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The difference equation with delayed arguments

∆u(k) +

m∑
i=1

pi(k)u(τi(k)) = 0

is considered, where ∆u(k) = u(k + 1) − u(k), pi : N → R, τi : N → N, limk→+∞ τi(k) = +∞, i =
= 1, . . . ,m. In the paper sufficient conditions are established for all proper solutions of the above equation
to be oscillatory.

Розглянуто рiзницеве рiвняння з запiзненнями в аргументах

∆u(k) +

m∑
i=1

pi(k)u(τi(k)) = 0,

де ∆u(k) = u(k+ 1)− u(k), pi : N → R, τi : N → N, limk→+∞ τi(k) = +∞, i = 1, . . . ,m. Знайдено
достатнi умови для того, щоб всi правильнi розв’язки рiвняння були осцилюючими.

1. Introduction. The aim of this work is to study the difference equation

∆u(k) +
m∑
i=1

pi(k)u(τi(k)) = 0, (1.1)

where ∆u(k) = u(k + 1)− u(k) and for 1 ≤ i ≤ m,

pi : N → R+, τi : N → N, (1.2)

τi(k) ≤ k − 1 for k ∈ N and lim
k→+∞

τi(k) = +∞. (1.3)
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Define

τ∗(·) = min{τi(·) : i = 1, . . . ,m}.

Definition 1.1. Let Nn = {n, n + 1, . . .} and n0 = min{τ∗(k) : k ∈ Nn}. We will coll a
function u : Nn0 → R a proper solution of the equation (1.1) if it satisfies (1.1) on Nn and

sup{|u(i)| : i ≥ k} > 0 for any k ∈ Nn0 .

Definition 1.2. We say that a solution u : Nn0 → R of (1.1) is oscillatory if for any k ∈ Nn0

there exist n1, n2 ∈ Nk such that u(n1)·u(n2) ≤ 0.Otherwise the solution is called nonoscillatory.

The oscillation theory of delay differential equations has been extensively developed [1 – 8].
The oscillation theory of discrete analogues of delay difference equations has also attracted a
growing attention in recent years. In particular, the problem of establishing sufficient conditions
for the oscillation of all solutions of the equation

∆u(k) + p(k)u(τ(k)) = 0, k ∈ N,

has been the subject of many recent investigations (see, for example, [9 – 13]).

2. Some auxiliary lemmas. Let k0 ∈ N. We denote by Uk0 the set of all solutions of (1.1)
such that u(k) > 0 for k ≥ k0.

Lemma 2.1. Let k0 ∈ N, Uk0 6= ∅, τi(k) ≤ k− 1, i = 1, . . . ,m, τi are noncreasing functions
and for each i = 1, . . . ,m,

lim inf
k→+∞

k−1∑
j=τi(k)

pi(j) > 0. (2.1)

Then

lim sup
k→+∞

u(τi(k)

u(k + 1)
≤ 4

c2i
, i = 1, . . . ,m. (2.2)

Proof. By (2.1) it is clear that, for any i = 1, . . . ,m and ε ∈ (0, ci) there exists ki ∈ N such
that

k−1∑
j=τi(k)

pi(j) > ci − ε for k ≥ ki i = 1, . . . ,m. (2.3)

Let u : [k0,+∞) → (0,+∞) be a positive solution of equation (1.1). According to (1.3), without
loss of generality we can assume that

u(τi(t)) > 0 for k ≥ k0, i = 1, . . . ,m.
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Thus, from (1.1) we have

∆u(k) = −
m∑
i=1

pi(k)u(τi(k)) ≤ 0 for k ≥ k0,

and u(k) is an nonincreasing function. Let k ∈ Nk0 and ε ∈ (0, ci). Then by (2.3) either

pi(k) ≥ ci − ε
2

(2.4)

or, if pi(k) <
ci − ε

2
then there exists k∗ > k such that

k∗−1∑
j=k

pi(j) <
ci − ε

2
and

k∗∑
j=k

pi(j) ≥
ci − ε

2
. (2.5)

Let (2.4) be fulfilled. Then from (1.1) we obtain

u(k)− u(k + 1) =
m∑
j=1

pj(k)u(τj(k)) ≥ pi(k)u(τi(k)) ≥ ci − ε
2

u(τi(k)) (2.6)

and by (2.3),

u(τi(k))− u(k) ≥
k−1∑

j=τi(k)

pi(j)u(τi(j)) ≥ u(τi(k − 1))
k−1∑

j=τi(k)

pi(j) ≥

≥ (ci − ε)u(τi(k − 1)). (2.7)

Combining the inequalities (2.6) and (2.7) we get

u(k) ≥ (ci − ε)2

2
u(τi(k − 1)). (2.8)

Assume now that (2.5) holds. It is clear that

k−1∑
j=τi(k∗)

pi(j) =

k∗−1∑
j=τi(k∗)

pi(j)−
k∗−1∑
j=k

pi(j) ≥ (ci − ε)−
ci − ε

2
=
ci − ε

2
. (2.9)

Summing up (1.1) from k to k∗ and using the fact that the function u is nonicreasing and the
function τi is nondecreasing by (2.5) we have

u(k)− u(k∗ + 1) =

k∗∑
j=k

m∑
`=1

p`(j)u(τ`(j)) ≥ u(τi(k
∗))

k∗∑
j=k

pi(j) ≥
ci − ε

2
u(τi(k

∗)). (2.10)
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Analogously we can find that

u(τi(k
∗)) ≥ ci − ε

2
u(τi(k − 1)). (2.11)

Consequently, according to (2.8), (2.10) and (2.11), for any k ∈ Nk0 ,

u(τi(k − 1))

u(k)
≤ 4

(ci − ε)2
,

i.e.,

lim sup
k→+∞

u(τi(k))

u(k + 1)
≤ 4

(ci − ε)2

which, for arbitrary small values of ε, implies (2.2).
Lemma 2.1 is proved.

Lemma 2.2. Let k0 ∈ N, Uk0 6= ∅, u ∈ Uk0 , τi(k) ≤ k − 1, i = 1, . . . ,m, τi be noncreasing
functions and the condition (2.1) be satisfied. Then

lim
k→+∞

u(k) exp

k−1∑
j=1

m∑
i=1

λipi(j)

 = +∞ for any λi >
4

c2i
. (2.12)

Proof. Since all the conditions of Lemma 2.1 are fulfilled, for any γi >
4

c2i
there exists

k1 ≥ k0 such that for each i ∈ {1, . . . ,m},

u(τi(k))

u(k + 1)
≤ γi for k ≥ k1. (2.13)

For any k∗ ≥ k1,

k∗∑
k=k1

∆u(k)

u(k + 1)
=

k∗∑
k=k1

(
1− u(k)

u(k + 1)

)
= k∗ − k1 + 1−

k∗∑
k=k1

exp

(
ln

u(k)

u(k + 1)

)
≤

≤ k∗ − k1 + 1−
k∗∑
k=k1

(
1 + ln

u(k)

u(k + 1)

)
= −

k∗∑
k=k1

(lnu(k)− lnu(k + 1)) =

= lnu(k∗ + 1)− lnu(k1) = ln
u(k∗ + 1)

u(k1)
.

From (1.1), we have
k∗∑
k=k1

∆u(k)

u(k + 1)
= −

k∗∑
k=k1

m∑
i=1

pi(k)
u(τi(k))

u(k + 1)
.
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Combining (2.13) with the last two relations, we obtain

−
k∗∑
k=k1

m∑
i=1

γi pi(k) ≤ ln
u(k∗ + 1)

u(k1)

and, consequently,

u(k∗ + 1) ≥ u(k1) exp

− k∗∑
k=k1

m∑
i=1

γi pi(k)

 .

By (2.1) it is obvious that
+∞∑
j=1

pi(j) = +∞.

Therefore if λi >
4

c2i
, the last inequality yields

lim
k∗→+∞

u(k∗ + 1) exp

 k∗∑
j=k1

m∑
i=1

λi pi(j)

 = +∞,

i.e., (2.12) holds.
Lemma 2.2 is proved.
Now consider the difference inequality

∆u(k) +
m∑
i=1

qi(k)u(σi(k)) ≤ 0, (2.14)

where

qi : N → R+, σi : N → N and lim
k→+∞

σi(k) = +∞, i = 1, . . . ,m. (2.15)

Lemma 2.3. Assume that (2.1) is satisfied and for sufficiently large k,

σi(k) ≤ τi(k) ≤ k − 1, pi(k) ≤ qi(k) for k ∈ N,
(2.16)

lim
k→+∞

σi(k) = +∞, i = 1, . . . ,m,

and u : Nk0 → (0,+∞) is a positive solution of (2.14) for a certain k0 ∈ N. Then, there exist
k1 > k0 such that Uk1 6= ∅ and u∗ : Nk0 → R+ is a solution of (1.1) which satisfies the condition

0 < u∗(k) ≤ u(k) for k ≥ k1. (2.17)
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Proof. Let u : Nk0 → R+ a positive solution of (2.14). By (2.16) and (2.1), it is clear that
there exists k1 ≥ k0 such that

u(σi(k)) > 0 and
m∑
i=1

k−1∑
j=τi(k)

pi(j) > 0 for k ≥ k1. (2.18)

Summing up (2.14) from k to n and making n → +∞ we have

u(k) >
+∞∑
j=k

m∑
i=1

qi(j)u(σi(j)) for k ≥ k1. (2.19)

Assuming that k∗ = min{τ∗(k) : k ∈ Nk1} where τ∗(k) = min{τi(k) : 1 ≤ i ≤ n} and
consider the sequence of functions ui : Nk∗ → R, i = 1, 2, . . . , defined as follows:

u1(k) = u(k) for k ∈ Nk∗ , (2.20)

uj(k) =


+∞∑
i=k

m∑
`=1

p`(i)uj−1(τ`(i)) for k ∈ Nk1 ,

u(k) for k ∈ [k∗, k1), j = 2, 3, . . . .

(2.21)

By induction we will prove that

uj(k) ≤ uj−1(k) for k ∈ Nk1 , j = 2, 3, . . . . (2.22)

Indeed, by (2.16) and (2.20) using the fact that the function u is nonincreasing, we have

u2(k) =
+∞∑
i=k

m∑
`=1

p`(i)u1(τ`(i)) =

+∞∑
i=k

m∑
`=1

p`(i)u(τ`(i)) ≤

≤
+∞∑
i=k

m∑
`=1

q`(i)u(σ`(i)) ≤ u(k) = u1(k)

and supposing that uj−1(k) ≤ uj−2(k) for k ∈ Nk1 , we have

uj(k) =

+∞∑
i=k

m∑
`=1

p`(i)uj−1(τ`(i)) ≤
+∞∑
i=k

m∑
`=1

p`(i)uj−2(τ`(i)) = uj−1(k).

Thus (2.22) holds. Without loss of generality by (2.1) assume that

k−1∑
j=τ(k)

pi(j) > 0 for k ≥ k1. (2.23)
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Define limj→+∞ uj(k) = u∗(k) (according to (2.22), this limit exists). Therefore, from
(2.21), we get

u∗(k) =
+∞∑
i=k

m∑
`=1

p`(i)u
∗(τ`(i)) for k ∈ Nk1 . (2.24)

Now we will show that u∗(k) > 0 for k > k1. Assume, for the sake of contradiction, that
there exists k2 > k1, such that u∗(k) = 0 for k ≥ k2 and u∗(k) > 0 for k ∈ [k∗, k2). Denote by
N∗ the set of natural numbers k for which τi(k) ≥ k2, i = 1, . . . , n, and k = minN∗. By (2.16),
(2.23) and (2.24) we have k ≥ k2. Therefore, α` = min{u∗(τ`(i)) : τ`(k) ≤ i ≤ k− 1} > 0 and
according to (2.1) and (2.23), we obtain

u∗(k2) =
+∞∑
i=k2

m∑
`=1

p`(i)u
∗(τ`(i)) ≥

m∑
`=1

α`

k−1∑
i=τ2(k)

p`(i) > 0,

which in view of u∗(k2) = 0, leads a contradiction. Therefore, u∗(k) > 0 for k ≥ k1. Hence,
equation (1.1) has a positive solution u∗ satisfying the condition (2.17).

Lemma 2.3 is proved.

Lemma 2.4. Assume that k0 ∈ N, Uk0 6= ∅, τi(k) ≤ k − 1, i = 1, . . . ,m, and the condition

(2.1) is fulfilled. Then, for any λi >
4

c2i
, condition (2.12) holds.

Proof. Since u : Nk0 → (0,+∞) is a solution of (1.1), it is clear that u is a solution of the
inequality

∆u(k) +

m∑
i=1

pi(k)u(σi(k)) ≤ 0 for k ≥ k1,

where σi(k) = max{τi(j) : 1 ≤ j ≤ k, j ∈ N} and k1 > k0 is a sufficiently large number.
We will show that

lim inf
k→+∞

k−1∑
j=σi(k)

pi(j) = ci i = 1, . . . ,m. (2.25)

Assume that (2.25) in not satisfied. Then there exist i0 ∈ {1, . . . ,m} and a sequence {k`}+∞`=1

of natural numbers such that σi0(k`) 6= τi0(k`), ` = 1, 2, . . . , and

lim inf
`→+∞

k`−1∑
j=σi0 (k`)

pi0(j) = c∗i0 < ci0 . (2.26)

From the definition of the function σi and in view of σi0(k`) 6= τi0(k`), for any k` there exists
k′` < k` such that σi0(k) = σi0(k`) for k′` ≤ k ≤ k`, lim`→+∞ k

′
` = +∞, and σi0(k′`) = τi0(k′`).

Thus
k′`−1∑

j=τi0 (k
′
`)

pi0(j) =

k′`−1∑
j=σi0 (k

′
`)

pi0(j) =

k′`−1∑
j=σi0 (k`)

pi0(j) ≤
k`−1∑

j=σi0 (k`)

pi0(j)
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and by (2.26) we have

lim inf
`→+∞

k′`−1∑
j=τi0 (k

′
`)

pi0(j) ≤ lim inf
`→+∞

k`−1∑
j=σi0 (k`)

pi0(j) = c∗i0 < ci0 .

In view of (2.1) the last inequality leads to a contradiction and consequently (2.25) holds. Now
by Lemma 2.3, we conclude that the equation (1.1) has a solution u∗(k) such that

0 < u∗(k) ≤ u(k) for k ∈ Nk1 , (2.27)

where k1 > k0 is sufficiently large. Hence, taking into account that the functions σi are nondec-
reasing, in view of Lemma 2.3, we obtain

lim
k→+∞

u∗(k) exp

k−1∑
j=1

m∑
i=1

λi pi(j)

 = +∞ for any λi >
4

c2i
.

Therefore, by (2.27), we get

lim
k→+∞

u(k) exp

k−1∑
j=1

m∑
i=1

λi pi(j)

 = +∞ for any λi >
4

c2i
, i = 1, . . . ,m.

Lemma 2.4 is proved.

Lemma 2.5. Let ϕ,ψ : N → (0,+∞), ψ be nondecreasing and

lim
k→+∞

ϕ(k) = +∞, (2.28)

lim inf
k→+∞

ψ(k) ϕ̃(k) = 0, (2.29)

where ϕ̃(k) = inf{ϕ(s) : s ≥ k, s ∈ N}. Then there exists an increasing sequence of natural
numbers {ki}+∞i=1 such that

lim
i→+∞

ki = +∞, ϕ̃(ki) = ϕ(ki), ψ(k) ϕ̃(k) ≥ ψ(ki) ϕ̃(ki),

k = 1, 2, . . . , ki, i = 1, 2, . . . .

We refer the reader to [13] for a proof of Lemma 2.5. For a continuous case, analogous of
Lemma 2.5, see [14] (Lemma 7.1).

Lemma 2.6. Let τi : N → N, i = 1, . . . ,m, and (1.3) be fulfilled. Then there exists a nondec-
reasing function σ : N → N such that

(i) lim
k→+∞

σ(k) = +∞,

(ii) σ(k) ≤ min {τi(k) : i = 1, . . . ,m} , (2.30)

(iii) σ(Nk) ⊃ ∪mi=1τi(Nk) for any k ∈ N.
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Proof. Consider the sequence

A = {a1, a2, . . . , am, . . . , a2m, . . .} = {τ1(1), . . . , τm(1), τ1(2), . . . , τm(2), . . .}

and denote by τ the function τ : N → A thus defined. By (1.3) it is obvious that

lim
k→+∞

τ(k) = +∞ and τ(Nk) ⊃ τi(Nk), (2.31)

k = 1, . . . ,m, for any k ∈ N.

Introduce the following sets:

s ∈ A1 ⇔ s ∈ N, τ(s) = inf{τ(k) : k ∈ N},

s ∈ Aj ⇔ s ∈ N, τ(s) = inf{τ(k) : k ∈ N \ ∪j−1i=1Ai},

j = 2, 3, . . . ,

and denote ξj = maxAj , j = 1, 2, . . . , ξ01 = ξ1, ξ
0
j = max{ξj , ξ0j−1 + 1}, j = 2, 3, . . . . We will

construct the function σ as follows:

σ(k) = τ(ξ1) for 1 ≤ k ≤ ξ01 ,

σ(k) = τ(ξj) for ξ0j−1 < k ≤ ξ0j , j = 2, 3, . . . .

The function σ is obviously nondecreasing and satisfies the conditions (i) and (ii). We also have
σ(Nk) ⊃ τ(Nk) for any k ∈ N. Therefore, in view of (2.31) it is obvious that the condition (iii)
is also satisfied.

Lemma 2.6 is proved.

Remark 2.1. Let τi : N → N, i = 1, . . . ,m, p : N → R+, (1.3) be fulfilled and

lim sup
k→+∞

k−1∑
s=τi(k)

p(s) < +∞, i = 1, . . . ,m.

Then

lim sup
k→+∞

k−1∑
s=σ(k)

p(s) < +∞,

where the function σ is given by Lemma 2.6.

Lemma 2.7. Let k0 ∈ N, Uk0 6= ∅, (1.2), (1.3) be fulfilled. Then for any u ∈ Uk0 we have

lim sup
k=+∞

u(k) exp

k−1∑
j=1

m∑
i=1

pi(j)

 < +∞. (2.32)
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Proof. Since Uk0 6= ∅ (see Definition 2.1), (1.1) has a positive solution u : Nk0 → (0,+∞).
From the equality

k∑
j=k1

∆u(j)

u(j)
=

k∑
j=k1

(
∆u(j + 1)

u(j)
− 1

)
=

k∑
j=k1

(
exp

(
ln

∆u(j + 1)

u(j)
− 1

))
,

for k1 ≥ k0,

since ex ≥ 1 + x, we obtain

k∑
j=k1

∆u(j)

u(j)
≥

k∑
j=k1

ln
∆u(j)

u(j)
= ln

∆u(k + 1)

u(k1)
. (2.33)

Taking into account that the function u is nonincreasing, from (1.1) we have

∆u(k) = −
m∑
j=1

pj(k)u(τj(k)) ≤ −u(k)
m∑
j=1

pj(k) for k ≥ k1,

where k1, is a sufficiently large number.
Consequently,

k∑
j=k1

∆u(j)

u(j)
≤ −

k∑
j=k1

m∑
i=1

pi(j). (2.34)

Combining the inequalities (2.33) and (2.34), we obtain

u(k + 1) ≤ u(k1) exp

− k∑
j=k1

m∑
i=1

pi(j)

 ,

that is (2.32) holds.
Lemma 2.7 is proved.

Lemma 2.8 (Abel transformation). Let {ai}+∞i=1 and {bi}+∞i=1 be sequences of nonegative
numbers and

∑+∞
i=1 ai < +∞. Then

k∑
i=1

ai bi = A1b1 −Ak+1 bk+1 −
k∑
i=1

Ai+1(bi − bi+1),

where Ai =
∑+∞

j=i aj .

3. Necessary conditions for existence of positive solutions.

Theorem 3.1. Let k0 ∈ N, Uk0 6= ∅, (1.2), (1.3) and (2.1) be fulfilled and

lim sup
k=+∞

k−1∑
j=τj(k)

p∗(j) < +∞. (3.1)
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Then there exists λ ∈
[
1,

4

c20

]
such that

lim sup
ε→0+

lim inf
k→+∞

exp

(
(λ+ ε)

k−1∑
i=1

p∗(s)

)
×

×
+∞∑
j=k

m∑
i=1

pi(j) exp

−(λ+ ε)

τi(j)−1∑
s=1

p∗(s)


 ≤ 1, (3.2)

where c0 = min{ci : i = 1, . . . ,m}, p∗(k) =
∑m

i=1 pi(k).

Proof. Since Uk0 6= ∅ (see Definition 2.1), (1.1) has a positive solution u : Nk0 → (0,+∞).
According to Lemma 2.7, (2.32) holds. On the other hand, since all the conditions of Lemma 2.4
are satisfies, we conclude that condition (2.12) holds.

Denote by λ the set of all λ for with

lim
k=+∞

u(k) exp

λ k−1∑
j=1

m∑
i=1

pi(j)

 = +∞ (3.3)

is fulfilled and denote λ0 = inf λ. In view of (3.3) and (2.32) it is obvious that λ0 ∈
[
1,

4

c20

]
. It

is obvious that for any ε > 0

lim
k→+∞

u(k) exp

(λ0 + ε)

k−1∑
j=1

p∗(j)

 = +∞ (3.4)

and

lim inf
k→+∞

u(k) exp

(λ0 − ε)
k−1∑
j=1

p∗(j)

 = 0. (3.5)

According to Lemma 2.6, there exists a nondecreasing function σ such that (2.30) is fulfilled.
Hence, by virtue of (3.4), (3.5) and (2.30), it is clear that for any ε > 0, the functions

ϕ(k) = u(σ(k)) exp

(λ0 + ε)

σ(k)−1∑
j=1

p∗(j)

 (3.6)

and

ψ(k) = exp

−2ε

σ(k)−1∑
j=1

p∗(j)

 (3.7)
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satisfy the condition of Lemma 2.5, for sufficiently large k. Hence, there exists an increasing
sequence {kj}+∞j=1 of natural numbers,

ψ(kj) ϕ̃(kj) ≤ ψ(k) ϕ̃(k) for k∗ ≤ k ≤ kj , (3.8)

ϕ̃(kj) = ϕ(kj), j = 1, 2, . . . , (3.9)

where k∗ is a sufficiently large number. By (2.30) and (3.4) it is clear that

ϕ̃(k) = inf

u(σ(k)) exp

(λ0 + ε)

σ(s)−1∑
j=1

p∗(j)

 : s ≥ k, s ∈ N

 ≤
≤ inf

u(τi(s)) exp

(λ0 + ε)

τi(s)−1∑
j=1

p∗(j)

 : s ≥ k, s ∈ N

 , i = 1, . . . ,m. (3.10)

By (3.10), from (1.1) we get

u(σ(k`)) ≥
+∞∑

j=σ(k`)

m∑
i=1

pi(j)u(τi(j)) =
m∑
i=1

+∞∑
j=σ(k`)

pi(j)×

× exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

u(τi(j))×

× exp

(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

 ≥
≥

m∑
i=1

+∞∑
j=σk`

pi(j) exp

−(λ0 + ε)

τi(j)−1∑
s=1

 ϕ̃(j), ` = 1, 2, . . . ,

where p∗(s) =
∑m

i=1 pi(s), that is,

u(σ(k`)) ≥
m∑
i=1


k`−1∑

j=σ(k`)

pi(j) exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

 ϕ̃(j) +

+
+∞∑
j=k`

pi(j) exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

 ϕ̃(j)

 .

Thus by (3.8), and using the fact that the function ϕ̃ is noncreasing, the last inequality yields

u(σ(k`)) ≥
m∑
i=1


k`−1∑

j=σ(k`)

pi(j)ϕ̃ exp

(
−2ε

j−1∑
s=1

p∗(s)

)
×
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× exp

(
−(λ0 + ε)

j−1∑
s=1

p∗(s)

)
+ exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

+

+
+∞∑
j=k`

pi(j) exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

 ϕ̃(j)

 ≥
≥

m∑
i=1

{
ϕ̃(j) exp

(
−2ε

k`−1∑
s=1

p∗(s)

)
×

×
k`−1∑

j=σ(k`)

pi(j) exp

(
2ε

j−1∑
s=1

p∗(s)

)
exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

+

+ ϕ̃(k`)
+∞∑
j=k`

pi(j) exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

 , ` = 1, 2, . . . . (3.11)

Put

Ii(k`, ε) =

k`−1∑
j=σ(k`)

pi(j) exp

(
2ε

j−1∑
s=1

p∗(s)

)
exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

 .

Using the Lemma 2.8, we have

Ii(k`, ε) = exp

2ε

σ(k`)−1∑
s=1

p∗(s)

 +∞∑
j=σ(k`)

pi(j) exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

−
− exp

(
2ε

k`−1∑
s=1

p∗(s)

)
+∞∑

j=k`+1

pi(j) exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

+

+

k∑
j=σ(k)

(
exp

(
2ε

j∑
s=1

p∗(s)

)
− exp

(
2ε

j−1∑
s=1

p∗(s)

))
×

×
+∞∑
k=j+1

pi(k) exp

−(λ0 + ε)

τi(k)−1∑
s=1

p∗(s)

 .

Since

exp

(
2ε

j∑
s=1

p∗(s)

)
− exp

(
2ε

j−1∑
s=1

p∗(s)

)
≥ 0
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from the last equality we obtain

Ii(k`, ε) = exp

2ε

σ(k`)−1∑
s=1

p∗(s)

 +∞∑
j=σ(k`)

pi(j)×

× exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

− exp

(
2ε

k`−1∑
s=1

p∗(s)

)
×

×
+∞∑

j=k`+1

pi(j) exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

 . (3.12)

According to (3.11) and (3.12) we get

u(σ(k`)) ≥ ϕ̃(k`)

m∑
s=1

exp

(
−2ε

k`−1∑
s=1

p∗(s)

)
×

× exp

2ε

σ(k`)−1∑
s=1

p∗(s)

 +∞∑
j=σ(k`)

pi(j) exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

 .

Therefore, by (3.6) and (3.9) the last inequality implies

exp

(λ0 + ε)

σ(k`)−1∑
s=1

p∗(s)

 m∑
i=1

+∞∑
j=σ(k`)

pi(j)×

× exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

 ≤ exp

2ε

k`−1∑
σ(k`)

p∗(s)

 . (3.13)

By (3.1) and Remark 2.1, there exists M > 0 such that
∑k`−1

s=σ(k`)
p∗(s) ≤ M, ` = 1, 2, . . . . From

(3.13) we have

lim sup
`→+∞

exp

(λ0 + ε)

σ(k`)−1∑
s=1

p∗(s)

 m∑
i=1

+∞∑
j=σ(k`)

pi(j) exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

 ≤ e2εM ,

a.e.

lim inf
k→+∞

exp

(
(λ0 + ε)

k−1∑
s=1

p∗(s)

)
m∑
i=1

+∞∑
j=k

pi(j) exp

−(λ0 + ε)

τi(j)−1∑
s=1

p∗(s)

 ≤ e2εM ,

which implies (3.2).
Theorem 3.1 is proved.
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4. Sufficient conditions for oscillation. In this section, using Theorem 3.1, sufficient conditi-
ons will be established for oscillation of all solutions of the equation (1.1) which generalizes the
results given in [12].

Theorem 4.1. Assume that the conditions (1.2), (1.3), (2.1), (3.1) are satisfied and, for any

λ ∈
[
1,

4

c20

]
,

lim sup
ε→0+

lim inf
k→+∞

exp

(λ+ ε)

σ(k−1∑
s=1

p∗(s)

 +∞∑
j=k

m∑
i=i

pi(j) ×

× exp

−(λ+ ε)

τi(j)−1∑
s=1

p∗(s)

 > 1. (4.1)

Then all proper solutions of equation (1.1) oscillate, where

c0 = min{ci : i = 1, . . . ,m} and p∗(s) =
m∑
i=i

pi(s). (4.2)

Proof. Suppose the contrary. Let u : Nk0 → (0,+∞) with k0 ∈ N be a positive proper
solution of the equation (1.1), i.e., Uk0 6= ∅. Taking into account Theorem 3.1 we will conclude

that there exists λ0 ∈
[
1,

4

c20

]
such that the inequality (3.2) holds for λ = λ0. But this contra-

dicts the condition (4.1). The obtained contradiction proves the theorem.

Theorem 4.2. Let the conditions (1.2), (1.3), (2.1), (3.1) be satisfied and

+∞∑
k=1

 1

m

m∑
i=1

pi(k)−

(
m∏
i=1

pi(k)

) 1
m

 < +∞, (4.3)

and, for any λ ∈
[
1,

4

c20

]
,

lim sup
ε→0+

lim inf
k→+∞

exp

(
(λ+ ε)

k−1∑
i=1

p∗(i)

)
+∞∑
j=k

p∗(j)

× exp

−λ+ ε

m

m∑
i=i

τi(j)−1∑
s=1

p∗(s)

 > 1. (4.4)

Then all proper solutions of equation (1.1) oscillate, where c0 and p∗ are given by (4.2).

Proof. To prove the theorem, it suffices to show that by (4.3), (4.4) implies (4.1). By (3.1)
there exists k∗ ∈ N and M > 0 such that

m∑
i=1

k−1∑
s=τj(k)

p∗(s) ≤ M for k ≥ k∗. (4.5)
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Denote

ρ(ε, k) = exp

(λ+ ε)
k−1∑
j=1

p∗(j)

 +∞∑
j=k

m∑
i=1

pi(j) exp

−(λ+ ε)

τi(j)−1∑
s=1

p∗(s)

 .

Using the arithmetic mean-geometric mean inequality, for k ≥ k∗ we get

ρ(ε, k) = exp

(λ+ ε)

k−1∑
j=1

p∗(j)

m

+∞∑
j=k

1

m

m∑
i=1

pi(j) exp

−(λ+ ε)

τi(j)−1∑
s=1

p∗(s)

 ≥

≥ exp

(λ+ ε)
k−1∑
j=1

p∗(j)

m
+∞∑
j=k

(
m∏
i=1

pi(j)

) 1
m

×

× exp

−λ+ ε

m

m∑
i=1

τi(j)−1∑
s=1

p∗(s)

 = exp

(λ+ ε)
k−1∑
j=1

p∗(j)

×

×m
+∞∑
j=k

 1

m
p∗(j)−

 1

m
p∗(j)−

(
m∏
i=1

pi(j)

) 1
m

×
× exp

−λ+ ε

m

m∑
i=1

τi(j)−1∑
s=1

p∗(s)

 .

By (4.5) and the last inequality, we have

ρ(ε, k) ≥ exp

(λ+ ε)

k−1∑
j=1

p∗(j)

 +∞∑
j=k

p∗(j) exp

−λ+ ε

m

m∑
i=1

τi(j)−1∑
s=1

p∗(s)

−

−m exp

(λ+ ε)
k−1∑
j=1

p∗(j)

 +∞∑
j=k

 1

m
p∗(j)−

(
m∏
i=1

pi(j)

) 1
m

×
× exp

(
−(λ+ ε)

j−1∑
s=1

p∗(s)

)
exp

λ+ ε

m

m∑
i=1

j−1∑
s=τi(j)

p∗(j)

 ≥
≥ exp

(λ+ ε)
k−1∑
j=1

p∗(s)

 +∞∑
j=k

p∗(s) exp

−λ+ ε

m

m∑
i=1

τi(j)−1∑
s=1

p∗(j)

−

−m exp

(
1

m
(λ+ ε)M

) +∞∑
j=k

 1

m
p∗(j)−

(
m∏
i=1

pi(j)

) 1
m

 . (4.6)
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On the other hand by (4.3) it is obvious that

lim
k→+∞

+∞∑
j=k

 1

m

m∑
i=1

pi(j)−

(
m∏
i=1

pi(j)

) 1
m

 = 0.

Therefore, according to (4.4), from (4.6), we get

lim sup
ε→0+

(
lim inf
k→+∞

ρ(ε, k)

)
> 1,

i.e., (4.1) is fulfilled, which proves the validity of the theorem.
In a manner similar to the above, we can prove the following theorem.

Theorem 4.3. Let the conditions (1.2), (1.3), (2.1), (3.1) be fulfilled and

+∞∑
s=1

|pi(s)− pj(s)| < +∞, i, j = 1, . . . ,m, (4.7)

and, for any λ ∈
[
1,

4

c20

]
,

lim sup
ε→0

lim inf
k→+∞

exp

(
(λ+ ε)

k−1∑
i=1

p∗(i)

)
+∞∑
j=k

p∗(j) exp

−(λ+ ε)

τi(j)−1∑
s=1

p∗(s)

 > 1.

Then all proper solutions of equation (1.1) oscillate, where c0 and p∗ are given by (4.2).

Theorem 4.4. Let the conditions (1.2), (1.3), (2.1), (3.1) and (4.3) be fulfilled. Then the condi-
tion

lim inf
k→+∞

m∑
i=1

 k−1∑
s=τi(k)

p∗(s)

 >
m

e
(4.8)

is sufficient for all proper solutions of equation (1.1) to be oscillatory, where p∗ is given by (4.2).

Proof. To prove the theorem, it suffices to show that (4.8) implies (4.4). Indeed, by (4.8)
there exists k∗ and ε0 > 0 such that

m∑
i=1

 k−1∑
s=τi(k)

p∗(s)

 >
m+ ε0
e

for k ≥ k∗. (4.9)
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Thus

ρ1(ε, k) = exp

(
(λ+ ε)

k−1∑
i=1

p∗(i)

)
+∞∑
j=k

p∗(j) exp

−λ+ ε

m

m∑
i=1

τi(j)−1∑
s=1

p∗(s)

 =

= exp

(
(λ+ ε)

k−1∑
i=1

p∗(i)

)
+∞∑
j=k

p∗(j) exp

(
−(λ+ ε)

j−1∑
s=1

p∗(s)

)
×

× exp

λ+ ε

m

m∑
i=1

j−1∑
s=τi(j)

p∗(s)


and by (4.9) and the last equality, we get

ρ1(ε, k) ≥ exp

(
(λ+ ε)

m+ ε0
m

)
exp

(
(λ+ ε)

k−1∑
i=1

p∗(i)

)
×

×
+∞∑
j=k

p∗(j) exp

(
−(λ+ ε)

j−1∑
s=1

p∗(s)

)
for k ≥ k∗. (4.10)

Defining
j−1∑
s=1

p∗(s) = aj−1

and we will show that

lim inf
k→+∞

exp ((λ+ ε)ak−1)
+∞∑
s=k

p∗(j) exp (−(λ+ ε)aj−1) ≥
1

λ+ ε
. (4.11)

Indeed, by (2.1) it is obvious that

+∞∑
j=1

pi(j) = +∞, i = 1, . . . ,m,

that is, limj→+∞ aj = +∞. Therefore,

exp((λ+ ε)ak−1)

+∞∑
j=k

p∗(j) exp(−(λ+ ε)aj−1) =

= exp((λ+ ε)ak−1)

+∞∑
j=k

(aj − aj−1) exp(−(λ+ ε)aj−1) =

= exp((λ+ ε)ak−1)
+∞∑
j=k

exp(−(λ+ ε)aj−1)

aj∫
aj−1

ds ≥
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≥ exp((λ+ ε)ak−1)

+∞∑
j=k

aj∫
aj−1

exp(−(λ+ ε)s)ds =

= exp((λ+ ε)ak−1)
+∞∑
j=k

exp(−(λ+ ε)s)ds =
1

λ+ ε
.

Hence, by (4.11) and (4.10) we obtain

lim sup
ε→0+

(
lim inf
k→+∞

ρ1(ε, k)

)
≥ exp

(
(λ+ ε)

m+ ε0
m

)
1

λ+ ε
≥ m+ ε0

m
> 1,

that is, condition (4.4) holds, which proves the validity of the theorem.
Using Theorem 4.3, similarly to Theorem 4.4 one can prove the following theorem.

Theorem 4.5. Let the conditions (1.2), (1.3), (2.1), (3.1) and (4.7) be fulfilled. Then the condi-
tion

lim inf
k→+∞

m∑
i=1

 k−1∑
s=τi(k)

pi(s)

 >
1

e
(4.12)

is sufficient for all proper solutions of equation (1.1) to be oscillatory.

Example. Let m ∈ N, λ ∈ (0,+∞), αi ∈ (0, 1), i = 1, . . . ,m. Consider the equation (1.1),
where

τi(k) = [αik], pi(k) =
k−λ − (k + 1)−λ

[α1k]−λ + . . .+ [αmk]−λ
, i = 1, . . . ,m, (4.13)

where [a] denotes the integer part of a. It is obvious that

k1+λ
(
k−λ − (k + 1)−λ

)
→ λ for k → +∞. (4.14)

According to (4.13) and (4.14), we get

lim inf
k→+∞

m∑
i=1

 k−1∑
s=τi(k)

pi(k)

 = lim inf
k→+∞

 k−1∑
j=[αik]

j(j−λ − (j + 1)−λ)

[α1j]−λ + . . .+ [αmj]−λ
1

j

 =

=
λ

α−λ1 + . . .+ α−λm
ln

1

α1 . . . αm
. (4.15)

Using the arithmetic mean-geometric inequality we obtain

λ

α−λ1 + . . .+ α−λm
ln

1

α1 . . . αm
≤

λ
m

(α1 . . . αm)−
λ
m

ln
1

α1 . . . αm
=

=
λ

m
(α1 . . . αm)

λ
m ln

1

α1 . . . αm
. (4.16)
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Since

max

{
λ

m
(α1 . . . αm)

λ
m ln

1

α1 . . . αm
: λ ∈ (0,+∞)

}
=

1

e

and if αi = α1, i = 1, . . . ,m, then for λ = − 1

lnα1
we have

lim inf
k→+∞

m∑
i=1

 k−1∑
s=τi(k)

pi(s)

 =
1

e
. (4.17)

By (4.15) – (4.17), for any ε > 0 there exists ∆ > 0 such that, if
∑m

j=1 |α1 − αj | < ∆, then

1− ε
e
≤ lim inf

k→+∞

m∑
i=1

 k−1∑
j=τi(k)

pi(j)

 ≤ 1

e
.

According to (4.13), it easy to see that the function u(k) = k−λ is a positive solution of (1.1).
This example shows that (4.12) is an optimal condition.
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