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ÏÐÎ ÇÎÁÐÀÆÅÍÍß ϕ-ÑÓÁÃÀÓÑÑÎÂÈÕ ÏÅÐIÎÄÈ×ÍÈÕ
ÂÈÏÀÄÊÎÂÈÕ ÏÐÎÖÅÑIÂ Ó ÂÈÃËßÄI ÐßÄIÂ
The conditions fon existence of representation ϕ-subgaussian periodic random processes in the
form of series are found. The approximation of such processes in space L2([0, π], µ) in studied.

Îòðèìàíi óìîâè iñíóâàííÿ çîáðàæåíü ϕ-ñóáãàóññîâèõ ïåðiîäè÷íèõ âèïàäêîâèõ ïðîöåñiâ ó âè-
ãëÿäi ðÿäiâ. Äîñëiäæåíà àïðîêñèìàöiÿ òàêèõ ïðîöåñiâ ó ïðîñòîði L2([0, π], µ).

Âñòóï
Ðîçêëàäè âèïàäêîâèõ ïðîöåñiâ ó ðÿäè âèêîðèñòîâóþòüñÿ äëÿ àïðîêñèìà-

öi¨ öèõ ïðîöåñiâ, çáåðåæåííÿ ¨õ òðà¹êòîðié, ìîäåëþâàííÿ. Òîìó âàæëèâî äî-
ñëiäæóâàòè óìîâè øâèäêîñòi çáiæíîñòi öèõ ðîçêëàäiâ ó ðiçíèõ ôóíêöiîíàëü-
íèõ ïðîñòîðàõ. Â ðîáîòi âèâ÷àþòüñÿ óìîâè øâèäêîñòi çáiæíîñòi ðîçêëàäiâ ϕ-
ñóáãàóññîâèõ (çîêðåìà, ãàóññîâèõ) ïåðiîäè÷íèõ âèïàäêîâèõ ïðîöåñiâ â ïðîñòîði
ç ìiðîþ L2 ([0, π], µ), äå µ(·) � äåÿêà ñêií÷åííà ìiðà.

Ðîáîòà ñêëàäà¹òüñÿ ç âñòóïó òà ÷îòèðüîõ ðîçäiëiâ. Â ïåðøîìó ôîðìóëþ-
þòüñÿ íåîáõiäíi âiäîìîñòi ç òåîði¨ ïðîñòîðiâ ϕ-ñóáãàóññîâèõ âèïàäêîâèõ âåëè-
÷èí. Â äðóãîìó � äîâåäåíà çàãàëüíà òåîðåìà ïðî øâèäêiñòü çáiæíîñòi ðîçêëàäó
ïåðiîäè÷íèõ ϕ-ñóáãàóññîâèõ ïðîöåñiâ çà ïîâíîþ ñèñòåìîþ îðòîíîðìîâàíèõ òðè-
ãîíîìåòðè÷íèõ ïîëiíîìiâ. Â òðåòüîìó ðîçäiëi âèâ÷àþòüñÿ ðîçêëàäè ïðîöåñiâ çà
ñèñòåìàìè êîñèíóñiâ, à â ÷åòâåðòîìó � çà ïîëiíîìàìè Ëåæàíäðà.

1. Ïðîñòîðè ϕ-ñóáãàóññîâèõ âèïàäêîâèõ âåëè÷èí
òà ϕ-ñóáãàóññîâi âèïàäêîâi ïðîöåñè

Â ðîáîòàõ [1�3] áóëè ââåäåíi ïîíÿòòÿ ϕ-ñóáãàóññîâèõ âåëè÷èí, â ìîíîãðàôi¨
[5] òà â ðîáîòi [4] âèâ÷àëèñÿ âëàñòèâîñòi ïðîñòîðiâ ϕ-ñóáãàóññîâèõ âåëè÷èí òà
ϕ-ñóáãàóññîâèõ ïðîöåñiâ.

Ñôîðìóëþ¹ìî äîïîìiæíi âèçíà÷åííÿ i ôàêòè.
Îçíà÷åííÿ 1. [6, 7] Íåïåðåðâíà ïàðíà îïóêëà ôóíêöiÿ ϕ = {ϕ(x), x ∈ R}

íàçèâà¹òüñÿ N -ôóíêöi¹þ Îðëi÷à, ÿêùî ϕ(0) = 0 òà ϕ(x) > 0 ïðè x > 0 i âèêî-
íóþòüñÿ ñïiââiäíîøåííÿ:

(A0) lim
x→0

ϕ(x)

x
= 0, (A∞) lim

x→∞
ϕ(x)

x
= ∞.

Ïðèêëàäàìè N -ôóíêöié ¹ òàêi ôóíêöi¨:
ϕ(x) = c · |x|α, c > 0, α > 1; ϕ(x) = exp{|x|} − x− 1;

ϕ(x) = {a · |x|α} − 1, a > 0, α > 1.

Ëåìà 1. [6]. Êîæíó N-ôóíêöiþ ϕ(x) ìîæíà çîáðàçèòè ó âèãëÿäi iíòåãðàëà

ϕ(x) =
|x|∫
0

f(x)dx, äå f(x) � ìîíîòîííî íåñïàäíà íåïåðåðâíà ñïðàâà ôóíêöiÿ,
òàêà, ùî f(0) = 0, f(x) →∞ ïðè x →∞.
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Ôóíêöiþ f(x) íàçèâàòèìåìî ùiëüíiñòþ N -ôóíêöi¨ ϕ(x).
Îçíà÷åííÿ 2. [6]. Íåõàé ϕ = {ϕ(x), x ∈ R} äåÿêà N -ôóíêöiÿ. Ôóíêöiÿ

ϕ∗ òàêà, ùî ϕ∗(x) = sup
y∈R

|xy − ϕ(y)|, íàçèâà¹òüñÿ ïåðåòâîðåííÿì Þíãà-Ôåíõåëÿ
ôóíêöi¨ ϕ.

Â [6] äîâåäåíî, ùî ϕ∗ ¹ òàêîæ N -ôóíêöi¹þ.
Óìîâà Q. [4]. Ñêàæåìî, ùî äëÿ N -ôóíêöi¨ âèêîíó¹òüñÿ óìîâà Q, ÿêùî

lim
x→0

inf
ϕ(x)

x
= C > 0,

äå íå âèêëþ÷à¹òüñÿ ìîæëèâiñòü äëÿ C ïðèéíÿòè íåñêií÷åííå çíà÷åííÿ.
Ïðèêëàäîì N -ôóíêöié, äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà Q, ¹ ôóíêöi¨:

ϕ(x) = |x|α, 1 < α ≤ 2; ϕ(x) =

{
x2 ïðè |x| ≤ 1,
|x|α ïðè |x| > 1;

ϕ(x) = exp{|x|α} − 1, 1 < α ≤ 2.

Îçíà÷åííÿ 3. [3, 4]. Íåõàé ϕ � N -ôóíêöiÿ, äëÿ ÿêî¨ âèêîíó¹òüñÿ óìîâà Q.
Ñêàæåìî, ùî âèïàäêîâà âåëè÷èíà ξ íàëåæèòü ïðîñòîðó Subϕ(Ω), ÿêùî Eξ = 0
òà iñíó¹ ñòàëà a ≥ 0 òàêà, ùî E exp{λξ} ≤ exp{ϕ(λa)} ïðè âñiõ λ ∈ R.

Òåîðåìà 1. [3, 4]. Ïðîñòið subϕ(Ω) ¹ ïðîñòîðîì Áàíàõà âiäíîñíî íîðìè

τϕ(ξ) = inf{a ≥ 0 : E exp{λξ) ≤ exp{ϕ(λa)}, λ ∈ R}.

Çàóâàæåííÿ 1. Êîëè ϕ(x) = x2

2
, òî ïðîñòið Subϕ(Ω) íàçèâà¹òüñÿ ïðîñòîðîì

ñóáãàóññîâèõ âèïàäêîâèõ âåëè÷èí. Ãàóññîâi öåíòðîâàíi âèïàäêîâi âåëè÷èíè íà-
ëåæàòü öüîìó ïðîñòîðó òà τ 2(ξ) = Eξ2.

Îçíà÷åííÿ 4. [3, 4]. Âèïàäêîâèé ïðîöåñ X = {X(t), t ∈ T} íàçèâà¹òüñÿ ϕ-
cóáãàóññîâèì, ÿêùî ïðè êîæíîìó t ∈ T âèïàäêîâà âåëè÷èíà X(t) ¹ ϕ-ñóáãàóññîâîþ.

Çàóâàæèìî, ùî öåíòðîâàíèé ãàóññiâ ïðîöåñ X = {X(t), t ∈ T} ¹ ñóáãàóññî-
âèì (òîáòî ϕ-cóáãàóññîâèì ç ϕ(x) = x2

2
).

Îçíà÷åííÿ 5. [5]. Ñiì'ÿ ∆ âèïàäêîâèõ âåëè÷èí ç ïðîñòîðó Subϕ(Ω) íàçè-
âà¹òüñÿ ñòðîãî ϕ-ñóáãàóññîâîþ, ÿêùî iñíó¹ ñòàëà C∆ òàêà, ùî äëÿ áóäü-ÿêèõ
ξi ∈ ∆, λi ∈ R, i ∈ I, ñïðàâäæó¹òüñÿ íåðiâíiñòü:

τϕ

(∑
i∈I

Mξi

)
≤ C∆


E

(∑
i∈I

λiξi

)2



1
2

,

äå I � áóäü-ÿêà ñêií÷åííà ìíîæèíà öiëèõ ÷èñåë.
Ñòàëó C∆ íàçèâàòèìåìî âèçíà÷àëüíîþ ñòàëîþ ñiì'¨ ∆.
Îçíà÷åííÿ 6. [5]. Ñòðîãî ϕ-ñóáãàóññîâèì íàçèâà¹òüñÿ òàêèé ϕ-ñóáãàóññîâèé

ïðîöåñ X = {X(t), t ∈ T}, äëÿ ÿêîãî ñiì'ÿ âèïàäêîâèõ âåëè÷èí {X(t), t ∈ T} ¹
ñòðîãî ϕ-ñóáãàóññîâîþ.

Âèçíà÷àëüíó ñòàëó öi¹¨ ñiì'¨ CX áóäåìî íàçèâàòè âèçíà÷àëüíîþ ñòàëîþ ñòðî-
ãî ϕ-ñóáãàóññîâîãî âèïàäêîâîãî ïðîöåñó X.
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Ïðèêëàäè ñòðîãî ϕ-ñóáãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ òà ¨õ âëàñòèâiîñòi ìî-
æíà çíàéòè â ìîíîãðàôi¨ [5].

Ãàóññîâi öåíòðîâàíi âèïàäêîâi ïðîöåñè ¹ ñòðîãî ñóáãàóññîâèìè ç âèçíà÷àëü-
íîþ ñòàëîþ CX = 1.

Ëåìà 2. Íåõàé X = {X(θ), θ ∈ [0, π]} � âèìiðíèé ñòðîãî ϕ-ñóáãàóññîâèé
âèïàäêîâèé ïðîöåñ ç âèçíà÷àëüíîþ ñòàëîþ CX , µ(·) � ìiðà íà [0, π]. ßêùî âè-
êîíó¹òüñÿ óìîâà

π∫

0

E |X(θ)|2 dµ(θ) < ∞, (1)

òî ïðè áóäü-ÿêîìó ε > c

∣∣∣∣∣f
(

c
1
2 ·2
ε

1
2

)∣∣∣∣∣

2

ñïðàâäæó¹òüñÿ íåðiâíiñòü

P








π∫

0

|X(θ)|2 dµ(θ)




1
2

> ε




≤ 2 exp

{
−ϕ∗

(ε

c

)}
, (2)

äå

c =


C2

x ·
π∫

0

E |X(θ||2 dµ(θ)




1
2

,

ϕ∗(x) � ïåðåòâîðåííÿ Þíãà-Ôåíõåëÿ N-ôóíêöi¨ ϕ, f(·) - íåñïàäíà íà R ôóíêöiÿ.
Öÿ ëåìà � ÷àñòèííèé âèïàäîê òåîðåìè 2.1 ç ðîáîòè [8].
Íàñëiäîê 1. Íåõàé X = {X(θ), θ ∈ [0, π]} � öåíòðîâàíèé ãàóññiâ âèïàäêî-

âèé ïðîöåñ, òîäi ñïðàâäæó¹òüñÿ íåðiâíiñòü

P








π∫

0

|X(θ)|2 dµ(θ)




1
2

> ε




≤ 2 exp

{
− ε2

2ĉ 2

}
(3)

ïðè ε > 2ĉ, äå

ĉ =




π∫

0

E |X(θ)|2 dµ(θ)




1
2

.

Äîâåäåííÿ. Îñêiëüêè öåíòðîâàíèé ãàóñiâ ïðîöåñ ¹ ñòðîãî ñóáãàóññîâèì (ϕ(x) =

= x2

2
, òîáòî f(x) = x), òî (3) ¹ ÷àñòèííèì âèïàäêîì (2).
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2. Øâèäêiñòü çáiæíîñòi ðîçêëàäiâ ó ðÿä ñòðîãî
ϕ-ñóáãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ
ó ïðîñòîði L2 ([0, T ], µ)

Íåõàé X = {X(θ), θ ∈ R} � ñòðîãî ϕ-ñóáãàóññîâèé ïåðiîäè÷íèé ç ïåðiîäîì
2π âèïàäêîâèé ïðîöåñ, òàêèé, ùî X(t) = X(−t), ïðè÷îìó

E |X(θ)|2 < ∞, EX(θ) = 0, EX(θ)X(ζ) = R(cos θ, cos ζ).

Áóäåìî ââàæàòè, ùî X(θ) � íåïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó âè-
ïàäêîâèé ïðîöåñ, òîáòî R(t, s) � íåïåðåðâíà ôóíêöiÿ. Îñêiëüêè äëÿ íåïåðåðâ-
íèõ â ñåðåäíüîìó êâàäðàòè÷íîìó ïðîöåñiâ çàâæäè iñíó¹ âèìiðíà ìîäèôiêàöiÿ,
òî ââàæàòèìåìî, ùî ïðîöåñ X-âèìiðíèé. Ïðè âèêîíàííi âñiõ âèùå ñôîðìóëüî-
âàíèõ óìîâ, ïðîöåñ X áóäåìî íàçèâàòè ñòàíäàðòíèì ïðîöåñîì. Ðîçãëÿäàòèìåìî
ñòàíäàðòíèé ïðîöåñ X íà âiäðiçêó [0; π].

Íåõàé µ(·) äåÿêà ñêií÷åííà ìiðà íà [0; π]. Îñêiëüêè

E




π∫

0

|X(θ)|2 dµ(θ)


 =

π∫

0

E |X(θ)|2 dµ(θ) =

π∫

0

R(cos θ, cos ζ)dµ(θ) < ∞,

òî ç iìîâiðíiñòþ îäèíèöÿ iñíó¹ iíòåãðàë
π∫
0

|X(θ)|2 dµ(θ).
Íåõàé Tk(θ) � ïîâíà îðòîíîðìîâàíà ñèñòåìà äiéñíèõ òðèãîíîìåòðè÷íèõ ïî-

ëiíîìiâ ñòåïåíi k íà ïðîñòîði {[0, T ], µ}. Òîäi X(θ) ìîæíà çîáðàçèòè ó âèãëÿäi
ðÿäó

X(θ) =
∞∑

k=0

ξkTk(θ), (4)

äå ξk =
T∫
0

X(θ)Tk(θ)dµ(θ).
Ðÿä (4) çáiæíèé â íîðìi ïðîñòîðó L2 {[0, π], µ} ç iìîâiðíiñòþ îäèíèöÿ.
Íåõàé XN(θ) =

N∑
k=0

ξk ·Tk(θ), ∆N(θ) = X(θ)−XN(θ) =
∞∑

l=N+1

ξk ·Tk(θ) � ïîõèáêà

ïðè àïðîêñèìàöi¨ ïðîöåñó X(θ) ñóìîþ XN(θ). Òîäi

τ 2 (∆N(θ)) ≤ C2
X · E

( ∞∑

k=N+1

ξkTk(θ)

)2

= C2
X ·

∞∑

l=N+1

∞∑

k=N+1

E(ξk · ξl) · Tk(θ) · Tl(θ).

Îòæå,
π∫

0

τ 2(∆N(θ)dµ(θ) ≤ C2
X ·

π∫

0

E |∆N(θ)|2 dµ(θ) =

= C2
X ·

∞∑

l=N+1

∞∑

k=N+1

E(ξk · ξl) ·
π∫

0

Tk(θ)Tl(θ)dµ(θ) = C2
X ·

∞∑

k=N+1

Eξ2
k.

Ââåäåìî ïîçíà÷åííÿ CN = C2
X ·

∞∑
k=N+1

Eξ2
k.
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Òåîðåìà 2. Íåõàé X � ñòàíäàðòíèé ïðîöåñ. ßêùî ¹ çáiæíèì ðÿä

∞∑

k=0

Eξ2
k =

∞∑

k=0

π∫

0

π∫

0

R(cos θ, cos ζ)Tk(θ)Tk(ζ)dµ(θ)dµ(ζ),

òîäi ïðè ε > CN ·
∣∣∣∣f

(
C

1
2
N ·2
ε

1
2

)∣∣∣∣
2

ñïðàâäæó¹òüñÿ íåðiâíiñòü

P








π∫

0

|∆N(θ)|2 dµ(θ)




1
2

> ε




≤ 2 exp

{
−ϕ∗

(
ε

CN

)}
, (5)

äå ϕ∗(x) � ïåðåòâîðåííÿ Þíãà-Ôåíõåëÿ N-ôóíêöi¨ ϕ.
Äîâåäåííÿ. Çà óìîâîþ òåîðåìè âèïàäêîâèé ïðîöåñ ∆N(θ) ¹ ñòðîãî ϕ-ñóáãàóñ-

ñîâèì. Òîìó íåðiâíiñòü (5) âèïëèâà¹ ç íåðiâíîñòi (2).
Çàóâàæåííÿ. Îñêiëüêè ôóíêöiÿ f(u) íåñïàäíà, òî ïðè áóäü-ÿêîìó ε > 0

çíàéäåòüñÿ Nε òàêå, ùî äëÿ äîâiëüíîãî N > Nε ñïðàâäæó¹òüñÿ íåðiâíiñòü (5).

Íàñëiäîê 2. ßêùî X(θ) � öåíòðîâàíèé ãàóññiâ ïðîöåñ, òîäi íåðiâíiñòü

P








π∫

0

|∆n(θ)|2 dµ(θ)




1
2

> ε




≤ 2 exp

{
− ε2

2ĈN

}
(6)

ñïðàâäæó¹òüñÿ ïðè áóäü-ÿêîìó ε > 2ĈN , äå ĈN =
∞∑

k=N+1

Eξ2
k.

3. Ðîçêëàä ñòàíäàðòíîãî ïðîöåñó çà ñèñòåìîþ êîñèíóñiâ
Íåõàé Tk(θ) = ck · cos kθ, äå k = 0, 1, 2, . . ., ïðè÷îìó c0 = 1

π
, ck = 2

π
ïðè

âñiõ k ≥ 1. Öÿ ñèñòåìà ôóíêöié ¹ ïîâíîþ îðòîíîðìîâàíîþ ñèñòåìîþ â ïðîñòîði
{[0, π], µ}, äå µ(·) � ìiðà Ëåáåãà. Òîìó

Eξ2
k = c2

k ·
π∫

0

π∫

0

R(cos θ, cos ζ) cos kθ · cos kζdθdζ.

Ïîçíà÷èìî zk =
π∫
0

R(cos θ, cos ζ) cos kθdθ. Òîäi, î÷åâèäíî,

zk =
1

2

π∫

−π

R(cos θ, cos ζ) cos kθdθ =
1

2

π∫

−π

R
(
cos

(
θ +

π

k

)
, cos ζ)

)
· cos(kθ + π)dθ =

= −1

2

π∫

−π

R
(
cos

(
θ +

π

k

)
, cos ζ)

)
cos kθdθ.
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Îòæå,

zk = −1

4

π∫

−π

[
R

(
cos

(
θ +

π

k

)
, cos ζ

)
−R(cos θ, cos ζ)

]
cos kθdθ.

Àíàëîãi÷íî îòðèìà¹ìî
π∫

0

π∫

0

R(cos θ, cos ζ) cos kθ · cos kζdθdζ =
1

16

π∫

−π

π∫

−π

[
R

(
cos

(
θ +

π

k

)
, cos

(
ζ +

π

k

))
−

−R
(
cos

(
θ +

π

k

)
, cos ζ

)
−R

(
cos θ, cos

(
ζ +

π

k

))
+

+R(cos θ, cos ζ)] cos kθ · cos kζ dθdζ. (7)

Òåîðåìà 3. Íåõàé X(θ) � ñòàíäàðòíèé ïðîöåñ, Tk(θ) = ck cos kθ, ck = 2
π
,

k > 0, µ(·) � ìiðà Ëåáåãà. ßêùî âèêîíó¹òüñÿ óìîâà

sup
−1≤t,s≤1

|R(t + h, s + h1)−R(t + h, s)−R(t, s + h1) + R(t, s)| ≤

≤ CRhα · hα
1 , CR > 0, α >

1

2
, (8)

òîäi ïðè N > 0

∞∑

k=N+1

Eξ2
k ≤ CR · 16 · 42α

∞∑

k=N+1

1

k2α
def SN(R) < +∞, (9)

à ïðè

ε > ĈN ·
∣∣∣∣∣f

(
(ĈN)

1
2 · 2

ε
1
2

)∣∣∣∣∣

2

, äå ĈN = C2
X · SN(R)

ìà¹ ìiñöå íåðiâíiñòü

P








π∫

0

(∆N(θ))2 dθ




1
2

> ε




≤ 2 exp

{
−ϕ∗

(
ε

ĈN

)}
. (10)

Äîâåäåííÿ. Îñêiëüêè ïðè k ≥ 1 ìà¹ìî ck = 2
π
, òî ç (7) îòðèìó¹ìî

Eξ2
k =

4

π2

π∫

0

π∫

0

R(cos θ, cos ζ) · cos kθ · cos kζ dθdζ ≤

≤ 1

4π2

π∫

−π

π∫

−π

∣∣∣R
(
cos

(
θ +

π

k

)
, cos

(
ζ +

π

k

))
−R

(
cos

(
θ +

π

k

)
, cos ζ

)
−

−R
(
cos θ, cos

(
ζ +

π

k

))
+ R(cos θ, cos ζ)

∣∣∣ dθdζ ≤
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≤ 4

π2
cR ·

π∫

−π

π∫

−π

∣∣∣cos
(
ζ +

π

k

)
− cos ζ

∣∣∣
α

·
∣∣∣cos

(
θ +

π

k

)
− cos θ

∣∣∣
α

dθdζ ≤

≤ CR · 4

π2
· (2π)2 ·

∣∣∣2 sin
π

k

∣∣∣
2α

≤ CR · 16 · 42α · π2α

k2α
.

Íåðiâíiñòü (9) äîâåäåíà. Íåðiâíiñòü (10) âèïëèâà¹ ç (9) i (5).

Íàñëiäîê 3. ßêùî X � ãàóññiâ ïðîöåñ, äëÿ ÿêîãî ñïðàâäæó¹òüñÿ (8), òî
ïðè ε > 2C̆N ìà¹ ìiñöå íåðiâíiñòü

P








T∫

0

|∆N(θ)|2 dθ




1
2

> ε




≤ 2 exp

{
− ε2

2ĈN

}
. (11)

Íàñëiäîê 3 âèïëèâà¹ ç òåîðåìè 2 òà íàñëiäêó 2.
Ïðèêëàä 1. Íåõàé {Ω, η, ν} � ïðîñòið ç ìiðîþ, R(t, s) =

∫
Ω

f(t, λ)f(s, λ)dν(λ),

äå f(t, ·) ∈ L2(λ), t ∈ [0, T ]. Òîäi

sup
−1≤t,s≤1

|R(t + h, s + h1)−R(t + h, s)−R(t, s + h1) + R(t, s)| ≤

≤ sup
−1≤t,s≤1

∫

Ω

|f(t + h, λ)− f(t, λ)| · |f(s + h1, λ)− f(s, λ)|dν(λ).

ßêùî
sup

−1≤t≤1
|f(t + h, λ)− f(t, λ)| ≤ z(λ) · |h|α,

äå α > 1
2
, i z(λ) � ôóíêöiÿ, òàêà, ùî

∫
Ω

|z(λ)|2dν(λ) < ∞, òîäi óìîâà (8) âèêîíó-

¹òüñÿ ïðè CR =
∫
Ω

|z(λ)|2dν(λ).
ßêùî ¹, íàïðèêëàä,

R(t, s) = R(t− s) =

+∞∫

0

f(λ) cos λtdλ,

äå f(λ) ≥ 0 � ïàðíà ôóíêöiÿ òà
∞∫
0

f(λ)dλ < ∞, òîäi

R(t, s) =
1

2

∞∫

−∞

eiλ(t−s)f(λ) · dλ =
1√
2

∞∫

−∞

eiλt · 1√
2
eiλsf(λ)dλ.

Ïîêëàäåìî f(t, λ) = 1√
2
eiλt, dν(λ) = f(λ)dλ. Òîäi ïðè äîñòàòíüî ìàëèõ h,

1
2

< α ≤ 1 ìà¹ìî

|f(t + h, λ)− f(t, λ)| = 1√
2

∣∣eiλ(t+h) − eiλt
∣∣ =

1√
2

∣∣eiλh − 1
∣∣ =
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=
√

2 · |1− cos λh| 12 =
√

2

(
2 sin2 λh

2

) 1
2

= 2 ·
∣∣∣∣sin

λh

2

∣∣∣∣ ≤ 2

∣∣∣∣
λh

2

∣∣∣∣
α

= 21−α · |λh|

ïðè 0 < α ≤ 1. ßêùî âçÿòè α > 1
2
, òîäi ïðè óìîâi, ùî iíòåãðàë

∞∫
−∞

λ2αf(λ)dλ

çáiæíèé, áóäå ñïðàâäæóâàòèñÿ óìîâà (8), äå CR = 2
∞∫
−∞

λ2α · f(λ)dλ.

4. Ðîçêëàä ñòàíäàðòíîãî ïðîöåñó çà ñèñòåìîþ
ïîëiíîìiâ Ëåæàíäðà

Íåõàé Tk(θ) =
√

2k+1
2
· Pk(cos θ), k = 0, 1, 2, . . ., 0 ≤ θ ≤ π, äå Pk(t) � ïî-

ëiíîìè Ëåæàíäðà ( [9], ñò. 46). Ñèñòåìà Tk(θ) ïîâíà òà îðòîíîðìîâàíà â ïðîñòîði
([0, π], µ), äå µ(A) =

∫
A

sin θdθ. Ðîçãëÿíåìî

x(θ) =
∞∑

k=0

ξk · Tk(θ), äå ξk =

π∫

0

x(θ)Tk(θ) sin θdθ.

Eξ2
k =

2k + 1

2

π∫

0

π∫

0

R(cos θ, cos ζ)Pk(cos θ) · Pk(cos ζ) sin θ sin ζdθdζ =

=
2k + 1

2

1∫

−1

1∫

−1

R(t, s) · Pk(t) · Pk(s)dtds. (12)

Íåõàé iñíó¹ íåïåðåðâíà ïîõiäíà ∂2R(t,s)
∂s∂t

, −1 ≤ t, s ≤ 1. Îñêiëüêè ( [9], ñò. 50)

Pk(t) =
1

k + 1

[
P ′

k+1(t)− t · P ′
k(t)

]
,

òîäi
1∫

−1

R(t, s)Pk(t)dt =
1

k + 1




1∫

−1

R(t, s)P ′
k+1(t)dt−

1∫

−1

R(t, s) · t · P ′
k(t)dt


 . (13)

Âiäîìî ( [9], ñò. 46), ùî Pk(1) = 1, Pk(−1) = (−1)k ïðè âñiõ k = 1, 2, 3, . . ..
Êðiì òîãî R(t, s) � ïàðíà ôóíêöiÿ ïî îáîõ çìiííèõ.

Îá÷èñëèìî iíòåãðàëè â ïðàâié ÷àñòèíi (13).

1∫

−1

R(t, s) · t · P ′
k(t)dt = Pk(t) ·R(t, s) · t

∣∣∣∣∣

1

−1

−
1∫

−1

Pk(t) · ∂

∂t
[R(t, s) · t] dt =

= Pk(1) ·R(1, s) · 1−Pk(−1) ·R(−1, s) · (−1)−
1∫

0

Pk(t)

[
∂R(t, s)

∂t
· t + R(t, s)

]
dt =
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= [Pk(1) + Pk(−1)] R(1, s)−
1∫

0

Pk(t)

[
∂R(t, s)

∂t
· t + R(t, s)

]
dt =

=
[
1 + (−1)k

]
R(1, s)−

1∫

0

Pk(t)

[
∂R(t, s)

∂t
· t + R(t, s)

]
dt. (14)

1∫

−1

R(t, s)P ′
k+1(t)dt = Pk+1(t) ·R(t, s)

∣∣∣∣∣

1

−1

−
1∫

−1

Pk+1(t) · ∂R(t, s)

∂t
dt =

= Pk+1(1) ·R(1, s)− Pk+1(−1)R(−1, s)−
1∫

−1

Pk+1(t) · ∂R(t, s)

∂t
dt =

=
[
1− (−1)k+1

]
R(1, s)−

1∫

−1

Pk+1(t) · ∂R(t, s)

∂t
dt. (15)

Iç (13), (14), (15) âèïëèâà¹, ùî

1∫

−1

R(t, s)Pk(t)dt =
1

k + 1






[1− (−1)k+1]R(1, s)−

1∫

−1

Pk+1(t) · ∂R(t, s)

∂t
dt


 −

−

[1 + (−1)k]R(1, s)−

1∫

0

Pk(t)

[
∂R(t, s)

∂t
· t + R(t, s)

]
dt






 =

=
1

k + 1






[1 + (−1)k] ·R(1, s)−

1∫

−1

Pk+1(t)
∂R(t, s)

∂t
dt






−

−

[1 + (−1)k] ·R(1, s)−

1∫

−1

Pk(t)

[
∂R(t, s)

∂t
· t + R(t, s)

]
dt






 =

=
1

k + 1





1∫

−1

Pk(t)

[
∂R(t, s)

∂t
· t + R(t, s)

]
dt−

1∫

−1

Pk+1(t) · ∂R(t, s)

∂t
dt



 . (16)

Ïåðåïèøåìî (16) ó òàêîìó âèãëÿäi

1∫

−1

R(t, s)Pk(s)ds =
1

k + 1





1∫

−1

Pk(s)

[
∂R(t, s)

∂s
· s + R(t, s)

]
ds−

−
1∫

−1

Pk+1(s) · ∂R(t, s)

∂s
ds



 (17)
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Òîäi, âðàõîâóþ÷è (16), (17) îòðèìà¹ìî
1∫

−1

1∫

−1

R(t, s)Pk(s)Pk(t)dsdt =

1∫

−1




1∫

−1

R(t, s)Pk(s)ds


 Pk(t)dt (17)

=

1∫

−1

1

k + 1





1∫

−1

Pk(s)

[
∂R(t, s)

∂s
· s + R(t, s)

]
ds−

1∫

−1

Pk+1(s)
∂R(t, s)

∂s
ds



 Pk(t)dt =

=
1

k + 1





1∫

−1




1∫

−1

∂R(t, s)

∂s
Pk(t)dt


 s · Pk(s)ds +

1∫

−1




1∫

−1

R(t, s)Pk(t)dt


 Pk(s)ds −

−
1∫

−1




1∫

−1

∂R(t, s)

∂s
Pk(t)dt


Pk+1(s)ds



 (16)

1

k + 1




1∫

−1

1

k + 1





1∫

−1

Pk(t)

[
∂2R(t, s)

∂s∂t
· t+

+
∂R(t, s)

∂s

]
dt−

1∫

−1

Pk+1(t) · ∂2R(t, s)

∂s∂t
dt



 s·Pk(s)ds+

1∫

−1

1

k + 1





1∫

−1

Pk(t)

[
∂R(t, s)

∂t
· t+

+R(t, s)] dt−
1∫

−1

Pk+1(t) · ∂R(t, s)

∂t
dt



Pk(s)ds−

1∫

−1

1

k + 1





1∫

−1

Pk(t)

[
∂2R(t, s)

∂s∂t
· t +

+
∂R(t, s)

∂s

]
dt−

1∫

−1

Pk+1(t) · ∂2R(t, s)

∂s∂t
· dt



Pk+1(s)ds =

=
1

(k + 1)2





1∫

−1

1∫

−1

∂2R(t, s)

∂s∂t
· t· s·Pk(t)Pk(s)dtds +

1∫

−1

1∫

−1

∂R(t, s)

∂s
· s·Pk(t)Pk(s)dtds−

−
1∫

−1

1∫

−1

∂2R(t, s)

∂s∂t
· s·Pk+1(t)Pk(s)dtds +

1∫

−1

1∫

−1

∂R(t, s)

∂t
· t·Pk(t)Pk(s)dtds+

+

1∫

−1

1∫

−1

R(t, s)Pk(t)Pk(s)dtds−
1∫

−1

1∫

−1

∂R(t, s)

∂t
Pk+1(t)Pk(s)dtds−

−
1∫

−1

1∫

−1

∂2R(t, s)

∂s∂t
· t·Pk(t)Pk+1(s)dtds−

1∫

−1

1∫

−1

∂R(t, s)

∂s
·Pk(t)Pk+1(s)dtds+

+

1∫

−1

1∫

−1

∂2R(t, s)

∂s∂t
· Pk+1(t)PK+1(s)dtds



 =

1

(k + 1)2





1∫

−1

1∫

−1

[
∂2R(t, s)

∂s∂t
· t· s+
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+
∂R(t, s)

∂s
· s +

∂R(t, s)

∂t
· t + R(t, s)

]
Pk(t)Pk(s)dtds−

−
1∫

−1

1∫

−1

[
∂2R(t, s)

∂s∂t
· s +

∂R(t, s)

∂t

]
Pk+1(t)Pk(s)dtds−

−
1∫

−1

1∫

−1

[
∂2R(t, s)

∂s∂t
· t +

∂R(t, s)

∂s

]
Pk(t)Pk+1(s)dtds+

+

1∫

−1

1∫

−1

∂2R(t, s)

∂s∂t
Pk+1(t)Pk+1(s)dtds. (18)

Òàêèì ÷èíîì, ïîâòîðþþ÷è ïðîöåäóðè, ïðîâåäåíi ïðè ïåðåòâîðåííÿõ (14),
(15), (16), ïðèõîäèìî äî òàêî¨ ðiâíîñòi:

1∫

−1

1∫

−1

R(t, s)Pk(t)Pk(s)dtds =
1

(k + 1)2





1∫

−1

1∫

−1

z11(t, s)Pk(t), Pk(s)dtds−

−
1∫

−1

1∫

−1

z21(t, s)Pk+1(t)Pk(s)dtds−
1∫

−1

1∫

−1

z12(t, s)Pk(t)Pk+1(s)dtds+

+

1∫

−1

1∫

−1

z22(t, s)Pk+1(t)Pk(s)dtds, (19)

äå
z11(t, s) =

∂2R(t, s)

∂s∂t
t · s +

∂R(t, s)

∂s
· s +

∂R(t, s)

∂t
· t + R(t, s); ,

z21 =
∂2R(t, s)

∂s∂t
· s +

∂R(t, s)

∂t
;

(20)

z12 =
∂2R(t, s)

∂s∂t
· t +

∂R(t, s)

∂s
;

z22 =
∂2R(t, s)

∂s∂t
.

Îñêiëüêè ( [9], ñò. 50) Pk(cos θ)
√

sin θ ≤ 2√
kπ
, òî

∣∣∣∣∣∣

1∫

−1

1∫

−1

zlm(t, s)Pi(t)Pj(s)dtds

∣∣∣∣∣∣
=

=

∣∣∣∣∣∣

π∫

0

π∫

0

zlm(cos θ, cos ζ)Pi(cos θ) · Pj(ζ) sin θ · sin ζdθdζ

∣∣∣∣∣∣
≤
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≤ 4

π
√

ij

π∫

0

π∫

0

|zlm(cos θ, cos ζ)| dθdζ.

Îòæå,

Eξ2
k ≤

2k + 1

2
· 4

kπ
· 1

(k + 1)2

π∫

0

π∫

0

2∑

l,m=1

|zlm(cos θ, cos ζ)| dθdζ.

Ïiäñóìîâóþ÷è, ñôîðìóëþ¹ìî ðåçóëüòàò ó âèãëÿäi òàêî¨ òåîðåìè.

Òåîðåìà 4. Íåõàé X(θ) � ñòàíäàðòíèé ïðîöåñ, Tk(θ) =
√

2k+1
2

Pk(cos θ),
0 ≤ θ ≤ π, äå Pk(t), k = 0, 1, 2, . . . � ïîëiíîìè Ëåæàíäðà, µ(A) =

∫
A

sin θdθ �

ìiðà. ßêùî iñíó¹ íåïåðåðâíà ïîõiäíà ∂2R(t,s)
∂s∂t

, òîäi ïðè N ≥ 0 ñïðàâäæó¹òüñÿ
íåðiâíiñòü

∞∑

k=N+1

Eξ2
k ≤

∞∑

k=N+1

2k + 1

kπ
· 2 · 1

(k + 1)2
· d def ŜN(R),

äå

d =

π∫

0

π∫

0

2∑

l,m=1

|zlm(cos θ, cos ζ| dθdζ, zl,m(cos θ, cos ζ)−

âèçíà÷åíi ó (20). ßêùî

ε > ĈN

∣∣∣∣∣∣∣
f




(
ĈN

) 1
2 · 2

ε
1
2




∣∣∣∣∣∣∣

2

,

äå
ĈN = C2

X · ŜN(R), (21)

òîäi ìà¹ ìiñöå íåðiâíiñòü

P








π∫

0

|SN(θ)|2 sin θdθ




1
2

> ε




≤ 2 exp

{
−ϕ∗

(
ε

ĈN

)}
.

Íàñëiäîê 4. ßêùî X � ãàóññiâ ïðîöåñ, äëÿ ÿêîãî iñíó¹ íåïåðåðâíà ïîõiäíà
∂2R(t,s)

∂s∂t
, òî ïðè ε > 2ĈN , äå ĈN çàäàíî â (21), ìà¹ ìiñöå íåðiâíiñòü

P








π∫

0

|∆N(θ)|2 sin θdθ




1
2

> ε





< 2 exp

{
− ε2

2ĈN

}
.
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Ïðèêëàä 2. Íåõàé, ÿê i â ïðèêëàäi 1, {Ω, η, ν} - ïðîñòið ç ìiðîþ,

R(t, s) =

∫

Ω

f(t, λ)f(s, λ)dν(λ), äå f(t, ·) ∈ L2(λ), t ∈ [0, T ], λ ∈ R.

Òîäi óìîâè òåîðåìè 4 âèêîíóþòüñÿ, ÿêùî ôóíêöiÿ f(t, λ) òàêà, ùî ïðè âñiõ λ ∈ Ω

iñíó¹ íåïåðåðâíà ïîõiäíà ∂f(t,λ)
∂t

i ïðè âñiõ t, s ¹ çáiæíèì iíòåãðàë

∫

Ω

∣∣∣∣
∂f(t, λ)

∂t
· ∂f(s, λ)

∂s

∣∣∣∣ dν(λ),

ùî âèïëèâà¹ ç óìîâè
∣∣∣∂f(t,λ)

∂t

∣∣∣ ≤ a(λ) ïðè âñiõ t i çáiæíîñòi iíòåãðàëà
∫
Ω

[a(λ)]2dν(λ).

ßêùî æ R(t, s) =
+∞∫
0

f(λ) cos λtdλ, òîäi óìîâè òåîðåìè 4 áóäóòü âèêîíóâàòè-

ñÿ, ÿêùî ¹ çáiæíèì iíòåãðàë
∞∫
−∞

λ2 · f(λ) · dλ < ∞.

Âèñíîâêè
Â ðîáîòi äîñëiäæó¹òüñÿ øâèäêiñòü çáiæíîñòi ðîçêëàäiâ ϕ-ñóáãàóññîâèõ ïðî-

öåñiâ ó âèãëÿäi ðÿäiâ ó ïðîñòîði L2 ([0, π]) çà ñèñòåìàìè îðòîíîðìîâàíèõ òðè-
ãîíîìåòðè÷íèõ ïîëiíîìiâ. Â äðóãié ÷àñòèíi öi¹¨ ðîáîòè áóäóòü âèêëàäåíi óìîâè
øâèäêîñòi çáiæíîñòi òàêèõ ðîçêëàäiâ ó ïðîñòîði C ([0, π]).
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