Hayxosuti waconuc HIIY imeni M.I1. Jpazomanosa. Cepis 1. Dizuko-mamemamuini Hayxy
Kuis: HITY imeni ML.II. JIparomanosa. — 2013, Ne 15.— C. 144-155.

VIIK 517.5

CunryagpHi HEeMOHOTOHHI (PYHKIIIT,
BU3Ha4YeHl B TepMiHaX ():-300paKeHHsI apryMeHTa

M. B. Ilpamposutnii, O. B. CBunuyk

(Harionanpauil negaroriauuit yuisepcurer imeni M.IT. JIparomanosa)

AHOTAILIA. BBoauThbcsi B po3riisiy] KOHTUHYAJIBHUN KJIAC HellepepBHUX (DYHKIN, 3aJe-
KHUX BiJi HAOOPY MmapaMeTpiB, 3i CKJIAIHOIO JIOKAJIHHOIO MOBEJIIHKOIO: CUHTYJISIPHUX MO-
HOTOHHWX, CHHTYJISPHUX HEMOHOTOHHUX, Hi/le He MOHOTOHHUX TOIIO, JIOBONATHCS O3HAKA
HAJIE2KHOCTI 70 KOXKHOTO 3 BKA3aHUX THUIIB. BUBYAIOTHCA X CTPYKTYPHI BJIACTUBOCTI,
MHOXKMHHU 0CO0MBOCTEH (MAKCUMYMIB — MiHIMyMiB), MHOXKUHM DIBHIB Ta iH.

Karo4osi citoBa: cunryispaa dyHkiid, Hine He nudepentiitioBra QynkIisa, Q% - 30-
OpaskeHHsI TIICHOTO YUCJIa, CUHTYJISIPHA (DYHKINS KAHTOPIBCHKOIO THILY, IIMJIHJD, MHO-

JKWHA PiBHHA, (DPaKTAIbHA MHOXKIHA.

ABSTRACT. The article deals with the analysis of a continual class of continuous func-
tions, depending on the set of parameters, with complicated local behavior: singular
monotonic, singular non-monotonic, nowhere monotonic and other functions. Sufficient
conditions of belonging of functions to each of the above mentioned types are proved.
Their structural properties, sets of peculiarities (in particular, sets of maxima and min-
ima), level sets, etc. are studied.

Keywords: singular function, nowhere differentiable function, @Q%-representation of

real number, Cantor singular function, cylinder, level set, fractal set.

Boeryvn

[Tin dyuKIEO 31 CKIAHOIO JIOKAJIHLHOI ITOBEIIHKOI MU PO3YMIEMO, B IIEPIIY Uepry,
HerepepBHY (DYHKITIIO 3 HECKIHIEHHOI0 MHOXKIUHOIO Pi3HOI0 pojy ocobsuBocreit. Jlo Takux
BIIHOCATBLCA HiJle He MOHOTOHHI Ta CHHIYJIAPHI (DYHKIIII.

Haraiaemo, mo #ernepepBHa (byHKINA HABUBAETHCA CUH2YAAPHOI0, STKITO 11 TTOXi/1Ha Maii-
’Ke CKpi3k B po3yminHi mipu Jlebera jpopisaioe mHysro. Cepes cuHryasspHux OYyHKILH icHY-
I0Th MOHOTOHHI, CTPOr0 MOHOTOHHI, HEMOHOTOHHI 1 Hize He MoHOTOHHI [10].

Hemnepepsua ¢yHKIlisT HA3UBAETHCSA Hide He MOHOMOKHOM, STKIIO BOHA HE MAE YKOJTHOTO,

sIK 3aBI'OJIHO MAJIOTO, ITpoMizKKa MoHoToHHOCTI. KoxkHa Hife He mudepenrtiiioBua GyHKITis

© M. B. Ilpamposurwuii, O. B. Ceunuyxk, 2013



CUHTYJIAPHI HEMOHOTOHHI ®YHKIIIT ... 145

€ HiJle He MOHOTOHHOIO, aJjie He KOXKHa Hijle He MOHOTOHHA (DBYHKIlS € Hije He audepeHIi-
MOBHOIO, XO1a 3HAYHA 1X JaCTHHA TAKUMU €.

[likaBo, 110 I1i JiBa KJIaCH, HA TEPIITUH MOTJIA, JAJEKIX 38 CBOIMH BJIACTUBOCTAMU (DYyH-
KIIiif, MOXKYTb yTBOPIOBATU OJIMH KJjac (QyHKIIIH, 3a/eskHux Bl Habopy napamerpis [14].

Y naniit poboTi M1, BAKOPHCTOBYIOUH Tak 3BaHe (QF-300paxkenns |1] uncen x € [0, 1], ske
€ KOJLyBaHHAM uucjia 3acobamu ckinuennoro andasity A = {0,1,...,s—1} 1 ysaranbHen-
HSIM S-KOBOTO Ta ()¢-300parkeHHsl JINCHUX IncesT, KOHCTPYIOEMO HOBHI KJIaC HEIEPEePBHUX
bYHKIIII 3 HEOIHOPITHOIO JIOKAJIbHOIO TOBEJIIHKOIO, y3arajJbHIOEMO 1 JJOIIOBHIOEMO PE3YJIhb-
tatu pobit [3], [14]. ITepeBazkua GinburicTh YHKINH 03HAYEHOIO KJIACY € CUHIYIISIPHUMU

abo Hijle He MOHOTOHHUMH.

1. Q:-30BPAXKEHHSI YUCEJI

Hexait 1 < s — ¢ikcoBane Hatypasbhe ancio, A = {0,1,...,s—1} — andasir s-koBoi
cucremu uncienns, () = ||¢;;|| — nmeckimuenna croxacrmuna marpuig, j € N, i € A
TaKa, M0 Ma€ BJIACTHBOCTI:

1.¢; >0Vj€eN,Vie A

290+ F e ey = 1

3. 11 maX{q0j7q1j7 . aQ[sfl}j} =0.
j=1

Teopema 1. [1| Jas 6ydv-axozo x € [0, 1] icnye nocaidoswicmo (o), ap = ag(x) € Aj,

maxa, uLo

o0 k—1
T = ﬁo&ll + Z Bakk H Qa]-j ) (1)
k=2 j=1

1—1
de Bo; =0, Bij = > qij , 1 € A\ {0}, j € N.
=0

[Monanus ancia x y Buraam psiy (1) HasuBaerbes fioro Q%-npedcmasaenmam, a #oro
CHMBOJIIYHUIT 3a11C
r =A% (2)
— Q%-300pasrcennAaMm.
[Ipu mpomy () HABHBAETBCH j-THM (Q:-cumeosom (Yugporo) 300pazkeHHs InCIa T.
[Monarra j-ro Q% - cumBoJsia Ynciaa T, B3araji KayKydd, HE € KOPEKTHO O3HAYEHWM,
OCKIJIBKU JIesiKi 9uc/ia MaloTh JBa Q%-306paxkenus. [le yucia Buy

AQZ‘ _ AQZ‘

ar..ap_105(0) T Tar..ogoq[og—1)(s—1)°
J1e KPYTUIl JTy?KKH CUMBOJIIZYIOTH TEePio/I.
Taki uucaa HasuBaIOTH QF-payionarvrumu, a duciaa, mo He MicTarts nepiox (0) abo

(s — 1), maroTh eaune Qf-300parkenis 1 HABUBAIOTHCA (QF-ippayionasoHuMmu.
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B FeOMeTpiT, AdKa BHUBYa€ 306pa}KeHHH quceJI, BaKJIMBUM € IIOHATTA HHJIiH,Hpa. Haraga—

€MO Ioro.

Osnavennsa 1. Hexait (¢q, o, ..., ¢p) - dikcoBanmii HAOIp cUMBOJIB, ¢; € Ag. Luaindpom

*
parey m 3 OCHOB0M0 C1C3 . . .Cy, HASUBAETHCA MHOXKHWHA Agch,,,cm , dKa CKJIaJa€ThCd 3 YCIX

touok « € [0, 1], axi Maiors Q%-300paxkenis Take, mo «;(z) = ¢;,j =1, m.

Huniaapu MatOTh HACTYIIHI BJIACTUBOCTI:
*
1) Huminap A?@_W € BiJIPIZKOM 3 KiHIIAMHA

m k—1 m
Q3 _ _ A@S _ .
a = Aq...cm(o) — /8(;11 + ];2 ﬁckk Jl;[l qC]'j 9 b - ACl-..Cm(Sfl) =a + Zl;ll QCiZ‘?

C1C2...Cm1)

* s—1 *
DAL, .. = J A%
i=0

i=1
Q3 e Q3 0 < _oO-
4) max AJs, o =minAL 0= 0,5—2;
X O Q* . . . .
5) [ Adiscm =T = A&s..cm... € [0,1] s noinbHOT nocaigoBHOCTI (¢4), ¢; € Ag.
m=1
Axmo nna seix ¢ € A, 7 € N BHKOHYETbCA @;; = (;, TOOTO BCi CTOBHIII MaTpuUI
¢ || omHakosi, To Qf-300parkeHHsT HASHBAECTHCS ()s-300PadCEHHAM, SKIIO K HPH I[HOMY

¢ = %,TO (Qs-300pazkeHHsI € 3BUYAHIM S-K06UM 300DANCEHHAM.

2. OBHAYEHHS O/ITHOTO KJIACY HEINEPEPBHUX ®YHKIIIN 31 CKJIA/ITHOIO
JIOKAJIbHOIO BY/IOBOIO

Hexait (ag, ai, . ..,as_1) — 3ajanuii HabIp JIHCHUX YUCES TaKUX, IMIO:
1. ao—l—al—l—...—l—as,l = 1,
2. ‘OJZ| <1,
3.7%=0,0<v;,=ap+a;+...+a,1 <1 muascixie{1,2,...,s—1}.

[Ipursraju HabopiB, 10 380BOJBHAIOTH YMOBH 1 - 3:

1) 3 2 1 2
S = an = —. 1 = —. Qo = —
, W0 5,1 5,2 57
0, =2 =2 =1
70—5, 71—5,472—5,573— 1
2 :4 — = — — — — —
)8 , @o 7704 770'2 7,(13 77
0 5 1 6
70—4771_77372—7773—77 4 —
3)8:5’(10_5’ al:?’ az = —, az =0, a4:g,
X 4© 13 3
’Yo—a’71—5a’72—57’73—57’74—57’75—
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Posrsmaerbea dbyukiis f, o3Hadena piBHICTIO

00 k—1
(@) = Yor (@) + Z TVay(x) H aaj(:v)] , (3)
o =1

ne ag(z) — k-mit cuMBoJT Q% - 306pazkKeHHsT YUCTA .

Zosedemo, wo Pynkuia eudnaverna Kopexmmo.
Kopekrricrs Buznadennst dyukiuil f(x) piBricrio (3) moria 6 nopyumrucs B Q% - pa-

nioHaabHUX TouKax. Ilokazkemo, 110 1e He Tak. 3 €0 MeTOM s YUCIa

— AWs _ AQE
r = Aalag...ak(O) - AOClOCQ---[Otk—l](S—l)’ (873 7é 0

PO3IVISTHEMO PI3HUIO 3HaUYeHb (DYHKIIT Bij JIBOX Pi3HUX 300pazkKeHb

0= F(A e an0) — J(AS

araz...[ap—1](s— 1))

k—1
= (H aaj> (%% — Yap—1 — Vs—10ay—1 (1 +as_1+ agfl + ...+ a’;‘L1 .. )) =
j=1
(H aa7> /Yak /Yak 1 +aak 1)) 0.

OTxke, BiIIOBI/IHI 3HAYEHHS CINBIAIAIOTH 1 (PYHKIlS O3HATYEHA KOPEKTHO.

OueBnHO, 110

F0) = FAF) =0+ 3 0-af7" =0,

f()_( (51) 681+Zﬁsla/ 11:5371‘7:1,
Q* k:_l
f(Aclf..cm(O)) = Ve + Z (/y% H a'ci> .
k=2 =1
3. HEIIEPEPEBHICTb TA MHOX>XVWHA 3HAYEHbD CPYHK]_[Ii

Jlema 1. Buavenns dynxuii f nanesrcumo [0, 1].

Jlosedernsa. Bimomo, mo f(0) = f( ) =0, f(1)=(A s: ) =1
[IpencraBumo 3HaveHHsT PYHKIHT f ( ) v BUDJIs I

m S k—1
f(l') == Sm(x) + (H a'ozj(w)> <Sam+1(z) + Z <7ak(m) H aozj(z)>> )
J=1 J=1

k=m-+2
e

m k-1
Sm () = Yau(z) T Z <7ak(x) H aaa‘@))
k=1 =1
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— uactunHa cyma psy (3). dosegemo, mo 0 < S, < 1 g jgosinbaoro m € N i nabopy
mdp (o, ag, . .., ). CKOPECTAEMOCH METOJOM MAaTeMATHIHO! 1HYKIIil.
Hng m = 1 oueBuno, mo S; = 7., € [0, 1) 3rigHO 3 MOYATKOBOK YMOBOIO 3.
Posrsanemo S = Yo, + Yas Qo -
Axmo a3 =0, T0 S5 = Y0 + Vay@0 = Vayo 1
0 <52 = Y000 < Yoy < 1.

Hexait oy > 0. fdxmo a,, > 0, T0

0 < Yoy <52 =" + Var0ays < Yoy + Aoy = Va1 < L.
Ao a,, < 0, TO

0 < Yar41 = Yoy + oy < Sy = Yoy T VYazlay < Yoy < 1.

Orxe,
[Mpumycrumo, mo 0 < Sy < 1 mist qoBiabHOT (ay,) 1 po3TIsTHEMO Sk 1.
OckinbKu
k+1 i—1
Sk—f—l = Yoy T Qay <’7042 + Z <’yo”' H a“i)) = Yoy T oy S//ﬁ’
i=3 j=1
Je S;, — dacTuHHA cyMa pafdy (3) ms nocsigosHocTi (qg, ag, . . ., Qy, . . ), TO 38 IPUILYIIe-

aaam 0 < S) < 1. Tomy upn a,, > 0
0 S Ve < Sk+1 < Yo + Aoy = Yar+1 < 17
a IpH g, < 0
0 S Yar14+1 = You + Ay < SkJrl < VYo <L
Orxke, 0 < Sgi1 < 1 i JOBLIBHOT TTOCTIOBHOCTI ((vy,).
Takum duHOM, It JtoBlabHOTO = € [0, 1] 1 HaTypasbHOro m Bukonyerbes 0 < S, < 1,
artomy 0 < f(z) = lim S, <1.
m—0o0 |:|

Teopema 2. Qynkuyis [ € nenepepsroto 6 Koochit mowyi sidpiska [0, 1].

Jlosederns. Hexait xy — nosinbaa Touka Bigpiska |0,1]. s nosenenns wenepepsaocTi f

B TOYIIl Ty JIOCUTH ITOKA3aTH, IO

lim |£(x) — f(wo)| = 0.

T—x0
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1. CoyarKy po3IyIssHEMO BHIIAQJIOK, KOIH T — (% - ipparionaibaa To4uka. Jlrsa noBinb-

Horo z € [0, 1], x # xy, icaye m = m(x) Take, MO
a;(r) = ai(zg), i=1,m—1
() # (o)

m—1 m—1
f(l') f(l’o) = Yam(z) H aoz7(wo + Yami1(z (H a'oz7(a:o)> aam(z)+

Jj=1 7=1

m—1 k—1
oo Yangr(@) (H aaj($0)> H Qo i(zx) o —

j=1 =1

m—1
- <'7am(x0 H aaa(xo + Yamy1(z0) (H aa](xo ) Aoy, (0) -+ ) —
7j=1
m—1
B (H %]-(a:o)) (Yam(@) T Vams1 (@ Gam@) + -~

J=

[y

_(’Vam(ﬂvo) + Vm+1(z0) Vo (z0) + .. )) =

m—1
j=1

e C = Yam (@) T Yamir (@) Gam(z) T < 1, Oy = Yam(zo) T Vomst (o) Fam(zo) T -+ < 1.
Orxe,

lim f(z) = f(xo)

T—To

i dyukiig f(z) € HemepepBHOIO B TOUIN T 38 O3HAYEHHSIM.

2.V Bunajxy, Ko Ty - Q% - parjioHajgbHa TOYKa, TOOTO

_AQ Q:
— A9 — A

1(@)az(z)...ak()(0) o (z)az(z).. [ak(z)—1](s—1)
MOYKHA, CKOPUCTATUCh MIpKYBaHHAMU 3 IIYHKTY 1, ajie Tpu poO3IVIs/ii CUTYaITil, KOJA X Ips-
MY€ JI0 Z( 371iBa, JOCUTH CKOPUCTATHCS JPYTUM 300parkeHHAM 9HCJIa Xg, TOOTO 3 IIEPioIoM

(s — 1), a KOJIM & TPsIMYE JI0 X( CIpaBa — HepuruM, To0To 3 mepiogom (0). O

Hacainok 1. Mnoowcunoro snavens gynruyii e siopizox [0, 1].
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4. YMOBM MOHOTOHHOCTI, CTPOIroi MOHOTOHHOCTI, HEMOHOTOHHOCTI TA
HIJJE HE MOHOTOHHOCTI

Jlema 2. Ilpupicm py <ACQ1;;2,,,%> dpyrxyii f na yuaitndpi A?}‘@_ﬂm, mobmo

Qs = Qs . Qs
1233 (A0162---Cm) - f (Aclcg...cm(s—l)) f <A0162...6m(0)) )

00MUCAIOEMBCA 30 HOPMYN0I0
m
Fof (Agséz...cm) = Hacz"
i=1

Jlosederns. Bukopucrosytoun Bupas (3) snadenus dbyskiii f(z), Maemo:

X _ Q3 Q3
Hr (AgCQ---Cm) - f <A6162...Cm(871)> - f (A61C2...Cm(0)>

m m

- H Qc; Ys—1— Yo+ Z ’73_1(1'1;;_1 = A, -

i=1 k=1 =1

OJ

.
Hacuinok 2. Qynxuia f(x) € cmaaoo na yuaindpi ACQI%Q, modi © Miavku Modi, Ko

..Cm

icnye ag, = 0 npu deaxomy k < m.

Hacainok 3. frxwo ecia; > 0,i=0,s — 1, mo ¢pynxuia f(z) € necnadnoro.

s—1
Teopema 3. Henepepsna dynruis f(x) na [0,1] € nide ne monomonnoto, sxwo [[ a; # 0
=0
1 ceped wucen ag, a, . .. as_1 3natidemves a; < 0.
Josedenna. 3rimHo Hacaiaky 2 dyHKIA f He Mae TPOMIXKKIB CTaIO0CTI.
[Tpumycrunmo, 10 IpU BUKOHAHHI yMOB TeopeMu 3Haiijgerbces inrepsai (a,b) C [0, 1]

MOHOTOHHOCTI (yHKIHT f. Ase oueBMIHO, IO iCHYE IUJIIHID Ag%Q, KW TTOBHICTIO

--Cm>y

HAJIEXKUTH (a,b), a OTKe, € MPOMIKKOM MOHOTOHHOCTI f.

OCKIUIBKY Goay - .. as_1 7# 0, TO 3riJHO 3 MOMEPEHBOIO JIEMOIO
m
Q% _
/’Lf (Aclscg...cm) - a’Ci # O
i=1

2
* « m
1y <Agig...cmo> iy (Ag;__.cm) = (H aci> -ag - a; < 0, TOOTO HA OAHOMY 3 IMJHHIPIB

i=1
Q3 Q5 : . . .y . .
AZs, en0ab00 AZS . dyHKIiA Mae JoJaTHUM, a Ha iHIIOMY — BiJ'eMHuit IpUpicT.A 11e
*
CyIIEPEYNATh 11 MOHOTOHHOCT1 Ha ITUJIIH/IP1 ACQISCQ,,,Cm, IO 1 JIOBOJIUTH TEOPEMY.

O
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5. EKCTPEMYMM ®YHKIIIT

Teopema 4. 1. Axwo a;a;11 < 0 daa dearozo i, mo KostcHa mouka 6udy A9

cica...cmt(0) €

moukoro excmpemymy Gynruyii f, npuvomy:

® MouKo0 marxcumymy, axuo Dpya; > 0,

® MouKo0 MIHIMYMY, Axuo Dypa; < 0, de D, = H ac; # 0 - npupicm dynruii na
j=1
YUNIHOPI.

2. HAxwo a;a; v > 0, mo orcodna 3 mouwox sudy N

crescmi(0) ME € MOWKOI0 €KCMpPEMYyMY
Ppyrruii f.

m
osedenna. 1. Hexait D,, = H ae; # 0 - npupict dyHKIT Ha UTH/PI ACQISCQ,,,CM. Posrng-
i=1
HEMO MOKJIUBI BUIIAIKU.
1.1. Hexait D,, > 0.
Axio a; 1 > 0, To HA MMITIHIPI A9 bYHKIA Mae J0IaTHUN IPUPICT, a Ha 11~
i+1 ) cicg...om[i+1] y ’
JIHJIPI Agam iy AKHI JIEXKUTH JIiBIIIIE, Bij'emunii. ToMy cuiibHI# KiHEIb MUX UJIIHIPIB

- e
TO4YKa T; =

cren..comi(0) € TOUKOIO MAKCHMYMY.

) . AQF ) _ . )
Axmo a;1 < 0, To Ha TUITIHPI ACIZ oo [i+1] dyHKIIA Ma€ BiJI eMHUIT TpUpICT, a Ha
*
TIATIHIP1 Achscg...cmi — nojpatHuit. OTKe, TOUYKA T; € TOUYKOI MiHIMYMY.

1.2. Hexait D,, < 0.

. . AQE . - ., .
dAxmo a;1 > 0, To Ha TUITIHPI Acm__.cm[i ] byHKIS Mae Bij'eMHUIT IPUPICT, a Ha
. . AQF . .
mpiHapi A i — AonaTHU. OTKe, TOUKa T; € TOUKOIO MiHIMyMy.

Axmo a;1 < 0, TO Ha MUTIHIPI Ag;__cm[iﬂ
Q3

. .
riy.cri — BlUemunit. OTKe, TOUKa T; € TOUKOI0 MAKCUMYMY.

] dyHKIA Mae JIoJaTHUN TpUpicT, a Ha

mmiaapi A
Q3

2. dxmo a;a;+1 = 0, TO 3rijHO HACIIJIKY 2 TPUHAKMHI Ha OJTHOMY 3 IIUJIIHJIPIB Ac102...cmi
*
abo A9

cieg...emlit+l

Axmo a;a;11 > 0, To HA 000X TUITIHAPaxX QYHKINA f Mae MPUPICT OJHAKOBOI'O 3HAKY, a

] dyHKIIig € moCTiitHOI0, & 0TX)Ke, TOYKA T; HE € TOUYKOIO EKCTPEMYMY.
OT2Ke, TOYKA T; HE € TOUYKOI eKCTPEMYMY, OCKIJTBKH JIJIsI OJTHOTO IHJIIH/IPa BOHA € TOYKOIO
MaKCUMYMYy, & JIJIs IPYyTOTO — TOYKOIO MIHIMYyMY. O

.
Teopema 5. Qynxuyisa [ Ha yurindpi ACQ{ZQ__cm Habysae HAOINLUL020 1T HATMEHULO20 3HA-

YyenHA Ha U020 KiHuAaz. [Ipuvomy, axuo

m m k—1
DmEHaci#Oa ym:’ycl_'_Z(ﬁYckHa'q)a
=1 k=2 =1
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mo npu D,, >0

max f(z) = f(Achg;chm(sl)) = Ym + D,

mmf f( clcg...cm(O)) = Ym,

a npu D, <0
maxf = f( clcQ,Jm(o)) = Ym,
mll’lf = f( c102...0m(81)) = Ym + Dm

Losedenna. Haramaemo, 1o mumiHIp Ag%mcm € BIJIPI3KOM 3 KiHIIAMU a = ACQ; om(0) i
_ AQS
b= Acl...cm(sfl)'
Suadenns ¢yHKIil f B TOUIi T € ACQf___cm BUPAYKAETHCS

f(x):ym"'_Dm’Ma

m k—1 m
HE  Ym = Ve + 192: (’Yck H aci)a Dm = l_Ilacm
=2 1=

i=1
00 k-1 o
M = Vam+1(x) + ].;2 7am+k(x) Hl aamﬂ' (z) = f(Aa;L+lOém+2...Oém+n...>~
= ]:

Ao a4 = 0 q1a Beix j € N, o M = 0, a AKINO Gy = s — 1 jg1a Beix j € N, 1O
M =1.
Toni, sixmo D,,, > 0, T0O

max  f(x) = f(AL 1) = Ym+ D,

zGAQ*

C1---Cm

min  f(z) = f(A?E..cm(o)) = U
2eAES

c1---Cm

Axmo x D, <0, To

max  f(z) = f(AZ . o) = Um:

xEAQ*

c1---Cm

min - f(z) = f(a% em(s—1)) = Ym + D

zeAcl em
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6. CUHI'VJISPHICTb KAHTOPIBCHKOI'O TUIIY

Osnavernna 2. Cnexmpom (mmoorcunoro necmabinvrocmi) GyHKIT f HABUBAETHCA MHO-
’KuHa Sy BCIX TOYOK & TAaKUX, IO i Oyab-skoro € > 0 B € - okoi O.(x) Toukn x

BHAWIYThCA T'1, To Taki, mo f(x1) # f(x2), TOOTO
Sy ={x:Ve>03 xy,29 Taxi, mo |z —x1| < &, |z —x2| < e fa) # f(z2)}.

Osnavenns 3. HerepepBra (DyHKIlsST HABUBAETHCI CUM2YAAPHONO (PYHKUIEN KAHMOPIG-
Cbk020 muny, SIKIO 11 MHOXKHHA HECTAJIOCTi (HecTablIbHOCTI) € Hijle He MIIBHOK MHO-

JKUHOIO HYJIbOBOI Mipu Jlebera.

Jlema 3. [7| Mipa Jlebeza mmoorcunu C = C[Q%,V,] = {x :x € [0,1],a(z) € V C N}

004UCAI0EMBCA 30 POPMYAO0IO

Hl_Wk de Wy = Zqzk

ra;=

Jlema 4. Cnexmpom Sy dynxuii f e mnoocuna

C=ClQ: V], eV ={v:a, #0}.

Jlosedenmnsa. 1. Cnouarky mokazkemo, mo Sy C C. Hexait o € Sy, 706TO 1171 Oy/1B-AKOTO

e > 0 icaytorb 1 € O.(x) D x9 TaKi, MO

fla1) # f(x2).

[Ipunyctumo, mo x e nanexurs C. Toai x nanexkuts ogHoMy i3 cymizkuux 3 C' iHTEp-

BaJliB, & TOMY ICHY€ IMJIIHJAPUYIHUN 1HTepBaJ v (z)) AKHI MICTUTh T TaKuii, 110

ozl(w) Qm

ozl(w) .am mc @

TOOTO TIOBHICTIO HAJIEXKUTHL cyMikHOMY 3 C' iHTEpBaJy, IKOMY HAJIEKUTH .

Aute 3rigno 3 ozHaveHHaAM MHOKUHIH C' 1 HacIiAKOM 2 3 jieMu 2 Ieil inTepBaJl € iHTep-
BaJIOM cTabiabHOCTI f, a oTKe, Jyist Oy/b-KUX 1 1 Lo 3 nporo inrepsaiy f(z) = f(z2).
Tomy icHye € - OKiJI T, dKUii TOBHICTIO HAJIEZKUTDH ITbOMY iHTEPBAJY, IKUN € ITPOMIKKOM
crabisbrocTi. OTpuMane IpOTUPITIA 10BOIUTE, mo Sy C C.

2. Iokaxkemo, mo C' C Sy. Hexait x € C, Toni numingp ASE HE € MPOMIXKKOM

. ()
crabisbHocTi byHKIl [ npu kKoxkHOoMy m € N.

Posristnemo Oyap-sikuit € - okin Toukn x takuif, mo O.(x) C (0,1). Jlerko Bkazartn

ITATTHID

AS;...am(z) - OE(’I)
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3 Bume 3pobJIEHOr0 3ayBarkKeHHsl BUILIABAE, IO ICHYIOTh T 1 Tp, 9Kl HaJIEXKATh
AQ:___am(x) taki, mo f(x1) # f(x2). A orxe, x € Sy. Orxe, C' C Sy. O

(631

Teopema 6. /[as mozo, wob dynruia [ 0ysa cuneysiapHoro GYHKUIEN KAHMOPIGCHKO20

muny, neobriono i docmammvo, wob muoocuna C = C[Q5 V], V = {v : a, # 0}, manra

nyavosy mipy Jlebeza, moomo Y Wy = oo, de Wiy = > qix-
k=1 i:a;=0

Josedenna. Jlane TBep/KEeHHsT BUILIMBAE 3 O3HAYEHHS CUHTY/ISIPHOI (DYHKINT KAHTOPIB-
CHKOTO THUITY 1 JIBOX IONEpPETHIX JieM 3, 4.

Cupasni, gkimio f — cunrysIspaa QyHKIiS KaHTOpiBehbKOro THIy, To A(Sf) = 0, ToAi 3ri-
auo 3 siemoio 4 A\(C) = 0. ko A(C) = 0, To A(Sy) = 0. Toxi dyuxis f e cunrysnsproro
pYHKITI€I0 KAaHTOPIBCHKOT'O THUITY.

O

7. PIBHI ®YHKIIII

Osnavenns 4. Muoxunoto piBus Yy PYHKINT f HA3UBAETHCS MHOXKUHA

o) = {x - f(z) = wo}-

Axmo a, > 0 gasg Bcix n € N, 10 f € HemepepBHOIO CTPOTO 3POCTAIYO0 (DYHKIEIO.
Tomy KoXKeH 11 PiBeHb CKJIa/IA€ThCA 3 OJIHIET TOUKMU.

Axmo a, > 0 g Beix n € N, aje icuye a, = 0, To piBeHb

m k—1 m
Y =" _'_Z Vex, Haci +7pHaCi
k=2 =1 i=1

MICTATDH TTATIH/IP ACQI%Q,,,CM. Y IbOMY BHUIIQJIKY KOXKEH PiBeHb € a00 TOYKOIO, a00 BiJIpi3KOM

(3a paxyHOK HelepepBHOCTI yHKIIIT).

Teopema 7. Axwo ceped waenis nocaidosrwocmi (a,) € 6id’emni i Q% -30bpasicernna wucaa
*
r =A%

MAE BAACTNUBICN
ay(z)az(z)...an(x)...

Aoy () Bovyy () <0 (4)

Ons meckinuennoi mroscuny 3nanens i € N, mo pieens [~ (yo), de yo = f(x), € 3aiuen-

HONO MHOMNCUHONO.

Josedenns. 3 Teopemu 4 BUILINBAE, 110 TpUpocTH (byHKI [ Ha mumHIpax Agf(m)w (@) (2)

panry ¢+ 1 MaroTh nporuiexxui 3uaku. [Ipu mpomy Muo-
Qs

a1 (z)az (z).
JKOTO € 3HadeHHAMU (PYHKINI Bij KiHIIB IUJIiHIpa. ToMy BpaxoBYIOUM HENEPEPBHICTD

paHry ¢ ta Agf(m)

a2(x)...a;(z)ait1 ()

JKUHOTO 3HaveHb (hyHKIUI f Ha mutinapi A i () 38 TEOPEMOIO D € BIJIPI30K, KiHIII
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dyukil, npsma y = yo nepernnae rpadik f npuHaAMHI B JBOX TOYKaX, sAKi HaJIEXKaTb
: o) : : Q%
MATHIPY Aal(m)w(x)mai(m) 1 He HaJIeXKATh IUTHIPY Aal(ac)ag(x)...ai(ac)ai+1(a:)'

KapruHa moBTopuThCs J1J1s HACTYITHOTO 3HAYEHHS 4, JIJIsT SIKOTO BUKOHYEThCS YMOBa (4).
I Tak Gyjle HeCcKiHYeHHY KiabKicTh pasiB. OTxke, pisenb f~1(yo) € HECKIHUEHHOI MHOKH-
noro. KonrunyaabHuMm BiH OyTH He MOXKE, OCKLIBKU MHOXKHUHA JIOKAJTBHUX MaKCUMYMIB i

MiniMywmis smivenna. Otxe, f~1(yo) — 31ideHHa MHOXKHHA. U
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