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ÑËÀÁÎÍÅËÈÍÅÉÍÛÅ ÎÏÅÐÀÒÎÐÍÛÅ ÓÐÀÂÍÅÍÈß Â
ÁÀÍÀÕÎÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ. II. ÊÐÈÒÈ×ÅÑÊÈÉ
ÑËÓ×ÀÉ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

The paper highlights the weak non-linear operator equations with generalized inverse operator in
the linear part. The operators function in Banach spaces. The author has obtained necessary and
sufficient conditions for finding the solutions of such equations in the critical case of the second
order. The author also managed to establish the converging iterative procedures for constructing
the only possible solution, or at least one of possible solutions.

Â ðàáîòå ðàññìîòðåíû ñëàáîíåëèíåéíûå îïåðàòîðíûå óðàâíåíèÿ ñ îáîáùåííî îáðàòèìûì îïå-
ðàòîðîì â ëèíåéíîé ÷àñòè. Îïåðàòîðû äåéñòâóþò â áàíàõîâûõ ïðîñòðàíñòâàõ. Ïîëó÷åíû íå-
îáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé òàêèõ óðàâíåíèé â êðèòè÷åñêîì
ñëó÷àå âòîðîãî ïîðÿäêà, ïîñòðîåíû ñõîäÿùèåñÿ èòåðàöèîííûå ïðîöåäóðû äëÿ ïîñòðîåíèÿ
åäèíñòâåííîãî ðåøåíèÿ è õîòÿ áû îäíîãî èç âîçìîæíûõ ðåøåíèé.

Ýòà ñòàòüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [1]. Èñïîëüçóÿ ââåäåííûå â íåé
ïîíÿòèÿ è îáîçíà÷åíèÿ, íàïîìíèì îñíîâíûå ìîìåíòû ïîñòàíîâêè çàäà÷è.

Ðàññìàòðèâàþòñÿ óñëîâèÿ ðàçðåøèìîñòè è èòåðàöèîííûå àëãîðèòìû ïîñòðî-
åíèÿ ðåøåíèé ñëàáîíåëèíåéíîãî îïåðàòîðíîãî óðàâíåíèÿ

(Az(·, ε))(t) = f(t) + εF (z(t, ε), t, ε) (1)

ñ îáîáùåííî îáðàòèìûì îïåðàòîðîì A ∈ GI(l∞(I,B1), l∞(I,B2)) [1] ïðè óñëî-
âèè, ÷òî ïîðîæäàþùåå îïåðàòîðíîå óðàâíåíèå [2], [3]

(Az0)(t) = f(t), (2)

êîòîðîå ïîëó÷àåòñÿ èç (1) ïðè ε = 0 ïðè âûïîëíåíèè óñëîâèÿ

(PYAf)(t) = 0 (3)

èìååò ñåìåéñòâî ðåøåíèé [4�6]

z0(t) = (PN(A)ẑ)(t) + (A−f)(t), (4)

ãäå PYA , PN(A)− ëèíåéíûå îãðàíè÷åííûå ïðîåêòîðû [1], ẑ(t)− ïðîèçâîëüíûé
ýëåìåíò áàíàõîâà ïðîñòðàíñòâà l∞(I,B1), A

− : l∞(I,B2) → l∞(I,B1) − îãðàíè-
÷åííûé îáîáùåííî-îáðàòíûé îïåðàòîð ê îïåðàòîðó A [4], [7�9].

Ïðè ïîìîùè çàìåíû

z(t, ε) = z0(t, ẑ0) + x(t, ε),

ãäå ẑ0 = ẑ0(t)− ðåøåíèå óðàâíåíèÿ äëÿ ïîðîæäàþùèõ ýëåìåíòîâ [1]

(Gẑ0(·))(t) = (PYAF (z0(·, ẑ0), ·, 0))(t) = 0, (5)
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äëÿ îïðåäåëåíèÿ îòêëîíåíèÿ x(t, ε) îò ïîðîæäàþùåãî ðåøåíèÿ ïîëó÷èì îïåðà-
òîðíîå óðàâíåíèå

(Ax(·, ε))(t) = εF (z0(t, ẑ0) + x(t, ε), t, ε). (6)

Èñïîëüçóÿ ðàçëîæåíèå íåëèíåéíîé âåêòîð-ôóíêöèè F (z, t, ε)

F (z0(t, ẑ0) + x(t, ε), t, ε) = F0(t, ẑ0) + (Tx(·, ε))(t) +R(x(t, ε), t, ε), (7)

äàëåå áûëî óñòàíîâëåíî, ÷òî óðàâíåíèå (6) ýêâèâàëåíòíî îïåðàòîðíîé ñèñòåìå

x(t, ε) = (PN(A)x̂(·, ε))(t) + x̄(t, ε),

(B0x̂(·, ε))(t) = −(PYA{T x̄(·, ε) +R(x(·, ε), ·, ε)})(t), (8)

x̄(t, ε) = ε(A−{F0(·, ẑ0) + Tx(·, ε) +R(x(·, ε), ·, ε)})(t),

âòîðîå óðàâíåíèå êîòîðîé ðàçðåøèìî òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî
óñëîâèå

(PYB0
PYA{T x̄(·, ε) +R(x(·, ε), ·, ε)})(t) = 0, (9)

ãäå B0 = PYATPN(A), B0 : l∞(I,B1) → YA− ëèíåéíûé îãðàíè÷åííûé îáîáùåííî
îáðàòèìûé îïåðàòîð, äåéñòâóþùèé èç ïðîñòðàíñòâà l∞(I,B1) â ïîäïðîñòðàíñ-
òâî YA ⊂ l∞(I,B2), PYB0

: YA → YB0− îãðàíè÷åííûé ïðîåêòîð, YB0− ïîäïðî-
ñòðàíñòâî ïðîñòðàíñòâà YA èçîìîðôíîå íóëü-ïðîñòðàíñòâó N(B∗

0) ñîïðÿæåííî-
ãî ê B0 îïåðàòîðà B∗

0 .
Ïðè PYB0

PYA = 0, óñëîâèå (9) âñåãäà âûïîëíÿåòñÿ è îò îïåðàòîðíîé ñèñòåìû
(8) ïðèõîäèì ê îïåðàòîðíîé ñèñòåìå:

x(t, ε) = (PN(A)x̂(·, ε))(t) + x̄(t, ε),

x̂(t, ε) = −B−
0 PYA{T x̄(·, ε) +R(x(·, ε), ·, ε)})(t) + x̆♯(t, ε),

x̄(t, ε) = ε(A−{F0(·, ẑ0) + T [(PN(A)x̂(·, ε)) + x̄(·, ε)] +R(x(·, ε), ·, ε)})(t),

(10)

ãäå B−
0 � îáîáùåííî-îáðàòíûé îïåðàòîð ê îïåðàòîðó B0, x̆

♯(t, ε) � ôèêñèðîâàí-
íûé ýëåìåíò èç íóëü-ïðîñòðàíñòâà N(B0) îïåðàòîðà B0.

Â [1] äîêàçàíî, ÷òî äëÿ ïîñòðîåíèÿ åäèíñòâåííîãî ðåøåíèÿ îïåðàòîðíîé
ñèñòåìû (10) ïðèìåíèì ñõîäÿùèéñÿ èòåðàöèîííûé àëãîðèòì, îñíîâàííûé íà
ïðèíöèïå íåïîäâèæíîé òî÷êè.

Êðèòè÷åñêèé ñëó÷àé âòîðîãî ïîðÿäêà. Ðàññìîòðèì îïåðàòîðíîå óðàâ-
íåíèå (1) â ñëó÷àå, êîòîðûé áóäåì íàçûâàòü êðèòè÷åñêèì ñëó÷àåì âòîðîãî ïî-
ðÿäêà. Îí õàðàêòåðèçóåòñÿ òåì, ÷òî ñóùåñòâîâàíèå ðåøåíèÿ èñõîäíîãî óðàâíå-
íèÿ çàâèñèò îò óñëîâèé, ïîëó÷åííûõ ñ ïîìîùüþ íåëèíåéíîãî îïåðàòîðà F è
ïåðâîãî ïðèáëèæåíèÿ ê èñêîìîìó ðåøåíèþ [3].
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Ïóñòü:

(à1) A ∈ GI(l∞(I,B1), l∞(I,B2));
(a2) F � íåëèíåéíàÿ ïî z îãðàíè÷åííàÿ âåêòîð-ôóíêöèÿ, êîòîðàÿ

â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ ||z − z0|| ≤ q èìååò ïðîèçâî-
äíóþ Ôðåøå ïî z è íåïðåðûâíàÿ ïî ñîâîêóïíîñòè ïåðåìåííûõ z, t, ε,
ε ∈ [0, ε0], q è ε0 � äîñòàòî÷íî ìàëûå êîíñòàíòû;

(a3) F (z, t, ε) íåïðåðûâíî äèôôåðåíöèðóåìà ïî ε â îêðåñòíîñòè
ïîðîæäàþùåãî ðåøåíèÿ (4);

(a4) F (0, t, 0) = 0, F ′
z(0, t, 0) = 0;

(a5) f(t) ∈ l∞(I,B2).

(11)

Ïóñòü ïîðîæäàþùåå îïåðàòîðíîå óðàâíåíèå (2) èìååò ñåìåéñòâî ðåøåíèé
(4) è âûïîëíåíî óñëîâèå PN(B0) ̸= 0.

Ïðè âûïîëíåíèè óñëîâèÿ (9) âòîðîå èç óðàâíåíèé ñèñòåìû (8) èìååò ðåøåíèå
â âèäå ïðÿìîé ñóììû

x̂(t, ε) = x̂(1)(t, ε) + x̂(0)(t, ε), (12)

ãäå
x̂(1)(t, ε) = (PN(B0)x̂(·, ε))(t) = (PN(B0)x̂

(1)(·, ε))(t)
� ïðîèçâîëüíûé ýëåìåíò èç N(B0), PN(B0)− îãðàíè÷åííûé ïðîåêòîð,

x̂(0)(t, ε) = −(B−
0 PYA{T x̄(·, ε) +R(x(·, ε), ·, ε)})(t),

x̂(0)(·, ε) ∈ l∞(I,B1)−N(B0), x̂
(0)(t, ε) = ((I − PN(B0))x̂(·, ε))(t), B−

0 � ëèíåéíûé
îãðàíè÷åííûé îáîáùåííî-îáðàòíûé îïåðàòîð ê îïåðàòîðó B0, I � òîæäåñòâåí-
íûé îïåðàòîð â ïðîñòðàíñòâå l∞(I,B1).

Äàëåå ðàññìîòðèì äâà ñëó÷àÿ ðàçëîæåíèÿ (7). Âíà÷àëå ïðåäïîëîæèì, ÷òî â
(7) îïåðàòîð R(x, t, ε) óäîâëåòâîðÿåò óñëîâèÿì:

R(0, t, 0) = 0, R′
x(0, t, ε) = 0, (13)

ãäå R′
x � ëèíåéíûé îïåðàòîð, ïðåäñòàâëÿþùèé ñîáîé ïðîèçâîäíóþ Ôðåøå îò

íåëèíåéíîãî îïåðàòîðà R ïî ïåðåìåííîé x ïðè x = 0.
Ó÷èòûâàÿ ïðåäñòàâëåíèå (12), èç òðåòüåãî óðàâíåíèÿ îïåðàòîðíîé ñèñòåìû

(10) ïîëó÷àåì ñëåäóþùåå âûðàæåíèå:

x̄(t, ε) = ε(A1PN(B0)x̂
(1)(·, ε))(t) + x̄(1)(t, ε),

ãäå A1 = A−TPN(A) : l∞(I,B1) → l∞(I,B1)− ëèíåéíûé îãðàíè÷åííûé îïåðàòîð,

x̄(1)(t, ε) = ε(A−{F0(·, ẑ0) + T [PN(A)(I − PN(B0))x̂
(0)(·, ε)+

+εA1PN(B0)x̂
(1)(·, ε) + x̄(1)(·, ε)] +R(x(·, ε), ·, ε)})(t).

Èç óñëîâèÿ ðàçðåøèìîñòè (9) âòîðîãî óðàâíåíèÿ îïåðàòîðíîé ñèñòåìû (8) ïðè-
õîäèì ê îïåðàòîðíîìó óðàâíåíèþ äëÿ îïðåäåëåíèÿ x̂(1)(t, ε) ∈ N(B0) :

ε(B1x̂
(1)(·, ε))(t) + (PYB0

PYA{T x̄(1)(·, ε) +R(x(·, ε), ·, ε)})(t) = 0, (14)
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ãäå B1 = PYB0
PYATA1PN(B0), B1 : l∞(I toB1), YB0 � ëèíåéíûé îãðàíè÷åííûé

îïåðàòîð.
Ïóñòü B1 ∈ GI(l∞(I,B1), YB0) � îáîáùåííî îáðàòèìûé îïåðàòîð. Îáîçíà÷èì

÷åðåç PN(B1) : N(B0)→ N(B1), PYB1
: YB0 → YB1 îãðàíè÷åííûå ïðîåêòîðû; B

−
1 −

ëèíåéíûé îãðàíè÷åííûé îáîáùåííî-îáðàòíûé îïåðàòîð ê îïåðàòîðó B1. Òîãäà
íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ðàçðåøèìîñòè óðàâíåíèÿ (14) îòíîñèòåëüíî
εx̂(1)(t, ε) ïðèìåò âèä:

(PYB1
PYB0

PYA{T x̄(1)(·, ε) +R(x(·, ε), ·, ε)})(t) = 0. (15)

Ïðè âûïîëíåíèè ýòîãî óñëîâèÿ îïåðàòîðíîå óðàâíåíèå (14) ðàçðåøèìî îòíîñè-
òåëüíî εx̂(1)(t, ε) è èìååò ðåøåíèå

εx̂(1)(t, ε) = x̂(2)(t, ε)− (B−
1 PYB0

PYA{T x̄(1)(·, ε) +R(x(·, ε), ·, ε)})(t),

ãäå x̂(2)(t, ε)− ïðîèçâîëüíûé ýëåìåíò èç ïåðåñå÷åíèÿ íóëü-ïðîñòðàíñòâ N(B0)
è N(B1), x̂

(2)(t, ε) = (PN(B1)x̂
(1)(·, ε))(t) = (PN(B1)PN(B0)x̂

(1)(·, ε))(t) ∈ N(B0) ∩
N(B1).

1. Ïîñòðîåíèå åäèíñòâåííîãî ðåøåíèÿ. Ïðåäïîëîæèì, ÷òî ïåðåñå÷åíèå
íóëü-ïðîñòðàíñòâ N(B0) è N(B1) íóëåâîå, ò.å. PN(B1)PN(B0) = 0, òîãäà îïåðàòîð-
íîå óðàâíåíèå (14) èìååò åäèíñòâåííîå ðåøåíèå. Äëÿ âûïîëíåíèÿ óñëîâèÿ (15)
äîñòàòî÷íî, ÷òîáû

PYB1
PYB0

PYA = 0.

Òàêèì îáðàçîì, ïðè óñëîâèÿõ

PN(B0) ̸= 0, PN(B1)PN(B0) = 0, PYB1
PYB0

PYA = 0 (16)

îò ñèñòåìû (10) ïðèõîäèì ê ýêâèâàëåíòíîé ñèñòåìå

x(t, ε) = (PN(A)(I − PN(B0))x̂
(0)(·, ε))(t)+

+ε(A1PN(B0)x̂
(1)(·, ε))(t) + x̄(1)(t, ε),

x̂(0)(t, ε) = −(B−
0 PYA{T [εA1PN(B0)x̂

(1)(·, ε)+

+x̄(1)(·, ε)] +R(x(·, ε), ·, ε)})(t),

εx̂(1)(t, ε) = −(B−
1 PYB0

PYA{T x̄(1)(·, ε) +R(x(·, ε), ·, ε)})(t), (17)

x̄(1)(t, ε) = ε(A−{F0(·, ẑ0) + T [PN(A)(I − PN(B0))x̂
(0)(·, ε)+

+εA1PN(B0)x̂
(1)(·, ε)] + x̄(1)(·, ε) +R(x(·, ε), ·, ε)})(t).

Â ñëó÷àå PN(B0) ̸= 0 îïåðàòîðíàÿ ñèñòåìà (8) íå ïðèíàäëåæèò ê êëàññó ñèñ-
òåì, äëÿ ðåøåíèÿ êîòîðûõ ïðèìåíèì ìåòîä ïðîñòûõ èòåðàöèé [2], [10].

Ïîêàæåì, ÷òî âûäåëåíèåì äîïîëíèòåëüíîé ïåðåìåííîé ñèñòåìà (8) ïðè óñëî-
âèÿõ (16) ñâîäèòñÿ ê îïåðàòîðíîé ñèñòåìå (17), äëÿ ðåøåíèÿ êîòîðîé ïðèìåíèì
ñõîäÿùèéñÿ ìåòîä ïðîñòûõ èòåðàöèé.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

y(·, ε) = col(x(·, ε), x̂(0)(·, ε), x̃(1)(·, ε), x̄(1)(·, ε))
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� âåêòîð-ñòîëáåö èç áàíàõîâà ïðîñòðàíñòâàB = l∞(I,B1)×l∞(I,B1)×l∞(I,B1)×
l∞(I,B1), ãäå x̃(1) = εx̂(1);

âñïîìîãàòåëüíûå îãðàíè÷åííûå îïåðàòîðû:

P12 = PN(A)(I − PN(B0)), P13 = A1PN(B0),

B23 = −B−
0 PYATA1PN(B0), B24 = −B−

0 PYAT, B34 = −B−
1 PYB0

PYAT ;

ìàòðè÷íûé îïåðàòîð âåðõíåòðåóãîëüíîãî âèäà, ñîñòàâëåííûé èç îãðàíè÷åí-
íûõ îïåðàòîðîâ

W2 =


0 P12 P13 I
0 0 B23 B24

0 0 0 B34

0 0 0 0

 ; (18)

îïåðàòîð-ôóíêöèþ

U2(y(t, ε), t, ε) =



0

−(B−
0 PYAR(x(·, ε), ·, ε))(t)

−(B−
1 PYB0

PYAR(x(·, ε), ·, ε))(t)

ε(A−{F0(·, ẑ0) + T [PN(A)(I − PN(B0))x̂
(0)(·, ε)+

+εA1PN(B0)x̂
(1)(·, ε)] + x̄(1)(·, ε) +R(x(·, ε), ·, ε)})(t).


,

êîòîðàÿ óäîâëåòâîðÿåò óñëîâèÿì (a2), (a4) èç (11).
Èñïîëüçóÿ ââåäåííûå îáîçíà÷åíèÿ, ñèñòåìó (17) ìîæíî ïðåäñòàâèòü â âèäå

îïåðàòîðíîãî óðàâíåíèÿ

y(t, ε) = (W2y(·, ε))(t) + (U2(y(·, ε), ·, ε))(t). (19)

Â ñèëó ñòðóêòóðû êëåòî÷íî-ìàòðè÷íîãî îïåðàòîðàW2 âåðõíåòðåóãîëüíîãî âèäà
ñ íóëåâûìè êëåòêàìè íà ãëàâíîé äèàãîíàëè è íèæå îïåðàòîðíàÿ ñèñòåìà (18)
ïðåîáðàçóåòñÿ â ñèñòåìó

V2y = U2(y, t, ε),

ãäå îïåðàòîð V2 èìååò âèä:

V2 = IB −W2 =


I −P12 −P13 −I
0 I −B23 −B24

0 0 I −B34

0 0 0 I

 .
Äàëåå íåîáõîäèìî ïîêàçàòü, ÷òî îïåðàòîð V2 èìååò îãðàíè÷åííûé îáðàòíûé.
Â ñèëó ñòðóêòóðû êëåòî÷íî-ìàòðè÷íîãî îïåðàòîðà V2 âåðõíåòðåóãîëüíîãî

âèäà ñ òîæäåñòâåííûìè îïåðàòîðàìè íà ãëàâíîé äèàãîíàëè îïåðàòîð V2 èìååò
îáðàòíûé îïåðàòîð V −1

2 âèäà:

V −1
2 =


I P12 P12B23 + P13 I + P12[B23B34 +B24] + P13B34

0 I B23 B23B34 +B24

0 0 I B34

0 0 0 I

 . (20)
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Îïåðàòîð V −1
2 äåéñòâóåò íà âåêòîð-ñòîëáåö y = col(x, x̂(0), x̃(1), x̄(1)) ïî ïðà-

âèëó:

V −1
2 y =



x+ P12x̂
(0) + [P12B23 + P13]x̃

(1)+
+[I + P12(B23B34 +B24) + P13B34]x̄

(1)

x̂(0) +B23x̃
(1) + [B23B34 +B24]x̄

(1)

x̃(1) +B34x̄
(1)

x̄(1)


.

Äëÿ äîêàçàòåëüñòâà îãðàíè÷åííîñòè îïåðàòîðà V −1 ïîêàæåì, ÷òî ñóùåñòâó-
åò êîíñòàíòà c1 > 0 òàêàÿ, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

|||V −1y|||B ≤ c1{|||x|||l∞(I,B1) + |||x̂(0)|||l∞(I,B1) + |||x̃(1)|||l∞(I,B1)}+ |||x̄(1)|||l∞(I,B1)}.

Äëÿ ýòîãî äîêàæåì îãðàíè÷åííîñòü êàæäîé êîìïîíåíòû âåêòîðà y â áàíà-
õîâîì ïðîñòðàíñòâå l∞(I,B1):

Îïåðàòîðû P12, P13, B23, B34, B34− îãðàíè÷åíû êàê ñóïåðïîçèöèè îãðàíè÷åí-
íûõ îïåðàòîðîâ. Îáîçíà÷èì èõ íîðìû â ïðîñòðàíñòâå l∞(I,B1), ñîîòâåòñòâåííî,
÷åðåç:

|||P12|||l∞(I,B1) = p12, |||P13|||l∞(I,B1) = p13,

|||B23|||l∞(I,B2) = b23, |||B24|||l∞(I,B2) = b24, |||B34|||l∞(I,B2) = b34.

Ó÷èòûâàÿ ââåäåííûå îáîçíà÷åíèÿ, äëÿ êàæäîé êîìïîíåíòû âåêòîðà V −1y
ïîëó÷èì:

|||x+ P12x̂
(0) + [P12B23 + P13]x̃

(1) + [I + P12(B23B34 +B24) + P13B34]x̄
(1)|||l∞(I,B1) ≤

≤ |||x|||l∞(I,B1) + |||P12x̂
(0)|||l∞(I,B1) + |||[P12B23 + P13]x̃

(1)|||l∞(I,B1)+

+|||[I + P12(B23B34 +B24) + P13B34]x̄
(1)|||l∞(I,B1) ≤

≤ |||x|||l∞(I,B1) + p12|||x̂(0)|||l∞(I,B1) + [p12b23 + p13]|||x̃(1)|||l∞(I,B1)+

+[1 + p12(b23b34 + b24) + p13b34]|||x̄(1)|||l∞(I,B1);

|||x̂(0) +B23x̃
(1) + [B23B34 +B24]x̄

(1)|||l∞(I,B1) ≤

≤ |||x|||l∞(I,B1) + |||B23x̃
(1)|||l∞(I,B1) + |||[B23B34 +B24]x̄

(1)|||l∞(I,B1) ≤

≤ |||x|||l∞(I,B1) + b23|||x̃(1)|||l∞(I,B1) + [b23b34 + b24]|||x̄(1)|||l∞(I,B1);

|||x̃(1) +B34x̄
(1)|||l∞(I,B1) ≤ |||x̃(1)|||l∞(I,B1) + b34|||x̄(1)|||l∞(I,B1).

Òàêèì îáðàçîì,

|||V −1y|||B ≤ |||x|||l∞(I,B1)+[1+p12]|||x̂(0)|||l∞(I,B1)+[1+b23+p12b23+p13]|||x̃(1)|||l∞(I,B1)+

+[2 + (1 + p12)(b23b34 + b24) + p13b34]|||x̄(1)|||l∞(I,B1) ≤

≤ c1{|||x|||l∞(I,B1) + |||x̂(0)|||l∞(I,B1) + |||x̃(1)|||l∞(I,B1) + |||x̄(0)|||l∞(I,B1)},
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ãäå c1 = max{1, [1+ p12], [1+ b23+ p12b23+ p13], [2+ (1+ p12)(b23b34+ b24)+ p13b34]}.
Òåì ñàìûì îãðàíè÷åííîñòü îïåðàòîðà V −1

1 äîêàçàíà.
Ñ ó÷åòîì ââåäåííûõ âûøå îáîçíà÷åíèé çàïèøåì îïåðàòîðíóþ ñèñòåìó (17)

â âèäå:
y = V −1

2 U2y = V −1
2 Ũ2(ε)y,

ãäå Ũ2(ε), âîîáùå ãîâîðÿ, íåëèíåéíûé îãðàíè÷åííûé îïåðàòîð. Ó÷èòûâàÿ îãðà-
íè÷åííîñòü îïåðàòîðà V −1

2 , ìîæíî ïîäîáðàòü ε∗ ∈ [0, ε0] òàêîå, ÷òî äëÿ âñåõ
ε ≤ ε∗ îïåðàòîð V

−1
2 Ũ2(ε) áóäåò ñæèìàþùèì. Îòñþäà ñëåäóåò, ÷òî îïåðàòîðíàÿ

ñèñòåìà (17) èìååò åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó, êîòîðàÿ áóäåò ðåøåíèåì
óðàâíåíèÿ (1).

Ïðåæäå, ÷åì ñòðîèòü èòåðàöèîííóþ ïðîöåäóðó, ðàññìîòðèì îïåðàòîðíîå
óðàâíåíèå (6) â áîëåå îáùåì ñëó÷àå, êîãäà, â îòëè÷èå îò (13), èìååò ìåñòî óñëî-
âèå

R(0, t, 0) = 0, R′
x(0, t, 0) = 0.

Äëÿ ýòîãî óòî÷íèì ðàçëîæåíèå (7), âûäåëèâ â íåì åùå îäíî ñëàãàåìîå ëè-
íåéíîå ïî x è ε. Èñïîëüçóÿ óñëîâèå (a3) èç (11) è ñîõðàíÿÿ äëÿ R(x, t, ε) ïîñëå
âûäåëåíèÿ èç íåãî ñëàãàåìîãî εT1x ïðåæíåå îáîçíà÷åíèå, ïîëó÷èì äëÿ íåëè-
íåéíîãî îïåðàòîðà F (z0(t, z

♯
0) + x(t, ε), t, ε) ñëåäóþùåå ðàçëîæåíèå òèïà (7)

F (z0(t, ẑ0) + x(t, ε), t, ε) = F0(t, ẑ0) + (Tx(·, ε))(t)+

+ε(T1x(·, ε))(t) +R(x(t, ε), t, ε),

ãäå T1 = F ′′
z,ε(z, t, ε)

∣∣∣ z=z0(t,ẑ0)
ε=0

: l∞(I,B1) × I → l∞(I,B2) � ëèíåéíûé îãðàíè÷åí-

íûé îïåðàòîð;
Â ðàññìîòðåííîì âûøå ñëó÷àå T1 = 0.
Ïðèìåíÿÿ òåîðåìó 2 èç [4, c. 305], ïî àíàëîãèè ñ ïðåäûäóùèìè âûêëàäêàìè,

îò îïåðàòîðíîãî óðàâíåíèÿ

(Ax(·, ε))(t) = ε{F0(t, ẑ0) + (Tx(·, ε))(t) + ε(T1x(·, ε))(t) +R(x(t, ε), t, ε)} (21)

ïðèõîäèì ê ýêâèâàëåíòíîé íà ìíîæåñòâå âåêòîð-ôóíêöèé x(t, ε) ∈ l∞(I,B1)
îïåðàòîðíîé ñèñòåìå

x(t, ε) = PN(A)x̂(t, ε) + x̄(t, ε),

(B0x̂(·, ε)(t) = −(PYA{T x̄(·, ε))(t) + εT1[PN(A)x̂(·, ε)+

+x̄(·, ε)] +R(x(·, ε), ·, ε)})(t), (22)

x̄(t, ε) = ε(A−{F0(·, ẑ0) + [T + εT1]x(·, ε) +R(x(·, ε), ·, ε)})(t).

Âòîðîå èç óðàâíåíèé (22) ðàçðåøèìî òîãäà è òîëüêî òîãäà, êîãäà

(PYB0
PYA{T x̄(·, ε) + εT1[PN(A)x̂(·, ε) + x̄(·, ε)]+

+R(x(·, ε), ·, ε)})(t) = 0,
(23)

è ïðè ýòîì èìååò ðåøåíèå â âèäå ïðÿìîé ñóììû x̂ = x̂(0) + x̂(1), ãäå

x̂(0) = x̂(0)(t, ε) = −(B−
0 PYA{T x̄(·, ε) + εT1x̄(·, ε) +R(x(·, ε), ·ε)})(t);
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x̂(1) = x̂(1)(t, ε) = (PN(B0)x̂(·, ε))(t) = (PN(B0)x̂
(1)(·, ε))(t) ∈ N(B0).

Èç òðåòüåãî óðàâíåíèÿ îïåðàòîðíîé ñèñòåìû (22) ñ ó÷åòîì ïðåäñòàâëåíèÿ x̂
ïîëó÷èì x̄(t, ε) = ε(A1PN(B0)x̂

(1)(·, ε)(t) + x̄(1)(t, ε), ãäå ëèíåéíûé îãðàíè÷åííûé
îïåðàòîð A1 îïðåäåëÿåòñÿ, êàê è ðàíåå, ïî ôîðìóëå A1 = A−TPN(A), à âåêòîð-
ôóíêöèÿ x̄(1)(t, ε) èìååò âèä

x̄(1)(t, ε) = ε(A−{F0(·, ẑ0) + [T + εT1][PN(A)(I−

−PN(B0))x̂
(0)(·, ε) + x̄(·, ε)] +R(x(·, ε), ·, ε)})(t).

Ñ ó÷åòîì ïðåäñòàâëåíèÿ A1 è x̂(t, ε) èç óñëîâèÿ (23) ðàçðåøèìîñòè âòîðîãî
èç óðàâíåíèé (22) ïîëó÷èì óðàâíåíèå äëÿ îïðåäåëåíèÿ εx̂(1)(t, ε):

ε(B1x̂
(1)(·, ε))(t) + (PYB0

PYA{T x̄(1)(·, ε) + εT1[PN(A)(I − PN(B0)x̂
(0)(·, ε)+

+x̄(1)(·, ε)] +R(x(·, ε), ·, ε)})(t) = 0,

ãäå B1 = PYB0
PYA

[
TA1 + T1PN(A)

]
PN(B0) � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð.

Ïóñòü êàê è ðàíåå B1 : N(B0) → YB0− îáîáùåííî îáðàòèìûé îïåðàòîð.
Îáîçíà÷àÿ, êàê è ðàíüøå, ÷åðåç PN(B1) è PYB1

ïðîåêòîðû íà íóëü-ïðîñòðàíñòâî
N(B1) è ïîäïðîñòðàíñòâî YB1 ïðè óñëîâèÿõ (16) îò îïåðàòîðíîé ñèñòåìû (22)
ïðèõîäèì ê ñèñòåìå

x(t, ε) = (PN(A)(I − PN(B0))x̂
(0)(·, ε))(t)+

+ε(A1(t)PN(B0)x̂
(1)(·, ε) + x̄(1)(·, ε))(t),

x̂(0)(t, ε) = −(B−
0 PYA{T [εA1PN(B0)x̂

(1)(·, ε) + x̄(1)(·, ε)]+
+εT1x(·, ε) +R(x(·, ε), ·, ε)})(t), (24)

εx̂(1)(t, ε) = −(B−
1 PYB0

PYA{T x̄(1)(·, ε) + εT1x(·, ε)+
+R(x(·, ε), ·, ε)})(t),

x̄(1)(t, ε) = ε(A−{F0(·, ẑ0) + [T + εT1][PN(A)(I − PN(B0))x̂
(0)(·, ε)+

+εA1PN(B0)x̂
(1)(·, ε)] + x̄(1)(·, ε) +R(x(·, ε), ·, ε)}(t).

Èñïîëüçóÿ ââåäåííûå âûøå îáîçíà÷åíèÿ, çàïèøåì îïåðàòîðíóþ ñèñòåìó (24)
â âèäå

y(t, ε) = (W2y(·, ε))(t) + (U3(y(·, ε), ·, ε))(t),
ãäå êëåòî÷íî-ìàòðè÷íûé îïåðàòîðW2 èìååò ïðåäñòàâëåíèå (18), â êîòîðîì îïå-
ðàòîð B1 = PYB0

PYA
[
TA1 + T1PN(A)

]
PN(B0), à îïåðàòîð U3 áóäåò èìåòü âèä:

U3(y(t, ε), t, ε) =



0

−(B−
0 PYA{εT1x(·, ε)−R(x(·, ε), ·, ε)})(t)

−(B−
1 PYB0

PYA{εT1x(·, ε) +R(x(·, ε), ·, ε)})(t)

ε(A−{F0(·, ẑ0) + [T + εT1][PN(A)(I − PN(B0))x̂
(0)(t, ε)+

+εA1(·)PN(B0)x̂
(1)(t, ε)] + x̄(1)(t, ε) +R(x(·, ε), ·, ε)}(t)


.
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Â ñèëó ñòðóêòóðû êëåòî÷íî-ìàòðè÷íîãî îïåðàòîðà W2 âåðõíåòðåóãîëüíîãî
âèäà ñ íóëåâûìè êëåòêàìè íà ãëàâíîé äèàãîíàëè è íèæå îïåðàòîðíàÿ ñèñòåìà
(24) ïðåîáðàçóåòñÿ â ñèñòåìó

y(t, ε) = (V −1
2 U3(y(·, ε), ·, ε))(t),

ãäå V −1
2 èìååò ïðåäñòàâëåíèå (20).

Ñ ó÷åòîì ââåäåííûõ âûøå îáîçíà÷åíèé çàïèøåì îïåðàòîðíóþ ñèñòåìó (24)
â âèäå:

y = V −1
2 U3y = V −1

2 Ũ3(ε)y,

ãäå Ũ3(ε), âîîáùå ãîâîðÿ, íåëèíåéíûé îãðàíè÷åííûé îïåðàòîð. Ó÷èòûâàÿ îãðà-
íè÷åííîñòü îïåðàòîðà V −1

2 , ìîæíî ïîäîáðàòü ε∗ òàêîå, ÷òî äëÿ âñåõ ε ≤ ε∗
îïåðàòîð V −1

2 Ũ3(ε) áóäåò ñæèìàþùèì. Îòñþäà ñëåäóåò, ÷òî îïåðàòîðíàÿ ñè-
ñòåìà (24) èìååò åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó, êîòîðàÿ áóäåò ðåøåíèåì
óðàâíåíèÿ (1).

Òàêèì îáðàçîì, äëÿ îïåðàòîðíîé ñèñòåìû (24) ïðèìåíèì ìåòîä ïðîñòûõ èòå-
ðàöèé äëÿ íàõîæäåíèÿ ðåøåíèé îïåðàòîðíîãî óðàâíåíèÿ (6) â êëàññå âåêòîð-
ôóíêöèé íåïðåðûâíûõ ïî ε, îáðàùàþùèõñÿ â íóëü ïðè ε = 0. Íà îñíîâå îïå-
ðàòîðíîé ñèñòåìû (24) ïîñòðîèì èòåðàöèîííûé ïðîöåññ íàõîæäåíèÿ ðåøåíèÿ
x(t, ε), x(·, ε) ∈ l∞(I,B1), x(t, ·) ∈ Cε îïåðàòîðíîãî óðàâíåíèÿ (6).

Ïåðâîå ïðèáëèæåíèå x1(t, ε) ê x(t, ε) íàéäåì êàê ðåøåíèå îïåðàòîðíîãî óðàâ-
íåíèÿ

(Ax1(·, ε))(t) = εF0(t, ẑ0).

Ðåøåíèå x1(t, ε) ñóùåñòâóåò â ñèëó âûáîðà ýëåìåíòà ẑ0(t) ∈ l∞(I,B1) èç óðàâíå-
íèÿ (5) äëÿ ïîðîæäàþùèõ ðåøåíèé:

x̄
(1)
1 (t, ε) = ε(A−F (·, ẑ0))(t).

Ïðè ýòîì ïåðâîå ïðèáëèæåíèå x1(t, ε) ê x(t, ε) ñ÷èòàåì ðàâíûì x̄
(1)
1 (t, ε).

Âòîðîå ïðèáëèæåíèå x̄(1)2 (t, ε) ê x̄(1)(t, ε) íàõîäèì êàê ÷àñòíîå ðåøåíèå îïå-
ðàòîðíîãî óðàâíåíèÿ

(Ax̄
(1)
2 (·, ε))(t) = ε{F0(t, ẑ0) + [T + εT1][PN(A)(I − PN(B0))x̂

(0)
1 (t, ε)+

+x̄(1)(t, ε)] +R(x
(1)
1 (t, ε), t, ε)}).

(25)

Ñóùåñòâîâàíèå ðåøåíèÿ x̄(1)2 (t, ε) îáåñïå÷èâàåòñÿ âûáîðîì ýëåìåíòà x̂(0)1 (t, ε) èç
óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ (25)

(B0x̂
(0)
1 (·, ε))(t) = −(PYA{[T + εT1]x̄

(1)
1 (·, ε) +R(x̄

(1)
1 (·, ε), ·, ε)})(t). (26)

Â ñâîþ î÷åðåäü, íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ðàçðåøèìîñòè óðàâíåíèÿ
(26) èìååò âèä:

(PYB0
PYA{[T + εT1]x̄

(1)(·, ε) +R(x̄(1)(·, ε), ·, ε)})(t) = 0. (27)

Ïðè âûïîëíåíèè óñëîâèÿ (27) èç îïåðàòîðíîãî óðàâíåíèÿ (26) îïðåäåëèì ïåðâîå
ïðèáëèæåíèå x̂(0)1 (t, ε) ê x̂(0)(t, ε) ïî ôîðìóëå:

x̂
(0)
1 (t, ε) = −(B−

0 PYA{[T + εT1]x̄
(1)(·, ε) +R(x̄(1)(·, ε), ·, ε)})(t).
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Â êà÷åñòâå âòîðîãî ïðèáëèæåíèÿ x2(t, ε) ê èñêîìîìó ðåøåíèþ x(t, ε) âîçüìåì
âûðàæåíèå:

x2(t, ε) = (PN(A)(I − PN(B0))x̂
(0)
1 (·, ε))(t) + x̄

(1)
2 (t, ε).

Òðåòüå ïðèáëèæåíèå èùåì êàê ðåøåíèå îïåðàòîðíîãî óðàâíåíèÿ

(Ax3(·, ε))(t) = ε(F0(·, ẑ0) + [T + εT1]([PN(A)(I − PN(B0))x̂
(0)
2 (·, ε)+

+εA1PN(B0)x̂
(1)
1 (·, ε) + x̄

(1)
2 (·, ε)]) +R(x2(·, ε), ·, ε))(t),

ãäå x̂(0)2 (t, ε) è îïðåäåëÿåòñÿ èç óñëîâèÿ åãî ðàçðåøèìîñòè

(B0x̂
(0)
2 (·, ε))(t) = −(PYA{[T + εT1][εA1PN(B0)x̂

(1)
1 (·, ε)+

+x̄
(1)
2 (·, ε)] +R(x2(·, ε), ·, ε)})(t).

À èç íåîáõîäèìîãî è äîñòàòî÷íîãî óñëîâèÿ ðàçðåøèìîñòè ïîñëåäíåãî óðàâíåíèÿ
îòíîñèòåëüíî x̂(0)2 (t, ε) ïîëó÷àåì óðàâíåíèå äëÿ îïðåäåëåíèÿ εx̂(1)1 (t, ε) ∈ N(B0):

ε(B1x̂
(1)
1 (·, ε))(t) = −(PYB0

PYA{T x̄
(1)
2 (·, ε) +R(x̄2(·, ε), ·, ε)})(t).

Ïðè âûïîëíåíèè óñëîâèé PN(B0)PN(B1) = 0 è PYB1
PYB0

PYA = 0, èç ïîñëå-

äíèõ äâóõ ñèñòåì îäíîçíà÷íî íàõîäèì ïåðâîå ïðèáëèæåíèå x̂(1)1 ê x̂(1) è âòîðîå
ïðèáëèæåíèå x̂(0)2 ê x̂(0) ïî ôîðìóëàì

εx̂
(1)
1 (t, ε) = −(B−

1 PYB0
PYA{Tx

(2)
2 (·, ε) +R(x2(·, ε), ·, ε)})(t),

x̂
(0)
2 (t, ε) = −(B−

0 PYA{[T + εT1][εA1PN(B0)x̂
(1)
1 (·, ε)+

+x
(1)
2 (·, ε)] +R(x2(·, ε), ·, ε)})(t).

Â êà÷åñòâå òðåòüåãî ïðèáëèæåíèÿ x̂(2)3 (t, ε) ê x̂(1)(t, ε) è x3(t, ε) ê èñêîìîìó ðå-
øåíèþ x(t, ε) áåðåì

x̄
(1)
3 (t, ε) = ε(A−{F0(·, ẑ0) + [T + εT1][PN(A)(I − PN(B0))x̂

(0)
2 (·, ε)+

+εA1PN(B0)x̂
(1)
1 (·, ε) + x̄

(1)
2 (·, ε)] +R(x2(·, ε), ·, ε)})(t).

x3(t, ε) = (PN(A)(I − PN(B0))x̂
(0)
2 (·, ε))(t) + ε(A1PN(B0)x̂

(1)
1 (·, ε))(t) + x̄

(1)
3 (t, ε).

Ïðîäîëæàÿ àíàëîãè÷íûé ïðîöåññ äàëüøå, èç îïåðàòîðíîé ñèñòåìû (24) ïî-
ëó÷àåì ñëåäóþùóþ èòåðàöèîííóþ ïðîöåäóðó äëÿ íàõîæäåíèÿ ðåøåíèÿ x(t, ε)
îïåðàòîðíîãî óðàâíåíèÿ (6), îáðàùàþùåãîñÿ â íóëü ïðè ε = 0:

εx̂
(1)
k−1(t, ε) = −(B−

1 PYB0
PYA{Tx

(2)
k (·, ε) + εT1xk(·, ε) +R(xk(·, ε), ·, ε)})(t),

x̂
(0)
k (t, ε) = −(B−

0 PYA{[TεA1PN(B0)x̂
(1)
k−1(·, ε) + x̄

(1)
k (·, ε)]+

+εT1xk(·, ε) +R(xk(·, ε), ·, ε)})(t),

x̄
(1)
k+1(t, ε) = ε(A−{F0(·, ẑ0) + [T + εT1][PN(A)(I − PN(B0))x̂

(0)
k (·, ε)+ (28)

Íàóê. âiñíèê Óæãîðîä óí-òó, 2015, âèï. �1 (26)



ÑËÀÁÎÍÅËÈÍÅÉÍÛÅ ÎÏÅÐÀÒÎÐÍÛÅ ÓÐÀÂÍÅÍÈß . . . 51

+εA1PN(B0)x̂
(1)
k−1(·, ε) + x̄

(1)
k (·, ε)] +R(x̄

(1)
2 (·, ε), ·, ε)})(t),

xk+1(t, ε) = (PN(A)(I − PN(B0))x̂
(0)
k (·, ε))(t)+

+ε(A1PN(B0)x̂
(1)
k−1(·, ε))(t) + x̄

(1)
k+1(t, ε),

x0(t, ε) = x
(2)
0 (t, ε) ≡ 0, k = 0, 1, 2, 3, ... .

Òàêèì îáðàçîì, äîêàçàíà òåîðåìà.

Òåîðåìà 1. Ïóñòü îïåðàòîðíîå óðàâíåíèå (1) óäîâëåòâîðÿåò óñëîâèÿì
(11), à ñîîòâåòñòâóþùåå ïîðîæäàþùåå óðàâíåíèå (2) ïðè óñëîâèè (3) èìå-
åò ñåìåéñòâî ïîðîæäàþùèõ ðåøåíèé (4). Òîãäà, åñëè B0 ∈ GI(l∞(I,B1), YA),
B1 ∈ GI(l∞(I,B1), YB0), òî äëÿ êàæäîãî ýëåìåíòà ẑ♯0 ∈ l∞(I,B1), óäîâëåòâî-
ðÿþùåãî óðàâíåíèþ äëÿ ïîðîæäàþùèõ ôóíêöèé (5) ïðè âûïîëíåíèè óñëîâèé

PN(B0) ̸= 0, PN(B0)PN(B1) = 0, PYB1
PYB0

PYA = 0,

(PYB0
PYA{[T + εT1]x̄

(1)
1 (·, ε) +R(x̄

(1)
1 (·, ε), ·, ε)})(t) = 0 (29)

îïåðàòîðíîå óðàâíåíèå (1) èìååò åäèíñòâåííîå ðåøåíèå z(t, ε) íåïðåðûâíîå ïî
ε è îáðàùàþùååñÿ ïðè ε = 0 â ïîðîæäàþùåå z0(t, ẑ0) ñ ïîðîæäàþùåé ôóíêöèåé
ẑ0 ∈ l∞(I,B1). Ýòî ðåøåíèå ìîæíî íàéòè ñ ïîìîùüþ ñõîäÿùåãîñÿ íà [0, ε∗] ⊂
[0, ε0] èòåðàöèîííîãî ïðîöåññà (28) è ôîðìóëû

zk(t, ε) = z(t, ẑ0) + xk(t, ε).

2. Ïîñòðîåíèå ïî êðàéíåé ìåðå îäíîãî ðåøåíèÿ. Äàëåå ïðåäïîëîæèì,
÷òî ïåðåñå÷åíèå íóëü-ïðîñòðàíñòâ N(B0) è N(B1) íå ÿâëÿåòñÿ íóëåâûì, ò.å.
PN(B1)PN(B0) ̸= 0. Òîãäà èç ðàçðåøèìîñòè îïåðàòîðíîãî óðàâíåíèÿ (21) ïîëó÷èì
îïåðàòîðíîå óðàâíåíèå

(B0x̂
(0)(·, ε))(t) = −(PYA{[T + εT1][εA1PN(B0)x̂

(1)(·, ε)+

+x̄(1)(·, ε)] +R(x(·, ε), ·, ε)})(t).
(30)

À èç íåîáõîäèìîãî è äîñòàòî÷íîãî óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ (30)
îòíîñèòåëüíî x̂(0)(t, ε) ïîëó÷àåì óðàâíåíèå äëÿ îïðåäåëåíèÿ εx̂(1)(·, ε) ∈ N(B0):

ε(B1x̂
(1)(·, ε))(t) = −(PYB0

PYA{T x̄(1)(·, ε) +R(x̄(·, ε), ·, ε)})(t). (31)

Òàêèì îáðàçîì, ïðè óñëîâèè PYB1
PYB0

PYA = 0 óñëîâèå ðàçðåøèìîñòè óðàâ-
íåíèÿ (31) áóäåò âñåãäà âûïîëíåíî è îíî áóäåò èìåòü ïî êðàéíåé ìåðå îäíî
ðåøåíèå îòíîñèòåëüíî εx̂(1)(t, ε)

εx̂(1)(t, ε) = −(B−
1 PYB0

PYA{T x̄(1)(·, ε) +R(x(·, ε), ·, ε)})(t) + (PN(B1)x̆
(1)
0 (·, ε))(t),

ãäå x̆(1)0 (·, ε)− ïðîèçâîëüíûé ýëåìåíò ïðîñòðàíñòâà N(B1), çàôèêñèðîâàâ êîòî-
ðûé, ìû âûáèðàåì íåêîòîðîå ÷àñòíîå ðåøåíèå (x̂(1))♯(t, ε) = (PN(B1)x̆

(1)
0 (t, ε))(t).

Òîãäà, ïîäñòàâëÿÿ íàéäåííûé ýëåìåíò x̂(1)(t, ε) â óñëîâèå ðàçðåøèìîñòè óðàâ-
íåíèÿ (30), îáåñïå÷èì åãî âûïîëíåíèå. Â ýòîì ñëó÷àå îïåðàòîðíîå óðàâíåíèå
(30) áóäåò èìåòü ïî êðàéíåé ìåðå îäíî ðåøåíèå x̂(0)(t, ε)

x̂(0)(t, ε) = −(B−
0 PYA{T x̄(·, ε) +R(x(·, ε), ·, ε)})(t) + (PN(B1)x̆

(0)
0 (t, ε))(t),
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ãäå x̆(0)0 (·, ε)− ïðîèçâîëüíûé ýëåìåíò ïðîñòðàíñòâà l∞(I,B1), çàôèêñèðîâàâ êî-
òîðûé, ìû âûáèðàåì íåêîòîðîå ÷àñòíîå ðåøåíèå (x̂(0))♯(t, ε) = (PN(B0)x̆

(0)
0 (t, ε))(t).

Òàêèì îáðàçîì, óïðîùàÿ óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé è ïîñòóïàÿñü åäèí-
ñòâåííîñòüþ, îò ñèñòåìû (8) ïðèõîäèì ê ýêâèâàëåíòíîé îïåðàòîðíîé ñèñòåìå

x(t, ε) = (PN(A)(I − PN(B0))x̂
(0)(·, ε))(t)+

+ε(A1PN(B0)x̂
(1)(·, ε))(t) + x̄(1)(t, ε),

x̂(0)(t, ε) = −(B−
0 PYA{T [εA1PN(B0)x̂

(1)(·, ε)+

+x̄(1)(·, ε)] +R(x(·, ε), ·, ε)})(t) + (x̂(0))♯(t, ε), (32)

εx̂(1)(t, ε) = −(B−
1 PYB0

PYA{T x̄(1)(·, ε) +R(x(·, ε), ·, ε)})(t) + (x̂(1))♯(t, ε),

x̄(1)(t, ε) = ε(A−{F0(·, ẑ0) + T [PN(A)(I − PN(B0))x̂
(0)(·, ε)+

+εA1PN(B0)x̂
(1)(·, ε)] + x̄(1)(·, ε) +R(x(·, ε), ·, ε)})(t),

â êîòîðîé x̂(0)(t, ε) è εx̂(1)(t, ε) íàõîäÿòñÿ êàê íåêîòîðûå ÷àñòíûå ðåøåíèÿ îïå-
ðàòîðíîãî óðàâíåíèÿ (14) è âòîðîãî óðàâíåíèÿ ñèñòåìû (8).

Äëÿ ðåøåíèÿ ñèñòåìû (17) ïðèìåíèì ìåòîä ïðîñòûõ èòåðàöèé, ïîñêîëüêó
îíà ïðåäñòàâèìà â âèäå

y(t, ε) = (W2y(·, ε))(t) + U4(y(t, ε), t, ε) (33)

ãäå îïåðàòîð W2 îïðåäåëÿåòñÿ ïî ôîðìóëå (18), à îïåðàòîð U4 èìååò âèä:

U4(y(t, ε), t, ε) =



0

−(B−
0 PYA{εT1x(·, ε)−R(x(·, ε), ·, ε)})(t) + (x̂(0))♯(t, ε)

−(B−
1 PYB0

PYA{εT1x(·, ε) +R(x(·, ε), ·, ε)})(t) + (x̂(1))♯(t, ε)

ε(A−{F0(·, ẑ0) + [T + εT1][PN(A)(I − PN(B0))x̂
(0)(t, ε)+

+εA1(·)PN(B0)x̂
(1)(t, ε)] + x̄(1)(t, ε) +R(x(·, ε), ·, ε)}(t)


.

Òåîðåìà 2. Ïóñòü îïåðàòîðíîå óðàâíåíèå (1) óäîâëåòâîðÿåò óñëîâèÿì
(11), à ñîîòâåòñòâóþùåå ïîðîæäàþùåå óðàâíåíèå (2) ïðè óñëîâèè (3) èìå-
åò ñåìåéñòâî ïîðîæäàþùèõ ðåøåíèé (4). Òîãäà, åñëè B0 ∈ GI(l∞(I,B1), YA),
B1 ∈ GI(N(B0), YB0), òî äëÿ êàæäîãî ýëåìåíòà ẑ0 ∈ l∞(I,B1), óäîâëåòâîðÿþ-
ùåãî óðàâíåíèþ äëÿ ïîðîæäàþùèõ ôóíêöèé (5) ïðè âûïîëíåíèè óñëîâèé

PN(B0) ̸= 0, PN(B0)PN(B1) ̸= 0, PYB1
PYB0

PYA = 0,

(PYB0
PYA{[T + εT1]x̄

(1)
1 (·, ε) +R(x̄

(1)
1 (·, ε), ·, ε)})(t) = 0 (34)

îïåðàòîðíîå óðàâíåíèå (1) èìååò ïî êðàéíåé ìåðå îäíî ðåøåíèå z(t, ε) íåïðå-
ðûâíîå ïî ε è îáðàùàþùååñÿ ïðè ε = 0 â ïîðîæäàþùåå z0(t, ẑ0). Ýòî ðåøåíèå
ìîæíî íàéòè ñ ïîìîùüþ ñõîäÿùåãîñÿ íà [0, ε∗] ⊂ [0, ε0] èòåðàöèîííîãî ïðî-
öåññà (32) è ôîðìóëû

zk(t, ε) = z(t, ẑ0) + xk(t, ε).
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Çàìå÷àíèå 1. Â êðèòè÷åñêîì ñëó÷àå âòîðîãî ïîðÿäêà óñëîâèÿ (29), (34) �
åñòåñòâåííûå, íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ,
ÿâëÿþùåãîñÿ âòîðûì ïðèáëèæåíèåì ê èñêîìîìó. Åñëè óñëîâèÿ (29), (34) íå
âûïîëíÿþòñÿ, òî ðåøåíèå z(t, ε) îïåðàòîðíîãî óðàâíåíèÿ (1) èç óêàçàííîãî
êëàññà, îïðåäåëÿåìîãî ñ ïîìîùüþ ìåòîäà ïðîñòûõ èòåðàöèé, íå ñóùåñòâóåò.
Â ýòîì ñëó÷àå ìîæíî ãîâîðèòü îá îáîáùåíííîì ðåøåíèè (êâàçèðåøåíèè [11],
[12]), à â ñëó÷àå ãèëüáåðòîâûõ ïðîñòðàíñòâ � î ïñåâäîðåøåíèè îïåðàòîðíîãî
óðàâíåíèÿ (1).
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