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ÐÎÇÙÅÏËÅÍÍß ÐIÇÍÎÒÅÌÏÎÂÈÕ ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÈÕ
ËIÍIÉÍÈÕ ÑÈÑÒÅÌ

Äîñëiäæó¹òüñÿ ñèñòåìà ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç áàãà-
òüìà ìàëèìè ïàðàìåòðàìè. Ïîáóäîâàíà çàìiíà çìiííèõ, çà äîïîìîãîþ ÿêî¨ âèõiäíà ñèñòåìà
çâîäèòüñÿ äî ñóêóïíîñòi íåçàëåæíèõ ïiäñèñòåì.

We investigate a system of linear singularly perturbed di�erential equations with plenty of small
parameters. As a result, we �nd a substitution which allows to reduce the system to a number of
independent subsystems.

Â ðîáîòàõ [1-2] çàïðîïîíîâàíèé êîíñòðó-
êòèâíèé ïiäõiä äîñëiäæåííÿ ñèñòåì ñèíãó-
ëÿðíî çáóðåíèõ äèôåðåíöiàëüíèõ ðiâíÿíü,
ùî áàçó¹òüñÿ íà ìåòîäi iíòåãðàëüíèõ ìíîãî-
âèäiâ Áîãîëþáîâà-Ìèòðîïîëüñüêîãî. Òàêèé
ïiäõiä ¹ åôåêòèâíèì òiëüêè â òîìó âèïàä-
êó, ÿêùî âäà¹òüñÿ òî÷íî àáî íàáëèæåíî çíà-
éòè iíòåãðàëüíèé ìíîãîâèä. Äëÿ ñèíãóëÿð-
íî çáóðåíèõ ñèñòåì iíòåãðàëüíi ìíîãîâèäè
ìîæíà áóäóâàòè ó âèãëÿäi àñèìïòîòè÷íèõ
ðîçêëàäiâ çà ñòåïåíÿìè ìàëîãî ïàðàìåòðà
[3-4]. Äëÿ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñè-
ñòåì ìåòîä iíòåãðàëüíèõ ìíîãîâèäiâ äîçâî-
ëÿ¹ çäiéñíèòè ðîçùåïëåííÿ âèõiäíî¨ ñèñòå-
ìè íà íåçàëåæíi øâèäêó i ïîâiëüíó ïiäñè-
ñòåìè [5-6].

Ó äàíié ðîáîòi ðîçãëÿäàþòüñÿ ñèñòåìè ëi-
íiéíèõ ñèíãóëÿðíî çáóðåíèõ ðiâíÿíü ç áàãà-
òüìà ìàëèìè ïàðàìåòðàìè, ÿêi âèâ÷àëèñÿ ó
ïðàöÿõ [7-8]. Ìåòîþ ðîáîòè ¹ îá ðóíòóâàí-
íÿ ìåòîäèêè çâåäåííÿ âèõiäíî¨ ñèñòåìè äî
ñóêóïíîñòi íåçàëåæíèõ ïiäñèñòåì. Àíàëîãi-
÷íà çàäà÷à ó âèïàäêó äâîõ ìàëèõ ïàðàìå-
òðiâ ðîçãëÿíóòà â ðîáîòi [9].
1. Ñõåìà ðîçùåïëåííÿ. Ðîçãëÿíåìî ëi-

íiéíó ñèñòåìó

i∏
j=0

εjẋi =
k∑

j=0

Aijxj, i = 0, k, (1)

äå t ∈ R, xi ∈ Rni , i = 0, k, Aij =

Aij(t), i, j = 0, k, � ìàòðèöi ðîçìiðíîñòåé
ni × nj, ε0 = 1, ε1, ε2, . . . , εk - ìàëi äîäàòíi
ïàðàìåòðè.

Ïðèïóñòèìî, ùî ìàòðèöi Aij(t), i, j =

0, k, ðiâíîìiðíî îáìåæåíi äëÿ t ∈ R i âëà-
ñíi çíà÷åííÿ λi = λi(t), i = 1, nk, � ìàòðèöi
Akk(t) çàäîâîëüíÿþòü íåðiâíiñòü

Reλi ≤ −2β < 0, t ∈ R. (2)

Çäiéñíèìî â ñèñòåìi (1) çàìiíó çìiííèõ
xi = y1i +

k∏
j=i+1

εjH
1
i y

1
k, i = 0, k − 1,

xk = y1k +
k−1∑
j=0

P 1
j xj,

(3)

äå H1
i , P

1
j , i, j = 0, k − 1 − ìàòðè÷íi ôóíêöi¨

âiäïîâiäíèõ ðîçìiðíîñòåé.
ßêùî ìàòðèöi H1

i , P
1
j , i, j = 0, k − 1 âè-

áðàòè ÿê ðîçâ'ÿçêè âiäïîâiäíèõ ñèñòåì
k∏

m=1

εmṖ
1
j = Akj + AkkP

1
j −

−
k−1∑
m=0

k∏
n=m+1

εnP
1
m

(
Amj + AmkP

1
j

)
, (4)

k∏
m=1

εmḢ
1
i = Aik −H1

i (Akk −
k−1∑
j=0

k∏
m=j+1

εm×

×P 1
j Ajk)+

k−1∑
m=0

k∏
n=m+1

εn
(
Aim+AikP

1
m

)
H1

m, (5)

òîäi ñèñòåìà (1) íàáóäå âèãëÿäó:
i∏

j=0

εj ẏ
1
i =

k−1∑
j=0

B1
ijy

1
j , i = 0, k − 1,

k∏
j=0

εj ẏ
1
k = B1

kky
1
k,

(6)
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äå B1
ij = Aij + AikP

1
j , i, j = 0, k − 1,

B1
kk = Akk −

k−1∑
j=0

∏k
m=j+1 εmP

1
j Ajk.

Ïðîäîâæóþ÷è öåé ïðîöåñ, íà (k − 1)-îìó
êðîöi îòðèìà¹ìî ñèñòåìó

ẏk−1
0 = Bk−1

00 yk−1
0 +Bk−1

01 yk−1
1 ,

ε1ẏ
k−1
1 = Bk−1

10 yk−1
0 +Bk−1

11 yk−1
1 ,

i∏
j=0

εj ẏ
k+1−i
i = Bk+1−i

ii yk+1−i
i , i = 2, k,

(7)

äå Bk−1
ij = Bk−2

ij + Bk−2
i2 P k−1

j , i, j = 0, 1,
Bk−1

22 = Bk−2
22 − ε1ε2P

k−1
0 Bk−2

02 − ε2P
k−1
1 Bk−2

12 .
Òåïåð çà äîïîìîãîþ çàìiíè çìiííèõ{

yk−1
0 = yk0 + ε1H

k
0 y

k
1 ,

yk−1
1 = yk1 + P k

0 y
k−1
0 ,

(8)

îòðèìà¹ìî ¾áëî÷íî-äiàãîíàëüíó¿ ñèñòåìó
ẏk0 = Bk

00y
k
0 ,

ε1ẏ
k
1 = Bk

11y
k
1 ,

i∏
j=0

εj ẏ
k+1−i
i = Bk+1−i

ii yk+1−i
i , i = 2, k,

(9)

äå Bk
00 = Bk−1

00 +Bk−1
01 P ,

Bk
11 = Bk−1

11 − ε1PB
k−1
01 .

Òóò Hk
0 , P

k
0 − ìàòðè÷íi ôóíêöi¨, ÿêi çàäî-

âîëüíÿþòü ðiâíÿííÿ

ε1Ṗ
k
0 = Bk−1

10 +Bk−1
11 P k

0 −

−ε1P k
0

(
Bk−1

00 +Bk−1
02 P k

0

)
, (10)

ε1Ḣ
k
0 = Bk−1

01 −Hk
0 (B

k−1
11 − ε1P

k
0B

k−1
01 )+

+ε1
(
Bk−1

00 +Bk−1
02 P k

0

)
Hk

0 . (11)

2. Iñíóâàííÿ íåâèðîäæåíî¨ ðîçùå-
ïëþþ÷î¨ çàìiíè çìiííèõ

Ïîêàæåìî, ùî iñíó¹ íåâèðîäæåíà çàìiíà
çìiííèõ, ÿêà ïðèâîäèòü âèõiäíó ñèñòåìó (1)
äî ¾áëî÷íî-äiàãîíàëüíî¨¿ ñèñòåìè (9).

Ëåìà 1. Íåõàé ìàòðèöi Aij(t), i, j =

0, k, ðiâíîìiðíî îáìåæåíi äëÿ t ∈ R i âèêî-
íó¹òüñÿ óìîâà 2). Òîäi iñíó¹ ε∗k > 0 òàêå,
ùî ïðè 0 < εk < ε∗k ñèñòåìà (4) ìà¹ ¹äèíèé
îáìåæåíèé ðîçâ'ÿçîê ïðè t ∈ R.

Äîâåäåííÿ. Ïîçíà÷èìî Q(t, s, ε) ôóíäà-
ìåíòàëüíó ìàòðèöþ ðiâíÿííÿ

k∏
j=0

εjẋk = Akkxk. (12)

Ðiâíîìiðíà îáìåæåíiñòü ìàòðèöi Akk i
óìîâà 2) çàáåçïå÷ó¹ îöiíêó:

∥Q(t, s, ε)∥ ≤ Ke

− 3β

2
k∏

j=0
εj

(t−s)

, (13)

äëÿ äåÿêîãî K > 0 ïðè áóäü-ÿêèõ −∞ < s ≤
t <∞.

Çàïèøåìî ñèñòåìó (4) â åêâiâàëåíòíié
ôîðìi ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü:

Pi(t, s, ε) =
1

k∏
j=0

εj

t∫
−∞

Q(t, s, ε)(Aki(s, ε)−

−
k−1∑
j=0

k∏
m=j+1

εmPj(s, ε)(Aji(s, ε)+ (14)

+Ajk(s, ε)Pi(s, ε)))ds, i = 0, k − 1,

Çà äîïîìîãîþ ïðèíöèïó ñòèñêàþ÷èõ âiä-
îáðàæåíü ïîêàæåìî, ùî ñèñòåìà (14) ìà¹
¹äèíèé îáìåæåíèé íà âñié ÷èñëîâié îñi
ðîçâ'ÿçîê. Áóäåìî øóêàòè ðîçâ'ÿçîê ñèñòå-
ìè (14) ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü:

P n+1
i =

1
k∏

j=0

εj

t∫
−∞

Q
(
Aki−

−
k−1∑
j=0

k∏
m=j+1

εmP
n
j (Aji + AjkP

n
i )
)
ds, (15)

i = 0, k − 1, n = 0, 1, 2, . . . .

Ïîêëàäåìî P 0
i = 0, i = 0, k − 1. Âèêîðè-

ñòîâóþ÷è íåðiâíiñòü (13), äiñòàíåìî îöiíêè:

∣∣P 1
i

∣∣ ≤ 1
k∏

j=0

εj

t∫
−∞

Ke

− 3β

2
k∏

j=0
εj

(t−s)

Mds =

=
2KM

3β
<
KM

β
, i = 0, k − 1,
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∣∣P 2
i

∣∣ ≤ 1
k∏

j=0

εj

t∫
−∞

Ke

− 3β

2
k∏

j=0
εj

(t−s)(
M+

+
k−1∑
j=0

k∏
m=j+1

εm
KM

β

(
M +M

KM

β

))
ds =

=
2KM

3β

(
1 +

KM

β

(
1 +

KM

β

)
×

×
k−1∑
j=0

k∏
m=j+1

εm

)
<
KM

β
, i = 0, k − 1,

ïðè 0 < εk < ε0k, äå ε
0
k =

β2

KM(β+KM)
.

Ïðèïóñòèìî òåïåð, ùî

|P n
i | <

KM

β
, i = 0, k − 1, 0 < εk < ε0k, (16)

n = 0, 1, 2, . . . ,
òîäi

|P n+1
i | =

∣∣∣ 1
k∏

j=0

εj

t∫
−∞

Q
(
Aki −

k−1∑
j=0

k∏
m=j+1

εmP
n
j ×

×(Aji + AjkP
n
i )
)
ds
∣∣∣ < 2KM

3β
×

×

(
1 +

KM

β

(
1 +

KM

β

) k−1∑
j=0

k∏
m=j+1

εm

)
(17)

<
KM

β
, i = 0, k − 1.

Îòæå, ïîñëiäîâíîñòi P n
i , n =

0, 1, 2, . . . , i = 0, k − 1, ðiâíîìiðíî îáìå-
æåíi ïðè 0 < εk < ε0k.

Äîñëiäèìî òåïåð ïîñëiäîâíi ðiçíèöi äëÿ
íàáëèæåíü P n

i . Ìà¹ìî:

|P 2
i − P 1

i | =
∣∣∣ 1

k∏
j=0

εj

t∫
−∞

Q
(
Aki−

−
k−1∑
j=0

k∏
m=j+1

εmP
1
j

(
Aji + AjkP

1
i

))
ds−

− 1
k∏

j=0

εj

t∫
−∞

Q
(
Aki −

k−1∑
j=0

k∏
m=j+1

εmP
0
j (Aji+

+AjkP
0
i )
)
ds
∣∣∣ ≤ 2KM

3β

( k−1∑
j=0,j ̸=i

k∏
m=j+1

εm×

×
((

1 +
KM

β

) ∣∣P 0
j − P 1

j

∣∣+ KM

β

∣∣P 0
i − P 1

i

∣∣)+

+
k∏

m=j+1

εm

(
1 +

2KM

β

)
|P 0

i − P 1
i |
)
≤

≤
k−1∑

j=0,j ̸=i

qj
∣∣P 0

j − P 1
j

∣∣+ qi
∣∣P 0

i − P 1
i

∣∣ ,
äå

qj =
2KM

3β2
(β +KM)

k∏
m=j+1

εm,

qi =
2KM

3β2

( k−1∑
j=0

k∏
m=j+1

εmKM+

+
k∏

m=j+1

εm (β +KM)
)
,

Ïîêëàäåìî q = max
i

qi, òîäi

|P 2
i − P 1

i | ≤ q

k−1∑
j=0

∣∣P 2
j − P 1

j

∣∣ .
Ó çàãàëüíîìó âèïàäêó äiñòà¹ìî:

|P n+1
i − P n

i | =
∣∣∣ 1

k∏
j=0

εj

t∫
−∞

Q
(
Aki−

−
k−1∑
j=0

k∏
m=j+1

εmP
n
j (Aji + AjkP

n
i )
)
ds−

− 1
k∏

j=0

εj

t∫
−∞

Q
(
Aki −

k−1∑
j=0

k∏
m=j+1

εmP
n−1
j ×

×(Aji + AjkP
n−1
i )

)
ds
∣∣∣ ≤
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≤ 2KM

3β

( k−1∑
j=0,j ̸=i

k∏
m=j+1

εm

((
1 +

KM

β

)
×

×|P n
j − P n−1

j |+ KM

β
|P n

i − P n−1
i |

)
+

+
k∏

m=j+1

εm

(
1 +

2KM

β

) ∣∣P n
i − P n−1

i

∣∣) ≤

≤
k−1∑

j=0,j ̸=i

qj
∣∣P n

j − P n−1
j

∣∣+ qi
∣∣P n

i − P n−1
i

∣∣ ≤
≤ q

k−1∑
j=0

∣∣P n
j − P n−1

j

∣∣ ≤
≤

n−1∑
m=0

k−1∑
j=0

Cm
n−1q

n−1
∣∣P 1

j − P 0
j

∣∣ .
Âèáåðåìî òàêå ε1k, ùîá äëÿ âñiõ 0 < εk <

ε1k ñïðàâäæóâàëèñü íåðiâíîñòi |q| < 1
2
. Âðà-

õîâóþ÷è, ùî
n−1∑
m=0

Cm
n−1 = 2n−1, äiñòà¹ìî, ùî

ïîñëiäîâíîñòi P n
i (t, ε), n = 0, 1, . . . ðiâíîìið-

íî çáiæíi ïðè n → ∞ äëÿ âñiõ 0 < εk < ε∗k,
äå ε∗k = min{ε0k, ε1k}.

Ïîêëàäåìî òåïåð Pi(t, ε) = lim
n→∞

P n
i (t, ε).

Íà îñíîâi îöiíîê (17) ìà¹ìî:

|Pi(t, ε)| ≤
KM

β
. (18)

Ëåìà 1 äîâåäåíà.
Ëåìà 2. Íåõàé ñïðàâäæóþòüñÿ óìîâè

ëåìè 1. Òîäi iñíó¹ εk > 0 òàêå, ùî ïðè
0 < εk < εk äëÿ ôóíäàìåíòàëüíî¨ ìàòðè-
öi Q(t, s, ε) ðiâíÿííÿ

k∏
i=1

εiẏ
1
k =

(
Akk −

k−1∑
i=0

k∏
j=i+1

εjP
1
i Aik

)
y1k

(19)
ñïðàâåäëèâà îöiíêà

∣∣Q(t, s, ε)∣∣ ≤ Ke

− β
k∏

i=1
εi

(t−s)

. (20)

Äîâåäåííÿ. Ïåðåïèøåìî ðiâíÿííÿ (19)
ó âèãëÿäi

k∏
i=1

εiẏ
1
k = Akky

1
k −

k−1∑
i=0

k∏
j=i+1

εjP
1
i Aiky

1
k.

Ôóíäàìåíòàëüíà ìàòðèöÿ Q(t, s, ε) çàäî-
âîëüíÿ¹ iíòåãðàëüíå ðiâíÿííÿ

Q = Q+

t∫
s

Q

(
k−1∑
i=0

k∏
j=i+1

εjP
1
i Aik

)
Qdτ.

Âèêîðèñòîâóþ÷è (13), óìîâè ëåìè 1 òà
íåðiâíîñòi (17), ìà¹ìî

∣∣Q∣∣ ≤ Ke

− 3β(t−s)

2
k∏

i=1
εi
+

t∫
s

K2M2

β

(
k−1∑
i=0

k∏
j=i+1

εj

)
×

×|Q|e
− 3β(t−τ)

2
k∏

i=1
εi
dτ.

Çâiäêè

∣∣Q∣∣ e 3βt

2
k∏

i=1
εi ≤ K1 +

t∫
s

K2M2

β

(
k−1∑
i=0

k∏
j=i+1

εj

)
×

×|Q|e

3βτ

2
k∏

i=1
εi
dτ.

Çàñòîñîâóþ÷è íåðiâíiñòü Ãðîíóîëëà-
Áåëëìàíà, äiñòàíåìî

∣∣Q∣∣ e 3βt

2
k∏

i=1
εi ≤ K1e

t∫
s

K2M2

β

(
k−1∑
i=0

k∏
j=i+1

εj

)
dτ

=

= K1e
K2M2

β

(
k−1∑
i=0

k∏
j=i+1

εj

)
(t−s)

.

Îòæå,

∣∣Q∣∣ ≤ Ke

(
K2M2

β

(
k−1∑
i=0

k∏
j=i+1

εj

)
− 3β

2
k∏

j=1
εj

)
(t−s)

.

Îñòàííÿ íåðiâíiñòü ïðè

ε <
β√√√√2

k∏
i=1

εi

(
k−1∑
i=0

k∏
j=i+1

εj

)
KM

= εk

íàáóâà¹ âèãëÿäó

∣∣Q∣∣ ≤ Ke

− β
k∏

i=1
εi

(t−s)

.

Ëåìà 2 äîâåäåíà.
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Ëåìà 3. Íåõàé ìàòðèöi Aij(t), i, j =

0, k, ðiâíîìiðíî îáìåæåíi äëÿ t ∈ R i âèêî-
íó¹òüñÿ óìîâà 2). Òîäi iñíó¹ ε∗∗k > 0 òàêå,
ùî ïðè 0 < εk < ε∗∗k ñèñòåìà (5) ìà¹ ¹äèíèé
îáìåæåíèé ðîçâ'ÿçîê ïðè t ∈ R.
Äîâåäåííÿ. Ïåðåïèøåìî ñèñòåìó (5),

âðàõîâóþ÷è ïîçíà÷åííÿ äëÿ ìàòðèöü
Bij, i, j = 0, k ó âèãëÿäi

k∏
j=1

εjḢ
1
i = Aik +

k−1∑
j=0

k∏
m=j+1

εmBijH
1
j−

−H1
i Bkk, i = 0, k − 1. (21)

Iç ñïiââiäíîøåíü Bij = Aij + AikP
1
j , i =

0, k − 1, òà íåðiâíîñòåé (17) äiñòà¹ìî, ùî ìà-
òðèöi Bij, i = 0, k − 1, ðiâíîìiðíî îáìåæåíi

çà íîðìîþ ñòàëîþ M1 = M
(
1 + KM

β

)
. Ïî-

çíà÷èìî ÷åðåç QHi
(t, s, ε) ôóíäàìåíòàëüíó

ìàòðèöþ ðiâíÿííÿ
i∏

j=0

εjẋi = Bii(t, ε)xi, i =

0, k − 1.

Ñèñòåìó (21) ìîæíà ïðåäñòàâèòè ó âèãëÿ-
äi ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü

H1
i = − 1

k∏
j=1

εj

t∫
−∞

Q
(
Aik+

k−1∑
j=0,
j ̸=i

k∏
m=j+1

εmBijH
1
j

)
×

×QHi
ds, i = 0, k − 1.

Çáiæíiñòü iíòåãðàëiâ ñèñòåìè äîâîäèòüñÿ
çà äîïîìîãîþ íåðiâíîñòi (20) ìåòîäîì, àíà-
ëîãi÷íèì òîìó, ÿêèé çàñòîñîâóâàâñÿ ïðè äî-
âåäåííi ëåìè 1.

Ëåìà 3 äîâåäåíà.
Àíàëîãi÷íèì ÷èíîì îáãðóíòîâóþòüñÿ

òâåðäæåííÿ, ïðî iñíóâàííÿ äëÿ íàñòóïíèõ
êðîêiâ ðîçùåïëþþ÷èõ ïåðåòâîðåíü.

Âèðàæàþ÷è ñòàði çìiííi xi, i = 0, k ÷åðåç
íîâi yk0 , y

k+1−i
i , i = 1, k, îäåðæó¹ìî íàñòóïíó

òåîðåìó.
Òåîðåìà. Íåõàé ìàòðèöi Aij(t), i, j =

0, k, ðiâíîìiðíî îáìåæåíi äëÿ t ∈ R i âèêî-
íó¹òüñÿ óìîâà 2). Òîäi äëÿ äîñòàòíüî ìà-
ëèõ εi, i = 1, k, iñíó¹ íåâèðîäæåíà çàìiíà

çìiííèõ 
x0
x1
x2
...
xk

 = Φ


yk0
yk1
yk−1
2
...
y1k

 ,

çà äîïîìîãîþ ÿêî¨ ñèñòåìà (1) çâîäèòüñÿ äî
ïîñëiäîâíîñòi íåçàëåæíèõ ïiäñèñòåì

ẏk0 = Bk
00y

k
0 ,

i∏
j=0

εj ẏ
k+1−i
i = Bk+1−i

ii yk+1−i
i , i = 1, k.

Äîâåäåííÿ. Âèãëÿä ðîçùåïëþþ÷îãî ïå-
ðåòâîðåííÿ

Φ [i, j] =



Rk−j
j +

j−1∑
m=0

j∏
n=m+1

εnR
k−j+1
m Hk−j+1

m ,

(i ≥ j) ∧ (i > 1),
Rk−i

i = E, Rk−i+1
m = P k−i+1

m ,
Rn+1

m = Rn
m +Rn

k−nP
n+1
m ,

j∏
m=i+1

εmH
k+1−j
i yk+1−j

j ,

(i < j) ∧ (j > 1),
E, i = j = 0,
ε1H

k
0 , i = 0, j = 1,

P k
0 , i = 1, j = 0,
E + ε1P

k
0H

k
0 , i = j = 1,

âèïëèâà¹ iç ñòðóêòóðè çàìií çìiííèõ íà êî-
æíîìó êðîöi. Äëÿ äîâåäåííÿ òåîðåìè òðåáà
ïîêàçàòè, ùî ïåðåòâîðåííÿ Φ íåâèðîäæåíå,
òîáòî iñíó¹ îáåðíåíå ïåðåòâîðåííÿ Φ−1. Âè-
ðàçèìî çìiííi yk0 , y

k+1−i
i , i = 1, k ÷åðåç çìiííi

xi, i = 0, k.
Ç ðiâíîñòåé (3) âèïëèâà¹
y1i = xi −

k∏
j=i+1

εjH
1
i y

1
k, i = 0, k − 1,

y1k = xk −
k−1∑
j=0

P 1
j xj,

Ç öi¹¨ òà íàñòóïíèõ çàìií äiñòà¹ìî, ùî
yk0 , y

k+1−i
i , i = 1, k, ìîæíà âèðàçèòè ÷åðåç

çìiííi xi, i = 0, k çà òàêèìè ôîðìóëàìè

yk0 =
k∑

j=0

Dk+1
0j xj,

yk+1−i
i =

k∑
j=0

Dk+1−i
ij xj,
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äå äëÿ n = 0, k − 1, j = 0, k

Dn+1
k−n,j = Dn

k−n,j −
k−n−1∑
m=0

P n+1
m Dn+1

k−n,j,

Dn+1
ij = Dn

ij −
k−n∏

m=i+1

εmH
n+1
i Dn+1

k−n,j,

i = 0, k − n− 1,

D0
ij = 0, i ̸= j, D0

ii = E,

Dk+1
0j =

(
E + ε1H

k
0P

k
0

)
Dk−1

0j − ε1H
k
0D

k−1
1j .

Îòæå, îáåðíåíà ìàòðèöÿ iñíó¹

Φ−1[i, j] = Dk+1−i
ij , i = 0, k.

Òåîðåìà äîâåäåíà.
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