n”’/@?)d;cdt, (21)
to— Q to— Q to— Q

where €; > 0 is an arbitrary number.
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Again using inequality (20), we obtain

/ R/f12y12n8d$dt SSQ/ R/ |y12|p775dl'dt+52_1/(p_1)/ H/ |f12|p/’l78dl'dt, (22)
to—R/Q to—R/Q to— R/ Q

where €5 > 0 is an arbitrary number.
From (18) using (19), (21), (22) and (Gs), if e; = K/(2s) and €2 = K/4, we obtain the
following

7M{/Mm@ﬂhm+K/IJ{Wmﬂ+WMﬂSMﬁ<

et / J 5=/ (= 2dxdt+/ R/|f12\pn dudt), (23)
to—

where C5 > 0 is a constant depending on K and p only.

Note that 0 < n(t) < R, if t € [to— R, to], and n(t) > R— Ry, if t € [to— Ry, t]. Using this
and that R > max{1;2Ry} (then, in particular, we have R/(R—Ry) = 1+ Ro/(R— Ry) < 2),
from (23) we obtain the required statement. O

3.3. Proof of Theorem 2.

Proof. First we prove that there exists at most one weak solution of problem (1), (2). Assume
the contrary. Let y1,y2 be (distinct) weak solutions of this problem. Using Lemma 2 we get

mml/muw—wuw&mscRMp% (24)

te[tofRo,to] Q

where tg, Ry, R are arbitrary numbers such that such that ¢ty € S, Ryg > 0, R > max{1;2R,}.

We fix numbers Ry > 0, ty € S, and take the limit when R — 400 in (24). As a result we
receive that y; = y» almost everywhere on Qy,—g, +,- Since Ry and ¢y are arbitrary numbers,
we obtain y; = s almost everywhere on (). The obtained contradiction proves our statement.

Now we are turning to the proof of the existence of a weak solution of problem (1), (2). For
each m € N we consider an initial-boundary value problem for equation (1) in the domain
Qm = Q x (—=m,0) with a homogeneous initial condition and boundary conditions (2),
namely: we are searching a function y,, € L*(—m,0; H}(Q)) N LP(Q,,) N C([—m, 0]; L*(2))
which satisfies the initial condition ¥,,|;=_,, = 0 and the integral equality

/ / { — Ym0+ Xn: @i (Ym)0it0p + Qo (ym )V + vg(ym)w}dxdt -

i=1

- / futbpdadt, € VP(Q), ¢ € C}(—m,0), (25)
Qm

where f,(z,t) ;== f(x,t) if (z,t) € Qn, and fi,(x,t) == 0if (z,t) € Q \ Q.

The existence and uniqueness of the function y,, follows from a well-known fact (see, for
example, [22, p. 539]).

We extend y,, on ) by zero and for this extension we keep the same notation ,,. Further
we prove that the sequence {y,,} converges in Y}> (@) to a weak solution of problem (1), (2).
Indeed, note that for each m € N the fuction y,, is a weak solution of the problem which
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differs from problem (1), (2) in f,, instead of f. Using Lemma 2 for each natural numbers
m and & we have

maxR\/ |ym (2, t) — yp(x, t)| dx—l—/ D/ IV (Y — i) |* + [y — yk|p]dxdt§
0 to

tE[to,to
<C{R#2 4 fon = $el! dudt}, (26)
to—R JQ

where ty, Ry, R are arbitrary numbers such that ¢y € S, Ry > 0, R > max{1;2R,}.

Now we show that for fixed ¢, and Ry the left side of inequality (26) converges to zero
when m, k — +o00. Actually, let £ > 0 be an arbitrary small number. We choose R to be big
enough such that the following inequality holds

CR™Y%2 < ¢, (27)

This is possible as p > 2. Under (27) for arbitrary m, k € N such that max{—m, -k} <t —R
(then f,, = fr almost everywhere on Q X (t; — R, 1)) the right side of inequality (26) is
less than e. From this it follows that the restriction of the terms of the sequence {y,,} on
Qto—Roto 18 @ Cauchy sequence in L?(tg— Ry, to; Hy ()N LP(Qty—r.to ) NVC([to— Ro, to]; L*(2)).
Therefore, since ¢y and Ry are arbitrary, it follows that there exists a function y € Y (Q)
such that y,, — y strongly in Y” (Q). From this and [20, Lemma 2.2] it easily follows

// al (Ym) i + Go(Ym ) + vg(ym)iﬁ@) dxdt'n:zo

=300 // Zal Oy +ao(y) e +vg(y )1/190>d35dt

Taking into account that in (25) integration on (), can be replaced by integration on @, we
pass to the limit in equality (25) as m — 0o. So, we abtain (52). It means that the function
y is a weak solution of problem (1), (2). Estimate (6) directly follows from Lemma 2 putting

=1y 1%0=0 fi=f fo=0. O
4. Proof of the main result.

Proof of Theorem 1. Since the cost functional J is bounded below, there exists a minimizing
sequence {vg} for J in Uy, i.e., J(vk)k—> inUf J(v). This and (4) imply that the sequence
—oo veEly

{vx} is bounded in the space L>(Q), that is

ess sup |vg(z,t)] < Cs Vk €N, (28)
(z.t)eQ

where Cg > 0 is a constant, which does not depend on £.
Since for each k € N the function y;, := y(vx) (k € N) is a weak solution of problem (1),
(2) for v = vy, the following identity holds

//Q { — yrb’ + Z a; (yr)0ihp + ao(yr) e + vkg(yk)@bcp}dxdt =
=1

— [[ supdsar, v e V@), o € Cl-ox0) (29)
Q
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According to Theorem 2 for each £ € N we have the estimate

to
max / lye(x, t)[da +/ [Vyel? + |y [P]dadt <
te[to—Ro,to] Q to—Ro) Q

to
< C{R 2/(p=2) / P/ |f|p’dxdt}, (30)
to— Q

where to, Ry, R are arbitrary such that ¢ty € S, Ry > 0, R > max{1,2R} and constant C' is
independent on k£ € N.
Let 71,7 € S(m1 < 72) be arbitrary. From (30) and condition (F) we obtain

IVl 22(@r, ) < C7s NUkllLr(@r, ) < Cr k€N, (31)

where C; > 0 is a constant independent on k.
From (Ay) and (31) it follows

[ [ty asae<cs [ [ (e + 1V + kol )dodt < G (32
1 Q 1 Q
T2 T2 n
/ / |a; (yr) |*dxdt < Cm/ / (lyl” + [Vl + Z |hi|*)dzdt < C, i=1,n, (33)
o JQ EAY i=1
where Cy, ..., C}; are positive constants independent on k.
Since p > 2, then 1 < p’ < 2. Hence we have continuous embeddings
L'(Qnn) € L2 (Qnn) © L (Qry ). (34)

According to (33) and (34), we have
T2 ’ /v
([ etwmltmar)™ < (]

1/2
lasw)Fpdt) <V, (35)
T1 T1

el vy ry) < Cr2llllLr(@ey ry) < Cis, (36)

T2

where (9, C'13 are positive constants independent on k.
From (G1), (G2) we easily get

9@, 8, yp)| < Mlye| + |g(z, 2, 0)] nsw s (2,1) € Q.
Thus, using previous inequality, (14), (28), (31) and (36) we obtain

/ / kg (yi) [P dadt < (Cg)P / /|g i) [P dacdt (37)
< 014/ /(ka|” + |g(z,t,0)[")dzdt < Cys,
T JQ

where C14, C5 are positive constants independent on k.
Taking into account statement (i7) of Lemma 1 and (14), according to condition (F),
(32), (35), (37) from (29) we obtain

Ta n
/ Hyk,tH;?Vp(Q))/dt S CS [Z Hai(yk)Hil"(thtg;LQ(Q)) + ”ao(yk) + ng(yk) - fHZI?/p,(Qtl,tg)] S 0167

m =1
(38)

where Cg > 0 is a constant independent on k.
Further, we will need the following statement.
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Proposition 1. (Aubin theorem, see [2] and [3, p. 393]). If ¢ > 1,r > 1 are any real numbers,
K
t1,t2 € R (t; < t3), W, L, B are any Banach spaces such that W C L O B, then

(u € Li(t, to; W) | o € L7 (ty, t2: B)} C <Lq(t1,t2;£) N C([tl,tg];8)>,

that is, if {u], }men is bounded sequence in the space Li(t1,ty; W) and {u., }men is bounded

sequence in the space L' (t1,t2; B), then there exists a subsequence {ty,, }jen C {Um }men and

function u € LA(t1,t; £) N C([t1,12]; B) such that w,,, — u strongly in LI(t1,1; L) and in
j—o0

C([tl,tQ];B).

Since VP(Q2) O H&(Q)gL2(Q) (see [25], p. 245), then VP(Q) éL (). According to
Proposition 1 with W = V?(Q), L = L*(Q), B = (VP(Q)), ¢ = 2, r = p/, estimates
(28), (31), (32), (33), (38) yield that there exists a subsequence of the sequence {vy, yk} (still
denoted by {vx,yx}) and functions u € Uy, y € L% (S; HL()) N LY (Q) and xo € LIOC(@)
xi € L2.(Q) (i = 1,n) such that

loc

Uk Uk -weakly in  L*™(Q), (39)
Yk Y weakly in L2 _(S; Hy (), (40)
Yk Y weakly in L (Q), (41)
Yk Y strongly in L2.(S;L*(Q)), (42)
ao(yr) 7 Xo weakly in LIOC(@), (43)
ai(ye) — xi weakly in Li.(Q), i=Tn. (44)
Note that (40) implies the following
Di Y k—>—o>oaiy weakly in - Li(Q), i=0,n. (45)

Let us show that (39) and (42) yield
[ watwvedsde — [ gwvpsdt v e V@), v e Cli-ox,0. 0
Q )

Indeed, let ¢ be an arbitrary, and ¢;,¢, € S be such that suppy C [t1,t5]. Then we have

/ / vy (yr)Ypdrdt = / ) / (vkg (k) — vkg(y) + vkg(y))Ydrdt =

/ /'ng wgodxdt—i—/ /vk (yr) — 9(y))pdadt. (47)

Using condition (G2) we easily obtain |g(yx) — g(y)| < M|yr — y|. Hence, using Cauchy-
Schwarz inequality, (28) and (42), we obtain

’/ / Wd:rdt’ <M/ /vklyk—yHWIdl’dt
SM / /|vk¢gp|2dxdt / /|yk—y|2d$dt> —>0 (48)
t1 JQ t1 JQ —0
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Thus, using (39) and (48), (47) implies (46).
Similarly to (46) it can be easily shown that (39) and (42) yield

/ / vkg(yn)yrpdrdt — / / ug(y)ypdzdt ¥ ¢ € Cr(—00,0). (49)
Q el Q

Indeed,

// kg (Yr)yrpdadt = // (g (i) vk — veg (V) yk + veg(y)yi) pdadt =
Q Q

= //Q oYk (9(yx) — 9(y))pdxdt + // weg(y)yrpdadt.

Similarly to (46), from (39) and (42), we easily get

// veg(y ykgpd:ndt—>// ug(y)ypdxdt. (50)

Condition (Gs), Cauchy-Schwarz inequality, (28), (31) and (42) imply

| // (o) ~ (0)edodt] < M [ [ wnluelln — yllpldode —5 0. (51
Q oo

From (50) and (51) we obtain (49).
Letting £ — oo in (29), using (43)—(46) we obtain

/ /Q { — e+ 2": Xidihp + ug(y)wso}dxdt _
i=0

= // fpdrdt, € VP(Q),p € CH(—00,0). (52)
Q

According to Lemma 1, identity (52) implies that y € C(S; L*(2)). This and the fact that

y € L2,(S: HY(Q)) N L, (@) imply y € Y2.(Q).
Now let us show that the equality

/Q{ iXiaiw}dx:/Q{ iai(y)aﬂ/} +60(y)w}d:c (53)

is valid for every ¢» € V?(2) and for a. e. t € S. For this we use the monotonicity method
(see [24, Section 2]).

Let us take an arbitrary functions w € L2 (S; H*(2)) and 6 € C}(—oc0,0), 6(t) > 0 for
all t € (—o0 O) Using condition (\A3) for every k € N we have

Wy / / [(aa(w) — () O — Do) + () — o)) (3 — w)] }0 et > 0,
From this we obtain

Wy = // Clz (yk)Osyr + ao(yk)yk)edﬂfdt— (54)

n

B / /Q (D oo + ai(w) (@ = dw)] + Goly)w +ao(w) (e = w) )6 > 0, k€ N,

=1
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According to Lemma 1, (29) implies

—= // |y |20 dxdt + // az (k) Oiyr + ao(Yr )Yk +vkg(yk)yk}0dxdt / fypfdaxdt.

(55)
From (54), using (55), we obtain
1 2n/
W= [[ {30+ (Fu—veatun) o} dnat- (56)
Q
// [ou(y) 0w -+ ay(w0) (Do — )] + o) + o) (i — w) )t > 0, k € N,

Taking into account (42) and (49) we have

k—o0

i {0+ o vatm)obitrir = [ [ {Sul0 - (ry-uatwp)epar.(s1)
By (43) (45) and (57) from (56) we get
0< lim Wy = // —|y| 0+ (fy—ug(y)y) }dmdt—
_ / /Q ( ; [xiBhw + a:(w) (D — dw)] + xow + do(w)(y — w))@d:cdt. (58)
From (52), using Lemma 1, we obtain
// szaye ddt — // 0+ (Fy—ug(y)y) Ot (59)
Thus, (58) and (59) imply that

/ / ())(Oy — Ouw) + (xo — o(w))(y — w) }dzds > 0. (60)

Substituting w = y — A in the above inequality, where 1 € H}(2), A > 0 are arbitrary, and
dividing the obtained inequality by A we get

/ / = s = X))+ (o — o — M) }0 ddt > 0 (61)

Letting A — 0+ in (61), using condition (.43) and the Dominated Convergence Theorem
(see [15, p. 648]), we have

/ / = ()0 + (xo — Bo(y) }0 dwdt = 0. (62)

Since ¢ € HL(Q), 0 € C’Cl(—oo,O) are arbitrary functions, then (62) impliest (53). Identity
(52) and (53) imply (3) with v = w.
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Therefore y is a weak solution of problem (1), (2) with v = u. Hence, we have shown that
y=y(u) =y(z,t;u), (z,t) € Q, is the state of the controlled system for the control u. Now
we are going to show that u is an optimal control. First we prove that

ye —ry in C(S;L%(Q)), (63)
— 00
i.e., for every closed interval [a, f] C S,

max/|ym7’ —yp(x, )| dx—)O (64)

T€[a,f]

For this purpose, we subtract identity (29) from identity (3) with v = u

// (v — ) ¢+Z as(y) — as()) Bstop + (@oly) — Aolun)) o

+(ug(y) - wg(yk»w}dxdt = 0,9 € V¥(Q), p € C}(=00,0). (65)

To the resulting identity (65), we apply Lemma 1 with 6(¢t) = 2(t — 7+ 1), 7, = 7 — 1,
79 = 7, where 7 € S is any fixed. Consequently, we get

Jter) = wanfae— [ [ly-wpasaer [ ][ (@) - o) @ - o)+
Q T—1JQ T-1Q "
(o) — o(u)) (v — ) + (ugy) — vug(ui)(y — )| Odadt = 0. (66)
From (66), taking into account conditions (Aj3) and (Gs), we obtain
[ loter) = i) < (67)
</ / [y — yl? = (ug(y) — vkg(y) + vig(y) — veg(yi)) (y — yi)0] dadt <
/ 1/ ly — yl> = (w—ve)g(v) (v — y)8 — vi(9(y) — g(yw))(y — yk)e] dxdt <
<2 [ [ fly =l + = oullo()ly - ) dode.
Using (28), (G1), (G2) and Cauchy-Schwarz inequality, from (67) we obtain
T 1/2 T
[ ) = wiwrae < cu([ [ [ o-nbdode] "+ [ [ 1y-nPdsat). (o5
Q T—1JQ T—1JQ

where C'17 > 0 is a constant which does not depend on k.
For every 7 € |a, 5], we obviously have [t — 1, 7| C [a — 1, #]. Hence, from estimate (68)
we easily get for V7 € [a, ]

1/2
m[a%] / ly(z, 7) —y(x, 7)|*dr <Oy ([/ ly — ykIQda:dt] +/
TE |, 0

a—1JQ a—1J

B g

[y — yel*dedt).  (69)
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Thus, according to (42), estimate (69) implies (64).

It remains to prove that u is a minimizing element of the functional J. Indeed, since func-
tional G: Y (Q) — [0, +00) is lower semicontinuous in either L7 (S; L*(2)), or C'(S; L*(Q2)),
or in both and we have convergence (42), (64), then

Jim inf Gyx) > G(y). (70)
— 00
Also, (39) and properties of x-weakly convergent sequences (see [14, Proposition 3.13, p. 63|)
yield limy, o0 inf [|vg || Lo (@) > [Ju]| Lo (q)-
From (4), (70) and previous inequality it easily follows that
lim J(vg) > klim inf G(yx) + ,uklim inf ||og|| 2= (Q) > J(u).
—00 —00

k—o00

Thus, we have shown that u is a solution of problem (5), i.e., an optimal control. O
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