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TWO-DIMENSIONAL ELASTIC THEORY METHODS FOR DESCRIBING
THE STRESS STATE AND THE MODES OF ELASTIC BORING

Purpose. To find the stressed state and describe the operating regimes of an important element of mining industrial equip-
ment — an elastic drilling bit — based on the method of finding the solutions of problems of solid mechanics using holomorphic
functions of two complex variables.

Methodology. Methods for constructing the basic solutions of three-dimensional boundary value problems of the theory of elasticity
are based on the representation of the fundamental solution of the Lame equations in the Papkovich-Neuber form using a scalar spatial
harmonic function and a vectoral spatial harmonic function. This made it possible to formulate the boundary value problem in terms of
holomorphic functions of complex variables. Based on the representation of the above holomorphic functions in the form polynomial of
the n order in accordance with degrees of the complex variables, corresponding boundary conditions are formulated for basic solutions
and integral conditions for the principle moment of the stress vector on the lateral surface being equal to zero are additionally specified.

Findings. The paper formulates complex-conjugate boundary value problems of spatial theory of elasticity in terms of holomor-
phic functions of two complex variables. We have considered the case when there is one of the spatial coordinates on which the
stress tensor does not depend on, for a body whose surface is described by standard curves. For the given finite elastic cylindrical
solid (a drilling bit) of canonical cross-section, a set of the basic complex solutions of the n” order and of corresponding vectors of
external loads has been constructed.

Originality. For the first time, a scheme and a method for constructing the basic solutions of static boundary value problems of
spatial theory of elasticity have been suggested and the corresponding boundary conditions have been imposed; the real and
imaginary parts of the solutions of the basic boundary value problems for a cylindrical drilling bit have been constructed and an
analysis of these solutions has been carried out.

Practical value. An example of using the developed methods for constructing solutions of boundary value problems of spatial
theory of elasticity has been considered for finding an exact analytical solution of a two-dimensional boundary value problem that
describes the distribution of stresses and corresponding external loads on the lateral surface of a cylindrical drilling bit of a ca-
nonical cross-section. Such mathematical models and analysis of the external load structure can be effectively used to describe the
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safe operating modes of mining boring equipment.

Keywords: theory of elasticity, stress tensor, displacement vector, external load vector, holomorphic function

Introduction. Literature review. One of the main scientific
directions of the study on boundary value problems of me-
chanics of a deformable solid is the spatial problems of the
theory of elasticity. For fundamental and applied research
studies, the relevance of this topic is determined by the fact
that almost always a stress-strain state of a body is of three-
dimensional character.

Approaches of mechanics of a deformable solid are basic
for calculating and evaluating the parameters of strength and
reliability of elements of engineering structures and devices
that are under the influence of external force load. A great
deal of scientific monographs and publications, in particular,
the classical works by S.Tymoshenko, J. N.Goodier, and
A. Lurie, are devoted to the formulation of boundary value
problems of the theory of elasticity and to the development
of their research methods. At present, numerical [1], quali-
tative [2, 3] and analytical [4, 5] approaches to the construc-
tion of solutions of boundary value problems of dynamic and
static theory of elasticity have been developed.

The Fourier method, the potential method, and the meth-
od of theory of functions of a complex variable made it possi-
ble to substantiate the correct formulation of the basic bound-
ary value problems of the theory of elasticity. Moreover, in
some cases, these methods allowed us to construct spatial
static and dynamic problems for canonical domains.

In recent decades, experimental [6, 7] and approximate [8,
9] approaches to solving boundary value problems of the theo-
ry of elasticity have been actively developing.
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The methods for solving spatial problems of static theory of
elasticity known from literature are based on representing solu-
tions of the homogeneous equations of equilibrium in terms of
displacements using harmonic and biharmonic functions. In
the case of a plane static problem of the theory of elasticity of
an isotropic body, the general integral of the equations of equi-
librium is represented in terms of a biharmonic function.

In the classical papers by Muskhelishvili, for the first time
the stress tensor and the displacement vector were represented
through the analytic functions of a complex variable. These
representations were rigorously substantiated for the case of a
multiply-connected domain, and appropriate methods were
developed for solving the plane problems of the theory of elas-
ticity. Important results concerning application of a mathe-
matical apparatus of functions of a complex variable are also
used when considering the spatial problems of the theory of
elasticity. The representation of solutions of the basic equa-
tions in the form of integral operators of analytical functions of
a complex variable and the variant of formulation of the prob-
lem of spatial theory of elasticity with the use of functions of
two complex variables, which are introduced in the four-di-
mensional space of real variables, have been suggested. Three-
dimensional problems of the theory of elasticity are considered
as some partial class of the problems of the four-dimensional
theory of elasticity. The equilibrium equations in terms of dis-
placements for a four-dimensional elastic medium in the ab-
sence of bulk forces are represented by the equations

00 . Oou, . —
(h+u) o FuAg=0; 0=—", i=14,

1
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where i =u;€;, is the displacement vector, /, p are the Lame
62 ) L —

parameters, A, E? is the Laplace operator (1 = 1,4). There
X

is considered a class of solutions of such equations which are
determined by the equality

0=4 _, (i:1,4).
ox,

For the class of solutions determined in this way, the con-
stitutive equation of equilibrium is broken down into three
equations of equilibrium of the three-dimensional theory of
elasticity and the Laplace equation for the function u,(x,, x,,
x3;). The integral functions of displacements and the complex

variables are introduced
Wi=u +iuy, Wy=us+iuy
=X+ iXy, 2 =X3+ X4

As a result, the constitutive equations of equilibrium take
the following form

2 2
(X+u)a—9+2u 9 I/Iﬁ +2p%:0;
0z; 07,0z 02,02
ezam +6W,-’ (i=1,7);
0 0%
oW, oW,
+ =0.
0z, 0z,

The solution of the constructed equations can be obtained
in terms of two arbitrary holomorphic functions ®(z;, z,),
Y(z,, 2p) in the form of formal series

W= 5 O gt 2 00 (00%)

In!
m,n=0 m.n. 612 812

sy s 5T

A T 0'd(2,2,)
4(1-v) otk |

+

where [=2m +n, k=2 -1, i:ﬁ. Here J is the operator in-

verse to the operator % To determine the holomorphic
1

functions ®(z;, z,) and Y(z;, z,), like in the case of a plane

problem of the theory of elasticity, we can use either their inte-

gral representations in terms of their boundary values or their

series expansion in terms of a complete system of holomorphic

functions in a two-dimensional complex domain.

In the papers [10, 11], by means of the method of complex
potentials the spatial contact problems of thermoelastic behav-
ior of bimaterial bodies with heat-permeable interphase fric-
tions under thermal and force loads are solved, as well as the
problems of interaction of bodies with surface inhomogenei-
ties.

A mathematical body of the theory of functions of a com-
plex variable is widely used for constructing solutions of
boundary value problems of theory of plastic deformation
[12], fracture mechanics for piezoelectric solids [13, 14], pi-
ezoceramic solids [15], and bimaterials [16] with interfacial
cracks under the action of mechanical loads, electromagnetic
and thermal fields [17, 18].

In this paper, the boundary value problem of a two-di-
mensional theory of elasticity in terms of the holomorphic

functions Gy(z;, 2»), G(Zl,zz) has been considered, provided
that the stress tensor does not depend on one of the spatial

variables for a finite cylindrical elastic drill geometrically de-
scribed by a standard surface.

Basic relations and statement of the boundary value prob-
lems in terms of holomorphic functions of two complex vari-
ables. We consider a finite elastic cylindrical solid of the height
2h, which occupies the domain X of Euclidean space delimited
by the surface 60X, the cross section of which is described by the
canonical curve f(x;, x,) = 0 referred to the Cartesian coordi-
nate system, the origin of which is in the geometrical center of
the solid (Fig. 1). The solid is under the action of a stationary
force load applied to the lateral surface 0X = 0X; U 60X 3 U 0X,.

The solution construction of a linear problem of elasticity
in a static formulation reduces to finding a solution of the
equations of equilibrium

HA;+(x+u)€®(§-&)=o. (1)

The stress tensor 6 is represented in terms of the vector of
displacement 4 by the relationship

&:x(5~;)i+p(€®&+;®€)=o, )
and on the lateral surface 0X it satisfies the boundary condition

(7-6),, =8, sﬁ-[x(ﬁ;)iw(%@;d@%ﬂw =5, ()
where 1 isa unit tensor; 0X,; are the upper and lower surfaces

of the cylindrical solid, for which the normal vector 7,; = *é;;
0X; is the lateral surface of the cylindrical solid for which the

normal vector 7, =n¢€;, and

i

<8 e

where i =u; (x, X5, X, )E,- is the vector of displacement (i =1,3);
{x;} are Cartesian coordinates of the arbitrarily chosen mate-
rial point X € X; €; are the base unit vectors of the chosen

Cartesian system (0, x;, x,, X3); V=— is the Hamil-

= él —
oF 0x;
N . 62
tonian (i = 1,3); A=V.V ) is the Laplacian;
~ J X/
r (xl,xz,x3 ) =x,€; is the radius vector of the arbitrarily chosen
point of the solid; ® is the operation of dyadic product; A, p
are the Lame elastic constants; G, (x, ,xz,x3) is the stress vec-
tor; G (xl,xz,x3) is the given vector of superficial applied
forces that satisfies the integral conditions of self-equilibrium
of external loading on the lateral surface of the solid 0X
[s1dz=0; [(8;xF)dz=0.
ax

ox

X3

n; 0X, [fxpxy)=0
I e 0%,
1
3
—_—
(0)
X2
|
| H
|
10X, n%

Fig. 1. Elastic solid cylindrical body
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In [19, 20] on the basis of representation of the displace-
ment vector in the Papkovich-Neuber form

ﬁz$((p0+}7-(p)f4(lfv)q3

in terms of the scalar @, = @y(x;, Xx,, Xx3;) and vectorial

cb:(f)(xl,xz,)%) harmonic functions, the basic boundary val-
ue problem of theory of elasticity (1—3) is reduced to finding

the holomorphic functions Gy(z;, 2»), E(ZI,ZZ) satisfying the
equation

AGy(z1, 22); AG(ZI,Zz) =0, (4)

the boundary conditions

T (zl,zz,z3)s(ﬁ-f") =

n

as well as the corresponding integral conditions of the static
equilibrium of an elastic body

[ (FxT;)dz=o,
oX

where
(as) =(996(5,5)) 70005) -
~(3-4v)G (2,2 +V Gy (21,2,
is a complex vector of displacements;
f(zl,zz,z3):2p[§®56 (z,,z2
+HVOV®G(2,2,)) (22,2 ) -
(1 2v)(V®G(zl,z2)+G(zl,z2 ®V) (

v(V-G(2,2))1 }
is a complex stress tensor;

T+ _ = et
T'=¢g, (xl,xz,x3)+lcn (xl,xz,x3)

n
is a complex vector of superficial applied forces;
1+i
r (11512yZ3 ) :T[(zl —I% —13)61 +

+(Zz —iz; -7 )éz +(13 —izy _12)53];

k% 2
A=V .V =2

is the Laplacian.
2102,

Note that the representation of the fundamental solution
of the basic boundary value problem in terms of the displace-
ment vector and in the form of Papkovich-Neuber ensures the
satisfaction of the integral condition of the equality of the
main vector of external loading to zero.

General scheme of construction of solutions by means of the
method of expansion in terms of the base states. Basic represen-
tations for the formulation of the basic boundary value prob-
lems of spatial theory of elasticity are the representations of

holomorphic functions Gy(z;, z,), @(z.,zz) in the form of
polynomials of the n degree in terms of powers of the com-
plex variables z; and z,

(zl,zz) ZM (szz); (Zlazz) i

k=0

where

e ki
cl /)/)Zlk i

M»

M(k)(zl,zz) .

J

D((k J)j)zk igd

M»

M(k)(z.,zz) d, )

0

J

are homogeneous polynomials of the k& degree of the complex
variables z; and z,;

(=D)) = i .
C = a(kij)j + lb(k—j)j’
D\=hi = plk=itidg —(c((k D) 4 jd (k= m))

k- k-
c,(rf /)/), d'(rf j)])’

Ay by

are real numbers; m =1,3 jk=0,m ne N.
Within the representation (5), the homogeneous polyno-

mials M(gk),M () of the k™ degree satisfy Eq. (4), i.e.

m)
07,02, -

oM™
07,02, -

In the general case, for construction of a complex stress ten-

sor 7 of the n” order within the framework of the adopted
approach, the basis is a scalar holomorphic function Gy(z;, z,)

in the form of a homogeneous polynomial M, (()") (Zl ) Zz) ofthe n
+ 2 degree and a holomorphic vector function G (zl,zz) in the

form of a vector homogeneous polynomial M () (zl,zz) of the
n + 1" degree, respectively. Thus, we denote

G(()n+2) = M(()n+2) _ C((mz)o)zlmz +C(0("+2))z§”2;
é(nﬂ) - M(m) _ D((ml)o)zl,,” + D(O(nﬂ))z;”]. (6)
Then the complex stress tensor of the #n” order is presented
in the way
70 =20 VOVMPD +(VOVE®M"D).F -
L _ - (7)
~(1-2v)(V@ MU+ MV @V)-2v(V- M) |

For each basic stressed state 7% of the k" order, the ex-

pression of the stress vector f,fk) will be initial for the forma-
tion of the corresponding structure of boundary conditions on
the lateral surface of the body 0X with the normal

n——n[(xl,xz,xS)ei
k) —(» k _ (k+2)
7()——(}1~)()) = { [ M +

+(?®6®M<k+l>) +(2v-1)x
(k+1))}

Moreover, on the lateral surface of the body 0X, the vector

(9@ 0D 4 WD @) 27

of the complex external load T,,(k)(+) is to be equal to the stress

vector Tn(k), i.e. 7—",,(k)(+) = 7—",1(/().

This method of finding solutions of basic boundary value
problems of the theory of elasticity will be applied to a cylin-
drical elastic body in the case when the complex stress tensor
does not depend on the spatial coordinate x;.

The specified condition, which is given by the relation

M(wwa) (Lo a); _
%=(1%+az3jT(zl’zz’Z3)_O, (8)
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imposes relations between the coefficients of scalar Gy(z;, z,)

and vectorial G(zl,zz) holomorphic functions.
Let us apply the condition to the basic solutions of the k”

order of the complex stress tensor 7*, whose structure is de-

termined by the holomorphic functions Gy(z,, z»), G(zl,zz) in
the form of homogeneous polynomials (6).

As an example, consider the solution of the boundary val-
ue problem of theory of elasticity, which is characterized by
the complex second-order tensor.

Taking into account the relation (7) and the condition (8),

we obtain the recurrence formula for the basic solution T of
the k™ order

T® =2zt [k(])zl + KV (Zz _izs)]’
where K (1), 'S are the constant tensor coefficients, which

are expressed in terms of coefficients of the holomorphic func-

tions G[g )(zl’ ) G(kJrl)(Z1
Let us represent a structure of the stress vectors on the lat-
eral surface of the body 6X with the normal 7 =n (xl,xz,x3 )Er

For each basic solution 7 of the k™ order, the stress vector
is represented as follows

T =(i- T} - ZH(ﬁ L&Y+ &9, _iz3)):|)|a)( -
=Th¢g

i (m=13), (k=Ln)

For the given cylindrical solid, the stress vectors to the sur-
faces 0X, and X5 have the following forms:

- on the surface 0X,, where 7, = n,€ (z =1 2)

]—’n(zk) = (712 .f(k))|ax = 2H(ﬁ2 'I:Zl(kil) (k(l)zl + 1%(3) (12 —izs )))

El

ox,

- on the surface 0X,;, where 7i,; =%é; we have

(i ), =2n{sy [ (£05 R i)

= QHE[ZI(H) (1(3311 +1(3(fn) (Zz iz ))]ém, (m :ﬁ)

In this connection, the boundary conditions for the base

stressed state 7) of the k" order on the lateral surfaces of the
body 0X,, 0X,; are the conditions of balancing of the stress vec-

0X.

tors 7:”(21()’ fn(f) by the given external load vectors 7:,,(2]()(+), 7:,,(;:)“)
FO 70, F00) Z 70,

Let us analyze the basic solutions of complex-conjugate prob-
lems. As an example, consider a second-order basic solution T @

T =ReT® +iImT? —(ReT‘ ' +ilmT ’)e ®¢,.

Accordingly, the components of the stress tensor for the real
part of the solution of the problem in the basis of the Cartesian

coordinate system {ém} are given in terms of the real and imag-
inary parts of the coefficients of the holomorphic functions

Ay by EDD dEDD m=1,3, j,k=0,4. For exam-
2) . .
ple, the component of the stress tensor Tl(l is written as follows:
- for the real part of the solution Re7}{?

ReTi) =6u{[ 4a® +2vel* —d + 40 |2 +
[ 4a® +(1-2v) ¢} -3¢ - d3° +6vaf°3}c2 + 09
+[—4b“°—c1 +c +(1—4v)d13°—7d§3}x1x2};

- for the imaginary part of the solution Im7;?
Im T, = 6u[ 45% + 4 + 2vd® +4d3 |7 +
+[—4b4°+cz30—6vc§]3+(1—2v)d13°—3d230Jx22+ (10)
+[Sa4° —(l—4v)cl3° +d3° —a’fOJxlxz}.

Application of the method of holomorphic functions for con-
structing a solution for an elastic cylindrical drill. As an exam-
ple, we consider the boundary value problem of theory of elas-
ticity, which describes the distribution of stresses and corre-
sponding external loads on the lateral surface of a cylindrical
body (drill) of an elliptical cross-section, geometrically delim-
ited by the surfaces

x2 x3

0X,: X)X, )=+ 2 2 _1=0;
f( 1 2) d b2
aXi3:X3:ih.

For the given body, the normal vectors are of the following
forms:

- on the surface 0X 1, = n,€;, where

4 .2 4,2
a* x b* x
ny = 1+—=2; n,=1/ [l+—=L;
b* x? a*x
1 2

- on the surface 6X,; 7i,; = *€;.
Since the coefficients of holomorphic functions (11) are
degrees of freedom, in the relations (9, 10) for the solution

T® of the second order we assume as, by, dos, bys, ¢°,d?,
¢, d% =0and ¢®,d #0 (i =0,3).

I bt

Then the components of the stress tensor are represented

as follows. For the real part of the solution ReT}/ (i, j :E)
ReT? =ReTY =ReT,¥ =0,
ReT =—2uvex?;  ReTd =—12ud'x x,;
ReTyy) =12u(1-2v)d%x,x,.

Accordingly, the stress vector on the surface of the body for
the real part takes the form

( ReT<2>) (ReT% +ReT<2>e)

2uvc1°3x,2/ 12 —12
X3
42 b4 X2
+12ud3| —x,x /1+a—x—2+ 1-2v)x,x,/  [1+—"L |e. ;
u3[ 12/ b4x12 ( )12 a4x22 3w

(Re7?)

oX,,=th

~(Re7,2%, +ReT 2, )
ox,, ) &

2

=+12pvd;’ (_xlxzél +(1—2v)x1x252)|9x —th

For the imaginary part of the solution Im T(z), we obtain
the following components of the stress tensor

M7 =Im7 =Im T, = 0;
Im7} =2uc (x22 —3x1x2);
Im 7P = 6p(1-2v)d3°(x}? - x2);

ImT =120d5° (vx? +(1-2v)x3).

Then the stress vector for the imaginary part ImT 2 of
the solution takes the form
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~(Im7%8, + 1mT<2>é3)

( Im 712)) N

—{(2;40{) x?- 3»x1x2 /1++
b* x|
v x%)/ 1+a4x‘2je3]
: ox

= (lnnT(Z)él + lmT(z)éz)
) 3

+2(vx12 +(1

O =th

(Im7?)

ox.,

7+6ud30((1 2V)<xl —xz)el+2(vx1 (l 2v)x2)e2))

oX,,=+h

In Fig. 2, there are schematically depicted vectors of exter-
nal load that correspond to the real part of the basic solution

ReT? (i, Jj= 1,3). The vectors of external load can be speci-
fied by the integral characteristics (force and momentum) that
implement this solution.

In particular, on the surface 0X,, the component of the

stress vector Re T,f:)éz describes the normal component of ex-
ternal load, and the component of the stress vector ReTﬂ(j)E3
describes the tangential one, respectively. On the surface 0X.;,

thecomponentsofthestressvector Re T ,22) =ReT (z)e +ReT! (z)e
are described only by momentum integral characterlstlcs of
external load.

Conclusions. The results obtained in this paper have shown
that using the method of constructing the basic solutions of
spatial problems of theory of elasticity on the basis of represen-
tation of holomorphic functions in the terms of polynomials of
the n-th degree with respect to the complex variables z; and z,,
it is possible to form a structure and a set of exact analytic solu-
tions and corresponding external loads, which are distributed
on the lateral surface of a cylindrical drilling bit. The coeffi-

cients a((i_j l ), 5((i_j V) i,j=0,n) of the aforesaid holomor-
phic functions are the degrees of frteedom that make it possible
to concretize the integral characteristics (force and momen-
tum) of the external load. Such an approach allows us to obtain
a superposition of exact analytic solutions for an elastic deform-
able body. In this paper, an example of using the developed
methods for constructing solutions of boundary value problems
of spatial theory of elasticity has been considered for finding an
exact solution of a two-dimensional boundary value problem.
This boundary value problem simulates the distribution of
stresses and of corresponding external loads on the lateral sur-
face of a cylindrical solid (drill) of canonical cross-section. As
follows from the results of the study on the mathematical model
considered in this paper, the suggested approach allows us to
construct and analyze the structure of the external load, which,

R 2

nes

/ ReP,(?
/ ReP(2)
P

Fig. 2. Vectors of external load for the real part of the solution
ReT,? (i, j= 1,3)

in turn, can be used to synthesize the parameters of the boring
equipment which provide efficient modes of its operation.
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MeToau ABOBUMIPHOI TeOpii MPYKHOCTI
JUIS1 ONMCY HANPYXKEHOTO CTAHY TA PeXuMiB
po0OTH MpPYKHOro Oypa

B. B. Ilabupiscekuii, 1. B. Ky3vo, H. B. [labupiecoka,
11 4. Ilykau

HepxaBHUil BUILMI HaBYaJbHUU 3akian HaiioHanbHUIA
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e-mail: pabvic67@gmail.com

MeTta. 3HaXOIKEHHS HAIIPY>KEHOT'O CTAHY Ta OINC PEXU-
MiB POOOTH BaXJIMBOTO €JIEMEHTA TiPHUYOTO MTPOMUCIOBOIO
o0aHaHHS — MPY>KHOTO Bajia HA OCHOBI METOAMKHU TTOOY10-
BU 0a30BUX PO3B’S3KiB KpailOBUX 3a/ay CTaTUYHOI TPUBU-
MIipHOI Teopii MPYXKHOCTi 3 BUKOPUCTAHHSIM TOJJOMOP(HHUX
(GYHKIIII 1BOX KOMILIEKCHUX 3MiHHUX.

Metoauka. MeToauka T0OyIOBU 0a30BUX PO3B’sI3KiB
TMIPOCTOPOBUX 3a/1a4 TeOPil MPYXKHOCTI IPYHTYETHCS HA OCHOBI
npeacTaBiIeHHsT (DyHAAMEHTAIbHOTO PO3B’SI3KY PiBHSIHb JIsime
y (opwmi INankoBuua-Heitbepa yepe3 ckansipHy i BEKTOPHY
rapMOHiYHi (yHKIIi Ta (OpMyTIOBaHHS BiAMOBITHUX KOMII-
JIEKCHO CITPSKEHUX KPAaOBHX 3a/1a4 Y TOJIOMOP(MHUX (DYHKITi-
SIX KOMITJIEKCHUX 3MiHHMX. Ha OCHOBi MmomaHHs BUllle3raaa-
HUX rojioMopGHUX (DYHKIIN Yy BUIJISIII MHOTOUJIEHIB IMOPSIIKY
3a CTeNEeHSIMU KOMITJIEKCHUX 3MiHHUX C(pOpMYJIbOBaHi Bilmo-
BiIHI KpaiioBi yMOBU TSI 6a30BUX PO3B’SI3KiB i KOHKPETHU30-
BaHi I0AaTKOBO iHTeTrpaibHi yMOBU PiBHOCTI HYJIEBi TOJIOBHO-
TO MOMEHTY BeKTOpa HaIpy>keHb Ha OiUHili MOBEPXHi Tijia.

Pesyabratn. Y pobGotTi chopMyaboBaHi KOMIUIEKCHO
CIIpSDKeHI KpaioBi 3a1a4di MPOCTOPOBOI TEOpii MPYKHOCTI B
rojjoMopbHUX (PYHKIIISIX IBOX KOMIUIEKCHUX 3MiHHUX. Po3-
IJISTHYTa TTOCTaHOBKA 3a/1a4i Y BUTIAAKY, KOJIU TEH30p HaIlpy-
JKE€Hb HE 3aJIeXKUTh Bill OHIET i3 TPOCTOPOBUX KOOPAUHAT TSI
TiJI, OOMEXEeHUX KaHOHIYHMMU KpuBuMu. s 3amaHoro
CKiHUEHHOTO MPYXHOro LWJIIHIPUYHOrO Tijia (0ypa) KaHO-
HIYHOTO MOMEePEeYHOro MEPETUHY MOOYyI0BaHa CTPYKTypa Oa-
30BUX KOMILJIEKCHUX PO3B’A3KiB MOPSAKY # i BiAMOBITHUX
BEKTOPiB 30BHIllIHIX HABAHTAXEHb.

HaykoBa HoBu3Ha. Y poOOTi BIieplie 3amporoHOBaHa
cxeMa Ta MeToAauKa MoOyIOBH pO3B’A3KiB 0a30BUX KPailoBUX
3a7a4 IMPOCTOPOBOI TeOPii MPYKHOCTI Ta C(hopMYTbOBaHI Bisl-
MOBiIHI KpaiioBi yMOBH, ITOOYI0OBaHi [ilicHA Ta ysBHA CKJIa-
TTOBi pO3B’s13KiB 6a30BUX KpailoBUX 3a1a4 U1 UJTiHAPUYHO-
ro Oypa Ta IpoBeIEeHO aHaJli3 IIUX PO3B’SI3KiB.

IMpakTyna 3uayumicTs. Po3misiHyTO mpuKian BUKOpUC-
TaHHS pO3pOOJIEHUX METOIIB MTOOYIOBU PO3B’I3KiB KPaliOBUX
3a/1a4 MPOCTOPOBOI TEOPii MPYKHOCTI ISl 3HAXOMKEHHS TOU-
HOTO aHAJITUYHOTO PO3B’SI3KY JBOBMMIipHOI KpailoBoOi 3a1ayi,
1110 OTMCYE PO3MOIiA HAIpyKeHb i BIAMOBIAHUX 30BHIILIHIX
HaBaHTaXKeHb Ha OiYHiil MOBEPXHi LIMJIIHAPUYHOIO Oypa Ka-
HOHIYHOTO TIOINEepPeYHOro mepeTuHy. Taki MareMaTU4yHi MO-
JIeJIi Ta aHaJli3 CTPYKTYPU 30BHILIHHOTO HAaBaHTaXKEHHS MO-
XKyTh OYyTH €(PEeKTUBHO BUKOPUCTAHI JJIsI OMUCY Oe3MeuHux
PeXUMIB pOOOTH TipHUYOTO OYPOBOTO OOIaIHAHHSI.

KunrouoBi cioBa: meopis npyscHocmi, men3op Hanpyicerv,
B8eKMOp nepemiujeHb, 6eKmop 308HIUHIX HABAHMAIICEHD, 2040~
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MeToapbl AByMEpHOii TEOPHH YIPYTOCTH
JJISE OMMCAHUST HATIPSIKEHHOTO COCTOSTHHUS
H PEXNMOB padoThI ynpyroro 0ypa

B. B. Ilabwipusckuii, U. B. Ky3vo, H. B. I[labbipusckas,
11 4. Ilykau

TocynapctBeHHOE BhICIIee yuyeOHOe 3aBeneHre HalroHanb-
HbIil yHMBepcuTeT «JIbBOBCKasl IMOJUTEXHUKa», T. JIbBOB,
Vkpauna e-mail: pabvic67@gmail.com

Hens. Haxoxnenne HaMpsKEHHOTO COCTOSTHUS M OTTHCA-
HME PEXMMOB pabOThI BAXKHOTO 3JIEMEHTA TOPHOTO MTPOMBILII-
JIEHHOTO 000PYIOBaHUS — YIIPYTOTO Bajla HA OCHOBE METOIM -
KU TIOCTPOEHUsT 0A30BbIX PEIIEHUI KpaeBbIX 3aa4 cTaThye-
CKOI TpeXMEPHOI TeOpUHU YIIPYTOCTH C UCIIOJIb30BAaHUEM TO-
JIOMOPGHBIX PYHKIMI ABYX KOMITJIEKCHBIX TEPEMEHHBIX.

Metonuka. MeTonuka MocTpoeHusi 0a30BbIX pELICHU
MPOCTPAHCTBEHHBIX 3a1a4 TEOPUHU YIIPYTOCTU OCHOBBIBAETCS
Ha OCHOBE IMpencTaBieHUus (QYHIAMEHTATbHOTO DPELIeHUS
ypaBHeHuit JIsime B popme IlankoBuua-Heiibepa uepes cka-
JIIPHYIO ¥ BEKTOPHYIO rapMOHUYeckue GyHKIuU 1 Gopmy-
JINPOBaHUE COOTBETCTBYIOLIUX KOMILJIEKCHO COMPSIKEHHBIX
KpaeBbIX 3a/a4 B TOJOMOPOHBIX DYHKIMSIX KOMIUIEKCHBIX
repeMeHHbIX. Ha OcCHOBe MmpencTaBieHNsI BBIICYTTOMSTHYTBIX
roJIOMOP(MHBIX (PYHKIMI B BUIE MHOTOWIEHOB TOPSIAKA IO
CTETICHSIM KOMITJIEKCHBIX TIepEMEHHBIX C(HOPMYTMPOBAHbI
COOTBETCTBYIOLIVE TPAHUYHBIE YCIOBUS 11 6A30BbIX pelie-
HWI M KOHKPETU3UPOBAHBI TOTIOJHUTEIEHO WHTETPATbHBIE
YCJIOBUSI PABEHCTBA HYJIO IJITAaBHOTO MOMEHTa BeKTOpa Ha-
MpsKeHU Ha 60KOBOI MOBEPXHOCTHU TeJa.

Pesyabratel. B pabote chopMyaupoBaHbl KOMIUIEKCHO
COTPSIKEHHbIE KpaeBble 3a/la4i MPOCTPAHCTBEHHON Teopuu
YIPYTOCTU B TOJOMOPGHBIX MYHKIMIX IBYX KOMILIEKCHBIX
repeMeHHBIX. PaccMoTpeHa mocTaHOBKa 3amadyM B cilydae,
KOTZIa TeH30p HAMNpPSIKEHWI He 3aBUCUT OT ONHOW U3 IMpO-
CTPAHCTBEHHBIX KOOPAWHAT JIST TeJI, OTPAHUYEHHBIX KaHO-
HUYECKUMU KPUBBIMU. J1J151 3a1aHHOTO KOHEYHOTO YIPYroro
UWIMHAPUIecKoro Tena (0ypa) KaHOHUIECKOTO TTOTIepeTHO-
ro TepeceyeHus] OCTpOeHa CTPYKTypa 0a30BbIX KOMIJIEKC-
HBIX pEIIeHWIl TopsiIKa # M COOTBETCTBYIOIINX BEKTOPOB
BHELIHUX HAarpy3oK.

Hayunas HoBu3Ha. B paGote BriepBble MpeaoxeHa cxeMa
Y METOJIMKAa MOCTPOEHMUSI PelIeHU 6a30BbIX KPaeBbIX 3a/1a4
MPOCTPAHCTBEHHOM TEOPUM YIPYTOCTU U cHOPMYTMPOBAHBI
COOTBETCTBYIOLIME KPaeBble YCIOBUSI, TOCTPOEHBI AECTBU-
TeJIbHAsl U MHUMasl COCTaBJISIIONINE PEeIlleHit 6a30BBIX Kpae-
BBIX 3a7a4 Ul UMJIMHAPUYECKOro Oypa U MpOBeIeH aHalln3
3TUX PEIICHUMA.

IIpakTuyeckas 3Hauumoctb. PaccMoTpeH mnpumep uc-
TIOJIb30BaHUST Pa3pabOTaAHHBIX METONOB TIOCTPOEHUS pele-
HMI KpaeBbIX 3aa4y MPOCTPAHCTBEHHON TEOPUM YNPYTOCTU
IUTST HAXOXIEHUST TOYHOTO aHAJUTUYECKOTO PEIIeHUs IBY-
MEpHOI KpaeBOM 3amayM, OINMMCHIBAIOLIEH pacrpeneieHue
HaIpSCKEHU W COOTBETCTBYIOIIMX BHEIIHWUX HArpy30K Ha
0OKOBOI MOBEPXHOCTU LIMJIMHAPUYECKOTO TeJia (0ypa) KaHO-
HUYECKOTO TOMEePEeyHOro ceueHus. Takue MareMaTuiecKue
MOJIEJIM ¥ aHAJTU3 CTPYKTYPHI BHEIITHEW HATPY3KH MOTYT OBITh
3 deKTUBHO MCITONIB30BAHBI [JIsI OTTMCAHUST O€30TIaCHBIX pe-
>KMMOB pabOThl FOPHOTO OYPUIBHOTO 000PYIOBAHUSI.

KimoueBbie ciioBa: meopus ynpyeocmu, meH3op Hanpsice-
HUll, 6eKMOp nepemeueruil, eKmop GHeUHUX Haepy30kK, 2010~
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