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ÏÐÎ ÂÇÀ�ÌÎÇÂ'ßÇÊÈ ÌIÆ ÂÓÇÜÊÈÌÈ ÎÏÅÐÀÒÎÐÀÌÈ ÒÀ
ÎÏÅÐÀÒÎÐÀÌÈ ÌÎÐÅ ÍÀ ÏÐÎÑÒÎÐÀÕ Lp

Ìè ïîðiâíþ¹ìî äâà êëàñè ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ, çàäàíèõ íà ïðîñòîðàõ Lp �
âóçüêi îïåðàòîðè òà îïåðàòîðè Ìîðå. Îáèäâà êëàñè ìîæíà ðîçãëÿäàòè ÿê óçàãàëüíåííÿ ïîíÿ-
òòÿ êîìïàêòíîãî îïåðàòîðà íà öèõ ïðîñòîðàõ. Äîáðå âiäîìî, ùî êîæíèé êîìïàêòíèé îïåðàòîð
¹ âóçüêèì. Ìè äîâîäèìî, ùî êîæíèé îïåðàòîð Ìîðå òàêîæ ¹ âóçüêèì. Îòæå, ïðèðîäíèì ¹
çàïèòàííÿ: ÿêèé çâ'ÿçîê iñíó¹ ìiæ öèìè êëàñàìè? Ìè ïîêàçó¹ìî, ùî ó çàãàëüíîìó âèïàä-
êó âîíè íåïîðiâíÿííi. Òàê, íà ïðîñòîði L2 iñíó¹ íåâóçüêèé îïåðàòîð Ìîðå, à íà ïðîñòîðàõ
Lp, 1 < p <∞ iñíó¹ âóçüêèé îïåðàòîð, ÿêèé íå ¹ îïåðàòîðîì Ìîðå.

We compare two classes of continuous linear operators on Lp-spaces � narrow operators and
Maurey operators. Both classes can be considered as generalizations of the notion of a compact
operator on the spaces Lp. It is well known that every compact operator is narrow. We prove
that every Maurey operator is narrow. So, the following question naturally arises: what is the
connection between these classes? We show that they are incomparable, in general. More precisely,
there exists a non-narrow Maurey operator on L2, and there is a narrow non-Maurey operator on
Lp for 1 < p <∞.

Ìè áóäåìî ðîçãëÿäàòè äiéñíi áàíàõîâi
ïðîñòîðè Lp = Lp([0, 1],B, λ) ïðè 1 ≤ p < ∞
(òóò B � áîðåëiâñüêà σ-àëãåáðà, à λ � ìiðà
Ëåáå à)òà äâà êëàñè ëiíiéíèõ íåïåðåðâíèõ
îïåðàòîðiâ íà öèõ ïðîñòîðàõ � âóçüêi îïåðà-
òîðè òà îïåðàòîðè Ìîðå. Ç'ÿñó¹ìî, ÿê ïîâ'ÿ-
çàíi ìiæ ñîáîþ öi êëàñè.

Îçíà÷åííÿ 1. Îïåðàòîð T ∈ L(Lp) íàçè-
âà¹òüñÿ âóçüêèì, ÿêùî äëÿ áóäü-ÿêèõ A ∈ B
òà ε > 0 iñíó¹ òàêèé x ∈ Lp, ùî x2 = 1A,∫
[0,1]

x dλ = 0 òà ∥Tx∥ < ε. Òóò 1A � õàðàêòå-
ðèñòè÷íà ôóíêöiÿ ìíîæèíè A ⊆ [0, 1].

Îñíîâíi ðåçóëüòàòi ñòîñîâíî âóçüêèõ îïå-
ðàòîðiâ ìîæíà çíàéòè ó [4]. Çîêðåìà, âiäîìî,
ùî êîæíèé êîìïàêòíèé îïåðàòîð íà ïðîñòî-
ði Lp ¹ âóçüêèì. Ðîçãëÿíåìî íà öèõ ïðîñòî-
ðàõ ùå îäèí êëàñ îïåðàòîðiâ, ÿêi òàêîæ óçà-
ãàëüíþþòü ïîíÿòòÿ êîìïàêòíîãî îïåðàòîðà
� êëàñ îïåðàòîðiâ Ìîðå.

Ïîçíà÷èìî ÷åðåç Z îäèíè÷íó êóëþ ïðî-
ñòîðó L∞ çi ñëàáêîþ∗ òîïîëîãi¹þ σ(L∞, L1).
Äëÿ êîæíî¨ ìíîæèíè A ∈ B ïîêëàäåìî

Z(A) =

{
h ∈ Z : h2 = 1A,

∫
[0,1]

h dλ = 0

}
.

Iíøèìè ñëîâàìè, h ∈ Z(A) òîäi òà òiëüêè

òîäi, êîëè h = 1B − 1C äëÿ äåÿêèõ B,C ∈ B
ç óìîâîþ A = B⊔C òà λ(B) = λ(C). Áóäåìî
ðîçãëÿäàòè Z(A) ç òîïîëîãi¹þ, iíäóêîâàíîþ
Z.

Äëÿ êîæíîãî T ∈ L(Lp) âèçíà÷èìî äâà
âiäîáðàæåííÿ [2] M̃

T
, m̃

T
: B → R, ïîêëàâøè

äëÿ êîæíî¨ ìíîæèíè A ∈ B

M̃
T
(A) = lim sup

Z(A)∋h→0

∫
[0,1]

hTh dλ,

m̃
T
(A) = lim inf

Z(A)∋h→0

∫
[0,1]

hTh dλ.

òà ïîêëàäåìî

M
T
(A) =

= inf

{
n∑
k=1

M̃
T
(Ak) : n ∈ N, A =

n⊔
k=1

Ak

}
,

m
T
(A) =

= sup

{
n∑
k=1

m̃
T
(Ak) : n ∈ N, A =

n⊔
k=1

Ak

}
.

Îñòàííi äâà âiäîáðàæåííÿ ¹ çëi÷åííî-
àäèòèâíèì ìiðàìè íà B, ÿêi íàçèâàþòüñÿ
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âåðõíüîþ òà íèæíüîþ ìiðàìè Ìîðå, âiäïî-
âiäíî. Êîæíà ç öèõ ìið ìà¹ ïîõiäíó Ðàäîíà-
Íiêîäèìà, òîáòî äëÿ êîæíîãî A ∈ B âèêîíó-
þòüñÿ ðiâíîñòi

M
T
(A) =

∫
A

F
T
dλ, m

T
(A) =

∫
A

f
T
dλ, (1)

äå ôóíêöi¨ F
T
, f

T
∈ L∞ íàçèâàþòüñÿ âåðõ-

íüîþ òà íèæíüîþ ïîõiäíîþ Ìîðå îïåðàòîðà
T .

Çàóâàæèìî, ùî äëÿ äîâiëüíîãî îïåðàòîðà
T ∈ L(Lp) iñíó¹ ïðîñòèé çâ'ÿçîê ìiæ óâåäå-
íèìè ôóíêöiÿìè:

f−T = −F
T
.

Îçíà÷åííÿ 2. [1] Äëÿ îïåðàòîðà T ∈
L(Lp) ÷èñëî ∥T∥M = max

{
∥f

T
∥∞, ∥FT ∥∞

}
íàçâåìî íàïiâíîðìîþ Ìîðå îïåðàòîðà T , à
îïåðàòîð T ∈ L(Lp) ç óìîâîþ ∥T∥M = 0 áó-
äåìî íàçèâàòè îïåðàòîðîì Ìîðå.

Ó [1] ïåðåâiðåíî, ùî ∥ · ∥M ¹ íàïiâíîð-
ìîþ íà L(Lp), ïðè÷îìó ∥T∥M ≤ ∥T∥ äëÿ äî-
âiëüíîãî T ∈ L(Lp). Îòæå, ìíîæèíà M(Lp)
âñiõ îïåðàòîðiâ Ìîðå íà ïðîñòîði Lp ¹ (çà-
ìêíåíèì) ëiíiéíèì ïiäïðîñòîðîì ïðîñòîðó
L(Lp). Îñíîâíèé ðåçóëüòàò [1] ñòâåðäæó¹,
ùî ÿêùî îïåðàòîð T ∈ L(Lp) íå ¹ içîìîð-
ôíèì âêëàäåííÿì íà æîäíîìó ïiäïðîñòîði
E ⊆ Lp, içîìîðôíîìó Lp, òî T � îïåðàòîð
Ìîðå.

Äîâåäåìî ïðîñòèé êðèòåðié òîãî, ùî äå-
ÿêèé ëiíiéíèé íåïåðåðâíèé îïåðàòîð ¹ îïå-
ðàòîðîì Ìîðå.

Òâåðäæåííÿ 1. Îïåðàòîð T ∈ L(Lp) ¹
îïåðàòîðîì Ìîðå òîäi i òiëüêè òîäi, êîëè

lim
Z(A)∋h→0

∫
[0,1]

hTh dλ = 0 (2)

äëÿ äîâiëüíîãî A ∈ B.
Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé T ∈

L(Lp) ¹ îïåðàòîðîì Ìîðå, òîäi ∥f
T
∥∞ =

∥F
T
∥∞ = 0, òîáòî ç óìîâ (1) âèïëèâà¹, ùî

m
T
(A) = M

T
(A) = 0 äëÿ áóäü-ÿêî¨ ìíîæèíè

A ∈ B. Òîìó

lim sup
Z(A)∋h→0

∫
[0,1]

hTh dλ =

= lim inf
Z(A)∋h→0

∫
[0,1]

hTh dλ = 0,

òîáòî, iñíó¹ ãðàíèöÿ

lim
Z(A)∋h→0

∫
[0,1]

hTh dλ,

ÿêà òàêîæ äîðiâíþ¹ íóëþ.
Äîñòàòíiñòü. ßêùî iñíó¹ ãðàíèöÿ

lim
Z(A)∋h→0

∫
[0,1]

hTh dλ = 0,

òî çðîçóìiëî, ùî âåðõíÿ òà íèæíÿ ãðàíè-
öi òàêîæ áóäóòü äîðiâíþâàòè íóëþ, òîáòî
äëÿ áóäü-ÿêî¨ ìíîæèíè A ∈ B âèêîíó¹òüñÿ
ðiâíiñòü m̃

T
(A) = M̃

T
(A) = 0, à çíà÷èòü i

m
T
(A) = M

T
(A) = 0, òîáòî f

T
= F

T
= 0 i

îïåðàòîð T ¹ îïåðàòîðîì Ìîðå. �
Çà äîïîìîãîþ òâåðäæåííÿ 1 ìîæíà äà-

òè îçíà÷åííÿ îïåðàòîðà Ìîðå, ÿêèé äi¹ íà
ïðîñòîði Lp ïðè 1 ≤ p ≤ ∞, à íå ëèøå ïðè
1 ≤ p <∞.

Îçíà÷åííÿ 3. Îïåðàòîð T ∈ L(Lp) ç
1 ≤ p ≤ ∞ íàçâåìî îïåðàòîðîì Ìîðå, ÿêùî
ðiâíiñòü (2) âèêîíó¹òüñÿ äëÿ äîâiëüíî¨ ìíî-
æèíè A ∈ B.

Çâ'ÿçîê ìiæ îïåðàòîðàìè Ìîðå òà êîìïà-
êòíèìè îïåðàòîðàìè âñòàíîâëþ¹ íàñòóïíå
òâåðäæåííÿ.

Òâåðäæåííÿ 2. Êîæíèé êîìïàêòíèé
îïåðàòîð T ∈ L(Lp) ïðè 1 ≤ p < ∞ ¹ îïåðà-
òîðîì Ìîðå.

Äîâåäåííÿ. Íåõàé A � äîâiëüíà áîðåëiâ-
ñüêà ìíîæèíà íà [0, 1] òà ïîñëiäîâíiñòü ôóí-
êöié (xn)∞n=1 ç Z(A) çáiãà¹òüñÿ äî íóëÿ â
ñëàáêié∗ òîïîëîãi¨. ßêùî îïåðàòîð T ¹ êîì-
ïàêòíèì, òî ïîñëiäîâíiñòü (Txn)∞n=1 çáiãà¹-
òüñÿ äî íóëÿ â ïðîñòîði Lp. Òîäi ïðè p > 1
îòðèìó¹ìî∣∣∣∣∫

[0,1]

xn Txn dλ

∣∣∣∣ ≤ ∥xn∥q∥Txn∥p ≤ ∥Txn∥p,

à ïðè p = 1∣∣∣∣∫
[0,1]

xn Txn dλ

∣∣∣∣ ≤ ∫
[0,1]

|xn Txn| dλ ≤
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≤
∫
[0,1]

|Txn| dλ = ∥Txn∥1.

Òîáòî, ó áóäü-ÿêîìó âèïàäêó, ïðè äîâiëü-
íîìó âèáîði ïîñëiäîâíîñòi (xn)∞n=1 ìà¹ìî∣∣∣∣∫

[0,1]

xn Txn dλ

∣∣∣∣→ 0

ïðè n→ ∞, ùî îçíà÷à¹, ùî

lim
Z(A)∋x→0

∫
[0,1]

xTx dλ = 0,

îòæå, îïåðàòîð T ¹ îïåðàòîðîì Ìîðå, çãiäíî
ç òâåðäæåííÿì 1. �

Ó çàãàëüíîìó âèïàäêó êëàñè îïåðàòîðiâ
Ìîðå òà âóçüêèõ îïåðàòîðiâ íå ïîðiâíÿííi.
Òî÷íiøå, ìà¹ ìiñöå òàêèé ðåçóëüòàò.

Ïðèêëàä 1. Iñíó¹ îïåðàòîð Ìîðå, ùî äi¹
ó ïðîñòîði L2, ÿêèé ¹ içîìåòði¹þ íà âåñü ïðî-
ñòið, à îòæå, íå ¹ âóçüêèì îïåðàòîðîì.

Äîâåäåííÿ. Íåõàé (en)∞n=1 � äîâiëüíèé îð-
òîíîðìîâàíèé áàçèñ ó ïðîñòîði L2. Âèçíà÷è-
ìî îïåðàòîð J ∈ L(L2) òàêèì ÷èíîì:

Jx =
∞∑
k=1

(
(x, e2k−1)e2k − (x, e2k)e2k−1

)
äëÿ äîâiëüíîãî x ∈ L2. Îïåðàòîð J ¹ içîìå-
òðè÷íèì âêëàäåííÿì, îñêiëüêè

∥x∥2 =
∞∑
n=1

(x, en)2 =

=
∞∑
k=1

(
(x, e2k−1)

2 + (x, e2k)
2
)

= ∥Jx∥2.

Çàóâàæèìî, ùî Je2k−1 = e2k i Je2k = −e2k−1

äëÿ êîæíîãî k ∈ N, à òîìó âåñü áàçèñ (en)∞n=1

ëåæèòü â îáðàçi içîìåòðè÷íîãî âêëàäåííÿ J .
Òàêèì ÷èíîì, J � içîìåòðiÿ íà L2. Äîâåäå-

ìî òåïåð, ùî
∫
[0,1]

x Jx dλ = 0 äëÿ äîâiëüíîãî

x ∈ L2, ç ÷îãî áåçïîñåðåäíüî âèïëèâàòèìå,
ùî J � îïåðàòîð Ìîðå. Äiéñíî, äëÿ äîâiëü-
íîãî x ∈ L2 ìà¹ìî:

x =
∞∑
k=1

(
(x, e2k−1)e2k−1 + (x, e2k)e2k

)
,

(x, Jx) =
∞∑
k=1

(
−(x, e2k−1)·(x, e2k)+(x, e2k)·(x, e2k−1)

)
=

= 0. �

Íàì íåâiäîìèé ïðèêëàä íå âóçüêîãî îïå-
ðàòîðà Ìîðå íà ïðîñòîðàõ Lp ïðè p ̸= 2.

Ïðèêëàä 2. Äëÿ äîâiëüíîãî p ∈ (1,+∞)
iñíó¹ âóçüêèé îïåðàòîð T ∈ L(Lp), ÿêèé íå
¹ îïåðàòîðîì Ìîðå.

Äîâåäåííÿ. Çãiäíî ç [3, p. 59], òîòîæíèé
îïåðàòîð Id ó ïðîñòîði Lp ¹ ñóìîþ äâîõ âóçü-
êèõ îïåðàòîðiâ Id = T1 + T2. Ç iíøîãî áîêó,
îñêiëüêè ìíîæèíà îïåðàòîðiâ Ìîðå íà ïðî-
ñòîði Lp ¹ ïiäïðîñòîðîì ïðîñòîðó L(Lp) [1],
à ç òâåðäæåííÿ 1 âèïëèâà¹, ùî Id íå ¹ îïå-
ðàòîðîì Ìîðå, òî, ïðèíàéìíi, îäèí ç îïåðà-
òîðiâ T1, T2 òàêîæ íå ¹ îïåðàòîðîì Ìîðå. �
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