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ÌÎÄÅËÞÂÀÍÍß ÂÈÏÀÄÊÎÂÈÕ ÏÐÎÖÅÑIÂ ÊÎÊÑÀ,
ÊÅÐÎÂÀÍÈÕ ÁÐÎÓÍIÂÑÜÊÈÌ ÐÓÕÎÌ

In this article simulation of random Cox processes are considered. We study the case when the
Cox processes random intensity generated by a Brownian motion random process. Models of such
processes with accuracy and reliability given beforehand are constructed.

Â äàíié ðîáîòi ðîçãëÿäà¹òüñÿ ìîäåëþâàííÿ âèïàäêîâèõ ïðîöåñiâ Êîêñà, iíòåíñèâíiñòü ÿêèõ
ïîðîäæó¹òüñÿ çà äîïîìîãîþ ïðîöåñó áðîóíiâñüêîãî ðóõó. Ìîäåëi ïðîöåñiâ áóäóþòüñÿ ç íàïåðåä
çàäàíèìè òî÷íiñòþ òà íàäiéíiñòþ.

1. Âñòóï. Â äàíié ðîáîòi ðîçãëÿäàþòüñÿ âèïàäêîâi ïðîöåñè Êîêñà, òîá-
òî ïîäâiéíî ñòîõàñòè÷íi âèïàäêîâi ïðîöåñè Ïóàññîíà, âèïàäêîâà iíòåíñèâíiñòü
ÿêèõ, â ñâîþ ÷åðãó, ïîðîäæó¹òüñÿ âèïàäêîâèì ïðîöåñîì exp {Y (t)} , äå Y (t) ¹
ïðîöåñîì áðîóíiâñüêîãî ðóõó. Â ðîáîòi áóäóþòüñÿ ìîäåëi ïðîöåñiâ äàíîãî êëàñó
ç çàäàíèìè íàïåðåä òî÷íiñòþ òà íàäiéíiñòþ.

Ïîçíà÷èìî {Ω,F,P} � ñòàíäàðòíèé éìîâiðíiñíèé ïðîñòið, B σ-àëãåáðó áî-
ðåëiâñüêèõ ïiäìíîæèí ìíîæèíè T, T ⊂ R.

Îçíà÷åííÿ 1. Íåõàé {Z (ω, t) , t ∈ T}� íåâiä'¹ìíèé âèïàäêîâèé ïðîöåñ. ßê-
ùî óìîâíèé ðîçïîäië {ν (B) , B ∈ B} ïðè áóäü-ÿêié ðåàëiçàöi¨ Z (ω, t) ¹ ïóàññî-
íiâñüêèì ïðîöåñîì ç ôóíêöi¹þ iíòåíñèâíîñòi µ (B) =

∫
B

Z (ω0, t) dt, òî ν (B)
íàçèâà¹òüñÿ âèïàäêîâèì ïðîöåñîì Êîêñà, êåðîâàíèì ïðîöåñîì Z (t).

ßêùî Z (t) = exp {Y (t)} , äå Y (t) � ïðîöåñ áðîóíiâñüêîãî ðóõó, òî ν (B)
íàçèâàòèìåìî âèïàäêîâèì ïðîöåñîì Êîêñà, êåðîâàíèì ïðîöåñîì áðîóíiâñüêîãî
ðóõó Y (t) .

Îñêiëüêè {ν (B) , B ∈ B} öå ïîäâiéíî ñòîõàñòè÷íèé ïðîöåñ, òî éîãî ìîäåëü
áóäó¹òüñÿ â äâà åòàïè. Ñïî÷àòêó íåîáõiäíî çìîäåëþâàòè ïðîöåñ áðîóíiâñüêî-
ãî ðóõó {Y (t) , t ∈ T} . Ïîòiì, ðîçãëÿíóâøè äåÿêå ðîçáèòòÿ DT îáëàñòi T, íà
êîæíîìó åëåìåíòi ðîçáèòòÿ ïîáóäóâàòè ìîäåëü ïóàññîíiâñüêî¨ âèïàäêîâî¨ âåëè-
÷èíè ç âiäïîâiäíèì ñåðåäíiì.

Íåõàé îáëàñòü ìîäåëþâàííÿ T ìà¹ âèãëÿä T = [0, T ], T ∈ R+. Âèáåðåìî
äåÿêå ðîçáèòòÿ DT öi¹¨ îáëàñòi. Åëåìåíòè ðîçáèòòÿ ïîçíà÷èìî Bi : Bi∩Bj = ∅,

êîëè i 6= j, i, j = 1, k,
k⋃

i=1

Bi = T.

×åðåç Ỹ (t) ïîçíà÷èìî ìîäåëü ïðîöåñó Y (t), ν̃ (Bi) � ìîäåëü ν (Bi), òîáòî ìî-
äåëü ïóàññîíiâñüêî¨ âèïàäêîâî¨ âåëè÷èíè ç ñåðåäíiì µ̃ (Bi) =

∫
Bi

exp
{

Ỹ (t)
}

dt.

ν̃ (Bi) � öå ÷èñëî òî÷îê ìîäåëi, ùî íàëåæàòü îáëàñòi Bi, àëå ìè íå çíà¹ìî
¨õíüîãî ñïðàâæíüîãî ðîçòàøóâàííÿ, òîìó ðîçìiùó¹ìî ¨õ â Bi äîâiëüíî. ßêùî æ
ν̃ (Bi) = 1, òî òî÷êó ðîçìiùó¹ìî â öåíòði îáëàñòi.

Äëÿ òîãî, ùîá ìîäåëü ÿêîìîãà ìåíøå âiäðiçíÿëàñÿ âiä ñïðàâæíüîãî ïðî-
öåñó íåîáõiäíî, ùîá óìîâíi éìîâiðíîñòi pkY (Bi) = P {ν (Bi) = k / Y (t) , t ∈ T}
òà p̃kY (Bi) = P

{
ν̃ (Bi) = k / Ỹ (t) , t ∈ T

}
áóëè ÿêîìîãà áëèçüêi, à òàêîæ éìî-

âiðíiñòü òîãî, ùî ÷èñëî òî÷îê ν (Bi) (âiäïîâiäíî i ν̃ (Bi)) áóäå áiëüøå îäèíèöi,
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òàêîæ ìàëà. Òàêèì ÷èíîì, çàäà÷à ìîäåëþâàííÿ ïðîöåñó Êîêñà, êåðîâàíîãî áðî-
óíiâñüêèì ðóõîì ðîçáèâà¹òüñÿ íà äâi çàäà÷i, à ñàìå âèáîðó ðîçáèòòÿ îáëàñòi T
òà ïîáóäîâè ìîäåëi ïðîöåñó áðîóíiâñüêîãî ðóõó Y (t) .

2. Ïîáóäîâà ìîäåëi ïðîöåñó áðîóíiâñüêîãî ðóõó Y (t) . Ïðîöåñ áðî-
óíiâñüêîãî ðóõó Y (t) ðîçãëÿäàòèìåìî íà ïðîìiæêó T = [0, T ] , T ∈ R+. Íå
çìåíøóþ÷è çàãàëüíîñòi ââàæàòèìåìî, ùî Y (0) = 0, EY (t) = 0. Âiäîìî, ùî
DY (t) = t, B(t, s) = EY (t)Y (s) = min(t, s) [1].

Çíàéäåìî âëàñíi ÷èñëà i âëàñíi ôóíêöi¨ êîðåëÿöiéíî¨ ôóíêöi¨ ïðîöåñó áðîó-
íiâñüêîãî ðóõó. Äëÿ öüîãî ðîçãëÿíåìî iíòåãðàëüíå ðiâíÿííÿ

λnϕn(t) =

T∫

0

min(t, s)ϕn(s)ds =

t∫

0

sϕn(s)ds +

T∫

t

tϕn(s)ds.

Î÷åâèäíî, ùî ϕn(0) = 0. Ïðîäèôåðåíöiþâàâøè ïî t, îòðèìà¹ìî:

λnϕ
′
n(t) =

T∫

t

ϕn(s)ds.

Ïðîäèôåðåíöiþâàâøè âäðóãå, ìàòèìåìî ðiâíÿííÿ

λnϕ
′′
n(t) = −ϕn(t).

Îðòîíîðìîâàíi ðîçâ'ÿçêè îñòàííüîãî ðiâíÿííÿ, ùî çàäîâîëüíÿþòü êðàéîâèì
óìîâàì ϕn(0) = 0 òà ϕ

′
n(T ) = 0, ìàþòü âèãëÿä:

ϕn(t) =

√
2

T
sin

(
π
2

+ πn
)
t

T
,

äå

λn =

(
T

π
2

+ πn

)2

�âiäïîâiäíi ¨ì âëàñíi çíà÷åííÿ, n = 0, 1, 2, . . . .
Òàêèì ÷èíîì, âèêîðèñòîâóþ÷è òåîðåìó ïðî ðîçêëàä âèïàäêîâîãî ïðîöåñó â

îðòîãîíàëüíèé ðÿä [1], ìàòèìåìî:

Y (t) =
√

2T
∞∑

n=0

ξn

sin
π
2
+πn

T
π
2

+ πn
, (1)

äå ξn � ïîñëiäîâíiñòü íåçàëåæíèõ ãàóññîâèõ âèïàäêîâèõ âåëè÷èí ç ïàðàìåòðàìè
0 òà 1, ïðè÷îìó ðÿä çáiãà¹òüñÿ ç iìîâiðíiñòþ 1 ïðè ôiêñîâàíîìó t.

Ïðèðîäíî, ùî çà ìîäåëü ïðîöåñó áðîóíiâñüêîãî ðóõó Ỹ (t) ïðèéìàòèìåìî
ñóìó

Ỹ (t) =
√

2T
N∑

n=0

ξn

sin
π
2
+πn

T
π
2

+ πn
, (2)

äå N ∈ N.
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3. Çàäà÷à âèáîðó ðîçáèòòÿ îáëàñòi T. ßê âæå çàçíà÷àëîñü âèùå, äëÿ
òîãî, ùîá ìîäåëü ïðîöåñó Êîêñà, êåðîâàíîãî áðîóíiâñüêèì ðóõîì, áóëà ÿêîìîãà
áëèçüêîþ äî ñïðàâæíüîãî ïðîöåñó, íåîáõiäíî ùîá éìîâiðíiñòü òîãî, ùî â êîæåí
åëåìåíò ðîçáèòòÿ ïîòðàïëÿ¹ áiëüøå îäíi¹¨ òî÷êè áóëà áëèçüêîþ äî íóëÿ. Òîìó
ðîçáèòòÿ DT îáëàñòi T = [0, T ] , T ∈ R+ âèáèðà¹ìî òàê, ùîá âèêîíóâàëàñü
íåðiâíiñòü

P {ν (Bi) > 1} < δ, (3)
äå δ ïåâíå íàïåðåä çàäàíå ÷èñëî (íàïðèêëàä, δ = 0.01).

Òåîðåìà 1. Íåõàé {ν (Bi) , Bi ⊂ B} âèïàäêîâèé ïðîöåñ Êîêñà, êåðîâàíèé
ïðîöåñîì áðîóíiâñüêîãî ðóõó Y (t) , t ∈ T, ðîçáèòòÿ DT = {t0, t1, . . . , tk} òàêå,
ùî Bi = [ti−1, ti], ti+1 − ti = d = T

k
, i = 0, k − 1. Äëÿ òîãî, ùîá âèêîíóâàëîñü

ñïiââiäíîøåííÿ (3) äîñòàòíüî âèáðàòè d = T
k
òàê, ùîá âèêîíóâàëàñü íåðiâ-

íiñòü
d ≤

√
2δ exp {−2T}.

Äîâåäåííÿ. Îñêiëüêè

P {ν (Bi) > 1} = E [1− exp {−µ (Bi)} − µ (Bi) exp {−µ (Bi)}] ,
òà ïðè x > 0 ìà¹ìî 1 − exp {−x} (1 + x) ≤ x2

2
, òî äëÿ âèêîíàííÿ íåðiâíîñòi (3)

äîñèòü ùîá ñïðàâäæóâàëàñü íåðiâíiñòü Eµ2(Bi)
2

< δ.

Eµ2 (Bi) = E




∫

Bi

exp {Y (t)} dt




2

= E

∫

Bi

exp {Y (t)} dt

∫

Bi

exp {Y (s)} ds =

=

∫∫

Bi×Bi

E exp {Y (t) + Y (s)} dtds ≤
∫∫

Bi×Bi

exp

{
E [Y (t) + Y (s)]2

2

}
dtds ≤

≤
∫∫

Bi×Bi

exp

{
EY 2(t)

2
+ E(Y (t)Y (s)) +

EY 2(s)

2

}
dtds ≤

≤
∫∫

Bi×Bi

exp {2 min {t, s}} dtds ≤ d2 exp {2T} .

Òàêèì ÷èíîì, òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç îñòàííiõ äâîõ íåðiâíîñòåé.

4. Íàáëèæåííÿ âèïàäêîâîãî ïðîöåñó Êîêñà, êåðîâàíîãî áðîóíiâ-
ñüêèì ðóõîì ç ïåâíîþ òî÷íiñòþ òà íàäiéíiñòþ. Î÷åâèäíî, ùî ìîäåëü âè-
ïàäêîâîãî ïðîöåñó Êîêñà {ν (Bi) , B ⊂ B}, êåðîâàíîãî áðîóíiâñüêèì ðóõîì Y (t)
ïîòðiáíî áóäóâàòè òàê, ùîá óìîâíi éìîâiðíîñòi pkY (Bi) òà p̃kY (Bi) ç éìîâiðíiñòþ
áëèçüêîþ äî îäèíèöi âiäðiçíÿëèñü ìàëî. Òîìó ïðèðîäíèì ¹ íàñòóïíå îçíà÷åííÿ.

Îçíà÷åííÿ 2. Ñêàæåìî, ùî ìîäåëü âèïàäêîâîãî ïðîöåñó Êîêñà {ν (Bi) , Bi

⊂ B}, êåðîâàíîãî áðîóíiâñüêèì ðóõîì Y (t), íàáëèæà¹ éîãî ç òî÷íiñòþ α, 0 <
α < 1 òà íàäiéíiñòþ 1− γ, 0 < γ < 1, ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü

P

{
max
Bi∈B

| pkY (Bi)− p̃kY (Bi) | > α

}
< γ.
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Ëåìà 1. Ìà¹ ìiñöå íåðiâíiñòü

P

{
max
Bi∈B

|pkY (Bi)− p̃kY (Bi)| > α

}
≤ P

{
max
Bi∈B

|µ (Bi)− µ̃ (Bi)| > α

}
.

Äîâåäåííÿ äèâ. â [2].
Ëåìà 2. ∀p > 1 ñïðàâåäëèâà îöiíêà

P

{
max
Bi∈B

|µ (Bi)−µ̃ (Bi)| > α

}
≤ 2k Jp

N p
p
2 exp

{−p
2

+ p2T
}

αp
,

äå
JN =

2dT
1
2

π
√

N + 1
2

.

Äîâåäåííÿ. Î÷åâèäíi íåðiâíîñòi:

P

{
max
Bi∈B

|µ (Bi)− µ̃ (Bi1,...,in)| > α

}
≤

≤
k∑

i=1

P {|µ (Bi)− µ̃ (Bi)| > α} ≤

≤ k max
Bi∈B

P {|µ (Bi)− µ̃ (Bi)| > α} . (4)

Çà íåðiâíiñòþ ×åáèøåâà ìà¹ìî

P {|µ (Bi)− µ̃ (Bi) | > α} ≤ E |µ (Bi)− µ̃ (Bi)|p
αp

. (5)

Íåõàé 1
p

+ 1
q

= 1, p, q > 0, i çãiäíî íåðiâíîñòi Ãåëüäåðà îòðèìó¹ìî

|µ (Bi)− µ̃ (Bi) | ≤
∫

Bi

∣∣∣ exp {Y (t)} − exp
{

Ỹ (t)
}∣∣∣ dt ≤

≤



∫

Bi

∣∣∣ exp {Y (t)} − exp
{

Ỹ (t)
}∣∣∣

p

dt




1
p



∫

Bi

1qdt




1
q

=

= dn(1− 1
p)




∫

Bi

∣∣∣ exp {Y (t)} − exp
{

Ỹ (t)
}∣∣∣

p

dt




1
p

. (6)

Ïiäñòàâëÿþ÷è (6) â (5), ñïðàâäæó¹òüñÿ íåðiâíiñòü

P {|µ (Bi)− µ̃ (Bi) | > α} ≤

≤
E dp−1

∫
Bi

∣∣∣ exp {Y (t)} − exp
{

Ỹ (t)
}∣∣∣

p

dt

αp
=

=
dp−1

∫
Bi

E
∣∣∣ exp {Y (t)} − exp

{
Ỹ (t)

}∣∣∣
p

dt

αp
. (7)
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Îöiíèìî E
∣∣∣ exp {Y (t)} − exp

{
Ỹ (t)

}∣∣∣
p

. Âèêîðèñòîâóþ÷è ñïî÷àòêó íåðiâíiñòü

|exp {x} − exp {y}| ≤ |x− y| exp {max (x, y)} ,

à ïîòiì íåðiâíiñòü Ãåëüäåðà, îòðèìà¹ìî

E
∣∣∣ exp {Y (t)} − exp

{
Ỹ (t)

}∣∣∣
p

≤ E
∣∣∣Y (t)− Ỹ (t)

∣∣∣
p

exp
{

p max
(
Y (t) , Ỹ (t)

)}
≤

≤
(
E

∣∣∣ Y (t)− Ỹ (t)
∣∣∣
2p

) 1
2 (

E exp
{

2p max
(
Y (t) , Ỹ (t)

)}) 1
2
. (8)

Äëÿ ìîìåíòiâ íîðìàëüíî ðîçïîäiëåíî¨ âèïàäêîâî¨ âåëè÷èíè ξ ç ïàðàìåòðàìè
0, σ2 ìà¹ ìiñöå ðiâíiñòü

E |ξ|p = cp

(
σ2

) p
2 , (9)

äå
cp ≤

√
2p

p
2 exp

{
−p

2

}
. (10)

Iç (9) âèïëèâà¹, ùî

E
∣∣∣Y (t)− Ỹ (t)

∣∣∣
2p

= c2p

(
E

∣∣∣Y (t)− Ỹ (t)
∣∣∣
2
)p

.

Âðàõóâàâøè, ùî â çîáðàæåííÿõ (1) i (2) ïðîöåñó áðîóíiâñüêîãî ðóõó Y (t) òà
éîãî ìîäåëi Ỹ (t) âiäïîâiäíî, Eξkξl = δkl, äå δkl � ñèìâîë Êðîíåêåðà, ìàòèìåìî:

E
∣∣∣Y (t)− Ỹ (t)

∣∣∣
2

= E

∣∣∣∣∣
√

2T
∞∑

k=0

ξk

sin
π
2
+πk

T
π
2

+ πk
−
√

2T
N∑

k=0

ξk

sin
π
2
+πk

T
π
2

+ πk

∣∣∣∣∣

2

=

= E

∣∣∣∣∣
√

2T
∞∑

k=N+1

ξk

sin
π
2
+πk

T
π
2

+ πk

∣∣∣∣∣

2

= 2T
∞∑

k=N+1

sin2
π
2
+πk

T(
π
2

+ πk
)2 ≤

≤ 2T

π2

∞∑

k=N+1

1(
1
2

+ k
)2 ≤

2T

π2

∞∑

k=N+1

1(
k + 1

2

) (
k − 1

2

) =

=
2T

π2

∞∑

k=N+1

(
1(

k − 1
2

) − 1(
k + 1

2

)
)

=
2T

π2
(
N + 1

2

) .

Îòæå,

E
∣∣∣ Y (t)− Ỹ (t)

∣∣∣
2p

≤ c2p

(
2T

π2
(
N + 1

2

)
)p

(11)

Ïåðåéäåìî äî îöiíþâàííÿ E exp
{

2p max
(
Y (t) , Ỹ (t)

)}
. Îñêiëüêè äëÿ âè-

ïàäêîâî¨ âåëè÷èíè ξ = N (0, σ2) ìà¹ ìiñöå ñïiââiäíîøåííÿ E exp {λξ} = exp
{

λ2σ2

2

}
,

òî

E exp
{

2p max
(
Y (t) , Ỹ (t)

)}
≤ E exp {2pY (t)}+ E exp

{
2pỸ (t)

}

= exp
{
2p2EY 2(t)

}
+ exp

{
2p2EỸ 2(t)

}
≤ 2 exp

{
2p2T

}
. (12)
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Áåðó÷è äî óâàãè (11),(12), iç (8) ìàòèìåìî:

E
∣∣∣ exp {Y (t)} − exp

{
Ỹ (t)

}∣∣∣
p

≤ c
1
2
2p

(
2T

π2 (N + 1)

) p
2

2
1
2 exp

{
p2T

}
. (13)

Âðàõîâóþ÷è îöiíêè (13), (10), (7), î÷åâèäíî, ùî òâåðäæåííÿ ëåìè âèïëèâà¹
iç (4).

Ëåìà 3. ßêùî JN < α exp
{

1−4T
2

}
, òîäi

P

{
max
Bi∈B

|µ (Bi)− µ̃ (Bi)| > α

}
≤

≤ 2k

(
1− 2 ln JN

α

4T

) 1−2 ln
JN
α

8T

exp

{
−

(
2 ln JN

α
− 1

)2

16T

}
,

äå JN âèçíà÷åíî â óìîâi ëåìè 2.

Äîâåäåííÿ. Çíàéøîâøè çíà÷åííÿ ôóíêöi¨ 2kJp
N p

p
2 exp{− p

2
+p2T}

αp â òî÷öi p0 =
1−2 ln

JN
α

4T
áëèçüêié äî ¨¨ òî÷êè ìiíiìóìó, ëåãêî áà÷èòè, ùî äàíà ëåìà ¹ íàñëiäêîì

ëåìè 2.
Òåîðåìà 2. Íåõàé {ν (Bi) , Bi ⊂ B} âèïàäêîâèé ïðîöåñ Êîêñà, êåðîâàíèé

ïðîöåñîì áðîóíiâñüêîãî ðóõó Y (t), òîäi éîãî ìîäåëü {ν̃ (Bi) , Bi ⊂ B} íàáëèæà¹
éîãî ç òî÷íiñòþ α òà íàäiéíiñòþ 1− γ, ÿêùî âèêîíóþòüñÿ óìîâè:

JN < α exp

{
1− 4T

2

}
,

2k

(
1− 2 ln JN

α

4T

) 1−2 ln
JN
α

8T

exp

{
−

(
2 ln JN

α
− 1

)2

16T

}
< γ,

äå JN = 2dT
1
2

π
√

N+ 1
2

.

Äîâåäåííÿ. Òâåðäæåííÿ òåðåìè ¹ íàñëiäêîì ëåì 1, 3 òà îçíà÷åííÿ 2.

5. Âèñíîâêè. Â ðîáîòi ðîçãëÿíóòî âèïàäêîâi ïðîöåñè Êîêñà, êåðîâàíi ïðîöå-
ñîì áðîóíiâñüêîãî ðóõó. Îïèñàíî àëãîðèòì ïîáóäîâè ìîäåëåé òà íàâåäåíî äîñòà-
òíi óìîâè íàáëèæåííÿ äàíîãî êëàñó ïðîöåñiâ ¨õ ìîäåëÿìè ç íàïåðåä çàäàíèìè
òî÷íiñòþ òà íàäiéíiñòþ.
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