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MIHIMAKCHA ®IJIBTPAIIIA TAPMOHI3SOBAHUX
BUIIAJKOBUX IIOCJIITOBHOCTEN

The problem of optimal linear estimation of the functional Ay¢ = Eszo aré_y that depends
on the unknown values of a harmonizable a—stable stochastic sequence &, from observations of
the sequence &, + 1, at points n = 0,—1 — 2,..., where &,,n € Z and n,,,n € Z are mutually
independent harmonizable a—stable sequences are considered. Formulas for calculating the error
and the spectral characteristic of the optimal linear estimate of the functional are proposed in the
case of spectral certainty where spectral densities of the processes are exactly known. Formulas that
determine the least favorable spectral densities and the minimax (robust) spectral characteristics
are proposed in the case of spectral uncertainty for some classes of admissible spectral densities.

HocaigzKyerbesa 3aa4a ONTUMAIBHOrO JIHIHHOrO ouiHoBaHHA QyHKLioHada ANE = ZkN:O apé_,
IO 3aJIEKUTh BiJ HEBIJIOMUX 3HAYEHb I'apMOHI30BaHOI (-CTiiiKOI mocaigopHocri &, 3a cuocrepe-
JKEHHSMU TIOCTIAOBHOCTI &y + 1, v MOMenTH wacy n = 0,—1,—2,..., me &,,n € Z 1a n,,n € Z
— B3aEMHO He3aJIeXKHI TapMOHI30BaHI a—CcTiiiki nocimosrocTi. Beranosmeni dhopmynu miist 069u-
CJICHHS BEJIMYMHU TTOXUOKU Ta CHEKTPATBHO! XapaKTEPUCTUKNA ONTUMAJIHHOI OIiHKY (DyHKITIOHAIA
3a YMOBU CIIEKTPAJIHHOI BU3HAYEHOCTI KOJIM BiZOMI CIIEKTPAJIbHI MIIIBHOCTI MPOMECiB. Y TOMY BH-
M3 IKy KOJIM CIEKTPAJIbHI IIIJIBHOCTI HEBIJIOMI, a BU3HAYEH] JIMIlle KJIACH JONYCTUMUX IILIbHOCTELL,
3aCTOCOBAHO MiHIMaKCHUH MAXiT A0 3a7ad4i oriHoBaHHsS. BKaszaHi cmiBBiIHOIIEHHS, 10 BU3HAYA-
IOTh HaWMEHI COPHUSTANB] CHEKTPAJbHI MILTHLHOCTI Ta MIiHIMIKCHI CHEKTPAJbHI XapaKTepUCTHKI
OIIIHOK JIJIsl JIETKUX KJIACiB CHeKTPaJbHUX IIIJIbHOCTEL.

1. Beryn. EdektuBHi MeToIu OIIHIOBAHHS HEBIJIOMUX 3HA4YeHb (3a7a4i iHTepIo-
Jsnil, ekcrpanossnii ra dbiabrparii) cranioHapHUX CTOXACTHYHUX HOCJIIOBHOCTEN
Ta mporeciB po3pobuieni y npamsx A.M. Konmoroposa [1], H. Binepa [2], A. frio-
ma 3], [4]. Bazaqi oniHoBaHHS HEBIIOMHUX 3HAYEHb TAPMOHI30BAHMX CTOXACTHIHUX
IOCJTI TIOBHOCTEli Ta MPOIECiB JOCaKyBaauch y poborax A. Bepona [5|, M. Ilypa-
xmafi [6], C. KamGamica [7], C. Kambanica ta E. Macpi [8], I1. Xocoiia [9].

3anpornoHoBaHi METO/ U JIOC/II/2KeHb IPYHTYIOTHCS Ha IPUILY IEHH], 0 CIIEKTPAJIb-
Hi HILJIBHOCTI CTOXAaCTUYHUX ITOCJI0BHOCTE( Ta nporeciB Bigomi. Ha nmpaxkTuiii, ojgHak,
CHEeKTPaJIbHI MIJIBHOCTI ¥ OlabImocTi BunaakiB Hesigomi. [11o06 mogoratn Take yckia-
JTHEHHS CIIOYATKY OIIHIOIOTH CIeKTPaJIbHI MIIBHOCTI MapaMeTPUIHUMHI U Helapa-
METPUIHUMHI MeTOJaMU, ad0 MiAOMpaTH TaKi MIIHLHOCTI BUXOJASIYN 3 iHITUX MIpKY-
BaHb. [loTiM 3aCcTOCOBYIOTH KJIAaCHMYHI METO/ U HOIIYyKY OIiHOK. [Ipore Takuit 1mimaxis
MOX@Ke IPHUBE3TU 0 3HAYHOTO POCTY BEJMYMHU MOXUOKM OIHOK, K IMOKa3aJu Ha
koHKpeTHHX nprkiaagax K. Bacrora ra X. Ilyp [10]. Oganm i3 cnoco6iB mogosan-
He TAKOTO YCKJIAQTHEHHd Tle 3HAXO/KEeHHS MIHIMAKCHUX OIIHOK, AKi € ONTHMAJIbHU-
MH OJTHOYACHO JJId BCIX MILIBHOCTEH 13 JIeTKOr0o KJaacy JAOMYCTUMHUX CIIeKTPaJTbHIX
mitbHOCTel. TaKi OMIHKY HA3WBAIOTHCA MIHIMAKCHUMU, OCKLTHKN BOHU MiHIMI3YIOTh
MaKcuMaJsibHe 3HadeHHst noxubku. Orvisiy pesysbrariB 3 MiHiMakcHEX (poOAacTHHX)
MeTOiB aHasi3y gannx 3pobusm y csiit vac K. Kaccam ta X. Ilyp [11]. V. I'pena-
Jep [12] nepmnm 3anpononyBaB MiHIMAKCHUIN TiXi/T 10 PO3B’d3aHHs 38241 €KCTpa-
HOJIAII] CTAIllOHAPHUX CTOXACTUYHUX IIPOIIECIB.

¥ monorpadii M. Mokisayka [13] Bukiageni pesyasraTu JOCTIzKeHb 3 MiHIMaK-
CTHOTO(po6ACTHOrO) OIiHIOBaHHST (DYHKIIOHAJIB Bi/l CTAIIOHAPHUX CTOXACTHIHUX 110
caigoBraocreil Ta mporneciB. Y kuusi M. Mokastayka ta 1. Tomivenko [14] moci-
JoKeHl MiHiMakeTHI(pobacThi) oninkn GbyHKIIOHATIB Bl MEPIOINYHO KOPEJThOBAHIX
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CTOXaCTUYHHX IIOCJIiIOBHOCTeH Ta mporeciB. Y kuu3i M. Mokngayka ta O. Macio-
TKU [15] HABeieHI pe3yIbTaTH JOCTIIZKeHb MiHIMAKCHUX OIIHKOK (hYHKIIOHILIIB B
CTAliOHAPHUX BEKTOPHO3HAYHUX CTOXACTHUYHUX IOC/IIJIOBHOCTEH Ta 1poieciB. ¥y po-
6oti M. Jlyza ta M. Mokssayka [16| BuBuatorsest Minimakeni(pobacrai) ominku st
3a/a4 IHTePIOJISI, eKCTpaoIsiii, diabTpalii 1 CTOXaCTHIHNX TPOIECIB i3 cTa-
njoHapuauME npupoctamu. ¥ crartax M. Moknasayka ta B. Ocramenka [17], [18]
JIOCTIIZKYIOThCA OIIHKKM HEeBIJIOMHX 3Ha4YeHb (PYHKITIOHAJIB BiJl HEBIJIOMHUX 3HAY€HD
rapMOHI30BaHUX (-CTIHKUX IOCJIiTOBHOCTEI].

Y naniit poboTi J0C/IKYETHCS 3ajada ONTUMAJIBLHOIO JIHITHOTO OIiHIOBAHHS
(kacwanmit Ta MiHiMakcHu Meroqn) dyHknionama Ay = Zé;vzo aré_j, Mo 3ae-
JKHTb BiJIl HEBIIOMUX 3HAaYe€Hb IapMOHI30BaHOI a-CTiiikoi mocsioBHOCTI &,,n € Z
3a CIIOCTEPEeKEHHSIMHU MOCTII0BHOCTI &, + 7, ¥ MoMmenTn dacy n = 0,1,2,..., ;e
&nsm € 7 Ta m,,n € 7, — B3a€EMHO He3aseyKHi TapMOHI30BaHI (-CTiiiKi TOC/TiTOB-
HOCTi. 3ajada JOCIIIKYEThCS 32 YMOBH CIEKTPAJIbHOI BU3HAYEHOCTI, KOJIU Bigomi
CHEKTPaJIbHI MIJIBHOCTI MOCJIIIOBHOCTEMH. Ta 32 YMOBH CHEKTPAJIbHOI HEBU3HAYEHOCTI,
KOJIW CIeKTpasIbHI MIJIHHOCTI MOCTIOBHOCTEH HEBIIOMI, TPOTE 3a/IaHl KJIAacH JIOMY-
CTUMUX CIEKTpaJbHUX MIiIbHOCTell. BeTtanosieni popMyan i 069UCTIeHHS BeJIH-
YUHU MOXUOKHU Ta CIEKTPATbHOI XapaKTEePUCTHKHU ONTHMATIBHOI OIMIHKH (DYHKITIOHATA
ANE y TOMY BUIQJIKY KOJIM CIIEKTPaJIbHI IILIBHOCTI OC/I0BHOCTEH Bijomi. Y Bu-
MaJIKy CIEKTPaJbHOI HEBU3HAYEHOCTI 3HAMIEHO CIIBBIIHOIIEHHS, 10 BU3HAYAIOTh
HalMeHTIT CIPUST/INBI ClIeKPaJTbHI MIIFHOCTI HA MIHIMAKCHI ClIeKTpaJbHI XapaKTe-
PUCTHUKHU ONPUMAJTBHAX OIIHOK (DYHKITIOHAJIB /I JeIKUX KJIACIB JOIMYCTUMUX CIIe-
KTPAJbHUX MIILHOCTEIH.

2. TapmownizoBaHi a-criiiki mociaigoBHOCTi. OCHOBHI BJIACTUBOCTI.

Oznauenns 1 (Cumerpuuna o-criiika BumaJKoBa Beawduna). Jliticna eunad-
K06a BeAuMUHa & HA3UBAEMBCA CUMEMPUYHONO a-cmitiroto, SaS, axwo i1 Tapa-
kmepucmuuna Gynkyia mae euzeand Fexp(it) = exp(—c|t|*), dasa deaxozo ¢ > 0,
O<a<?2

Oznauenns 2 (Cumerpmuna o-criifka croxacTHdHa MOCII0BHICTS). Cmoza-
cmuuna nocaidosricmo {€ = &,,n € Z} nasusaemvea cumempuunot a-cmitiror
nocAtdo6HICI0, AKWO 6CT 0LCHI AMHITHT KoMOTHAYTT Y N\;E; matoms cumempuyunuil
Q-cmitikuti po3nodin.

Kommiekcro3nauna BunaakoBa endnaa ( = (1 +1(y € CHMETPUYHO Q-CTIfKOIO,
ko (1, (s € cumerpuaHo -cTiiikumn SaS Benmanaamu. CTOXACTHIHUIT TPOIEC
(mificHuit Yn KOMILIEKCHO3HAYHYI) € (-CTIKUil, AKIM0 BCi cKinveHi Jiniiini kombina-
il BUMIAJKOBUX BEJINYNH € Q-CTiHKUMU.

Kogsapiamis SaS seamann X = X7 +iXo 1a Y =Y; +1Ys (1 < o < 2) Busnava-
€Thest 3a HPOPMYJIOI0

[Xa Y]Oé = / ('Tl + i$2)(y1 + Z.3/2)<0[_1>d1—‘X1,Xz,Yl,Yz (xl,xg,yl, y2)7 (1)
Sa

ae 2> = |21P712,8 > 0, a Fg(-) — 1e Mipa, 110 BU3HAYeHa Ha OJMHUYHINA cdepi
S, € R™. Kosapiarisi He € CHMETPUIHOIO Ta HE € JIHIHOI 33 APYTUM apryMeHTOM.
g cymicao SaS po3nojiieHnx BUNAIKOBUX BetndnH &, &1, o, ) MaeMo:

[€(t1) + &(t2), mla = [E(t1), o + [€(t2), Mo
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1€ mlal < [I€llallnlla™ (2)

ne ||€]le = [€, £]i/a € HOPMOIO Y JiHIiHOMY TPOCTOPI HOpOKeHOMY SvS BHIAIKO-
BHMH BeJIMUMHAMU, KA €KBIBaJeHTHA 3012KHOCTI 3a HMOBIPHICTIO. 3ayBasKHMO, IO
|| - ||a MOXKe He criBnagaTu 3i cTaHIAPTHO HOPMOIO B L.

Hexait Z = {Z(0) : —00 < § < oo} — SaS croxacTrudnuii mporec 3 Hesa e KHuME
npupoctamu. Crigyoun [7] BU3HAYAMO CHEKTPATbHY Mipy Hporecy Z y HACTYIHMUI
coci6 p{(s,t]} = [|Z(t) — Z(s)||%. Moxna susnauntn inrerpan [ f(0)dZ(0) nna
Beix f € L*(p), mo mae Taki BJACTHBOCTI:

H [ sz

= [1r@ra),

[ 1z, [ g<9>dZ<e>L = [ 1000 o)

Oznauenns 3 (lapMoHizoBaHA cMMeTpHYHA (-CTifika TOCTiIOBHICTL). Cmoza-
cmuuna SaS - nocaidoswicms {E,,n € Z} e 2apmonizosanoro HSaS, axuwo ichye
cmoxacmuunuti SaS npovec Z = {Z(0);0 € [—7, |} 3 nesanreschumu npupocmamu
ma cKinwenoro cnexmpaavhoto mipoto p(0) maxud, wo nocaidoswicmo {&,,n € Z}
MGE CNEKMPaNoHUt Po3KAGO

£n = / e™dz(0), nel.

—T

Kogapiaiiisi rapmMoHi30BaHOIO HPOIECY JIONYCKAE CIIEKTPAJIbHUIT PO3KJIAL

[gm fm}a = / ei(n—m)edu(e)’ n,mec Z.

—T

Baznaumnmo, mo nocaiaosHicth HSaS He 3aBXKM € CTAIlOHAPHON, TPOTe MpH
« = 2 19 TOCTIIOBHICTD € CTPOr0 CTAIIOHAPHOIO 3 TAYCOBUM PO3IO/ILIOM.

g 3amkayTOro jiiitaoro mignpocropy M C L%(u) ta f € L*(u) icuye eau-
Huil ejnemedt 3 M, mwo minimizye Bigcranb 40 f i HasuBaerbcd npoexiieo f na M
abo Haiikpamoo anpokcumaiieo f wa M, mo nosnadaerbes Py f. Ilpoekuis Py f
€TMHIM IHHOM BH3HA4aeThes [19, . 56| cuiBBinomennsm:

/9(9) (f(6) = P f(0)<" du(h) = 0,9 € M.

[Tosnaunmo uepe3 H (&) 3amkuyTHit 3a HOpMOIO || - ||, miHiiiHNi MHOTOBHI, TIOPOIZKe-
Huil BCiMa 3HaYeHHsMU nponecy nocaigopuocti {&,,n € Z}.

s HSaS - nocrigosrocti {&,,n € Z} i 3amxnyrol nigmuokuaun N C H (&)
ICHY€ €IWHUI eJIeMeHT én € N, mo MmiHiMi3ye BifcTanb 10 &, 1 BUSHAYAETHCS CITiB-
Bi/THOIIIEHHSIM

6 -] =0meN. (3)
B cury niniitHOCTI KOBapialil 3a mepimM apryMeHTOM MaeMO
||£n - ang - ||€na€n - €n||a - ||€na gn - Sn”a = ||§na€n - €n||a' (4)
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Maenmo 3 (3) Ta (4), mo &, — &, HANEKATH HACTYIHOMY KJIACY BUIAIKOBHX BEJIHIIH
L, ={n € H(§) : [(,n]la = 0;¥C € N,|In|lg = [€,n]a}. Cepen Beix emementis Ly,
eqeMent &, — &, Mae Haitblibury HopMy |6]

16 = &nlle = max ] (5)

Cuissinnontenns (5) BumnBae i3 o3Hadenus L, Ta HepiBHOCTI (2).

3. digsTpallia TapMOHI30BaHUX (-CTIHKUX mocJigoBHOcTel. Tpaauiiii-
Huil miaxiza. Posrigaemo 3aa4y onTuMaaibHOrO JIHIKHOIO OIMIHIOBAHHS (DYHKITIO-

HAJIA N
AnE = Zakﬁ—k = /
=0

™

N
An(€")dZ(0), An(e?) = awe ™,

- k=0

0 3aJ1€KUTh BiJl HEBIIOMUX 3HAUYEHb MApMOHI30BaHOI (v—CTiiiKOI MOCTiTOBHOCTI &)

3a CHOCTEePEeKEHHSIMU HOCI1LI0BHOCTL &, +1),, 1 € Z 'y MoMenTn yacy n = 0, —1, =2, ...
Bagady J10CTIKYBATUMO Y TOMY BHIIQIKY, KOJIU B3a€MHO He3asexkui HSaS cro-

XaCTUYHI MOCTIIOBHOCTI &, Ta 1), MalOThb abCOJIOTHO HellepepBHi CIIEKTpaJIbHI Mipu

w(8) ta v(0) BinnosigwHo, Ta cmextpasbHi migsHOCTI f(6) > 0, 9(f) > 0, mo 3a10-

BOJIBHAIOTH YMOBY MiHIMATbHOCTI:

/ " (F(6) + 9(6)) T d0 < oo, (6)

[Tosnaunmo uepes H~ (£ 4+ 1) 3amkHyTy 3a HOPMOW || - ||o JHiHIliHY 060I0HKY
OpO/IZKeHy Bunajakosumu seqnaunavu {&, + n,;n =0, —1,—2, ...},

Teopema 1. Hexati &,,n € Z ma Np,n € Z 83GEMHO HE3ANEHCHE 2APMOHIZ0-
sari a—cmitiki, HSaS, cmoxacmuyuni nocaidosrocmi, axi maroms abcosommo He-
nepepeni cnexmpanvri mipu (1(0),v(0) i3 cnekmparvrumu wisvhocmamu f(0) >
> 0,9(0) > 0 sidnosiono, aki 3adososvnioms ymosy minimarvrocmi (6). Onmu-
maavra ainiting oyinka AnE ynryionasa AnE = [T An(e®)dZ5(9), wo sane-
otcumo 610 nesidomux 3navens HSaS nocaidosnocmi &, 3a cnocmepestcennamu no-
catdosrocmi &, + 1, y moukar n = 0,—1, =2, ... obuucaoemocs s3a popmyaoto (7).
Cnexmpanavna zapaxkmepucmura h(0) eusnauaemoca i3 pisnans (9), de nesidomi
koedivienmu cx, k = 1,2,..., eusnawaromwvcea pieuannamu (10). Iozubka ouinku
obwucaoemocs 3a gopmyaoro (11).

Hosedenns. Buxojsau i3 cuiBigHomenHst i3omMopdizmy mizxk npocropamu H (&)
ta Lo (f) OyaeMo mrykartu OIHKY y BULJISAT

™
Axe= [ (o) (az4(6) + az'9). ©
—Tr
Taka OIiHKA BU3HAYAETHCS CIEKTPAJBLHOI XapakKTepucTukow h(f), mo HaaexkuThb
nimnmpocropy L (f + g) mpoctopy Lo(f + g) mopomzxenomy dbynkmiavm e mpn
n=0,—1,.... Cuexrpanbua xapakrepucruka h(f) onrumanabHOT ONiHKY ANﬁ dbyH-
kijonata Ayé minivisye snavenns ||AyE — Ané]|o. Hafikpammny naGumKennsiy 3ua-
yenns Besimanan AnE y npocropi H ™ (€ + 1) € npoekiiis An€ Ha ueit npocrip, 1o
BU3HAYAETHCA HACTYIHUM YHHOM:

[£(n) +n(n), ANE — AnEla =0,n=0,—1,-2,...
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CKOpHUCTAaBIINCH CHEKTPAJbHUM PO3KJIAJI0M KOBapiallil rapMOHI30BaHOTO IPOIIECY,
OTPUMAEMO HACTYITHE CITiBBITHOTITEHHS

/_ﬂ e~ [(AN(e“’) — ()77 £(0) = (h(0)"* 7 g(0)| d = 0, n = 0,—1,-2, ...
(8)

[3 orpumaHOro CuiBBIIHOIIEHHS MAEMO TAKe PIBHSHHS JIJIS BU3HAYEHHS CIIEKTPAJIb-
HOI XapaKTEePUCTUKH OI[IHKHU

(An(e”) = h(8) ™" £(8) = (h(6))=""* g(6) = C(e?), 9)

0o
7,9) _ E Ckel(k—Hw,
k=0

Jie Cp — HeBioMi KoedIIieHTH, SKi BU3HAYAIOTHCS 13 YMOBHU

/ e h(0)d =0, n=1,2,.... (10)

—T

[ToxubKa OIiHKKA O0UUCIIOETHC 38 (POPMYIOI0

™

Jave — e[ = [ Jaxe) - n)" s@ras+ [ @) oy )
—

4. PinpTpariig rapMOHI30BaHUX -CTIiKUX MOcJigmoBHOCTEH. o = 2. Tpa-
aumiani miaxia. Posrisaemo 3a1ady onTuMalbHOT JIiHITHOT OiHK Y (pyHKIIOHAIA
ANE, mo 3asexkuTh Big HeBigomux 3Hadens HSaS nocaiposnocri &, mig a = 2. Y
bOMY BHIIQJIKy B3a€MHO He3asexui HSaS mocainosrocti &,,n € Z ta n,,n € Z €
CTAI[IOHAPHUMH.

Teopema 2. Hexati &,,n € Z ma Ny,n € 7 63GEMHO HE3ANENHCHT 2GPMOHI30-
sani a—cmitiki, HSaS, a = 2, cmozacmuuni nocaidosnocmi, Axi mMaoms abco-
MOMHO Henepepsri cnekmpasvii mipu (1(0), v(0) i3 cnexmpasvHuMU ULADHOCTAMU
f(@) > 0,9(6) > 0 sidnosiono, axi 3adosorvrioms ymosy minimasvrocmi (6) npu
a = 2. Onmumasvra ATHITHG 0UITHKG Ané dynrxuionara ANE, wo sarescumo 6id
Hesidomur 3navenv HSaS nocaidosnocmi & 3a cnocmepestcentamu nocaidoeHocmsi
En+nn 6 mouraxrn = 0,—1, =2, ... obuucaroemocsa 3a gopmyaoto (7). Cnexmpanviia
zapaxmepucmura h(0) susnavaemocsa i3 pienanna (12), de nesidomi koedivienmu
ek =1,2,. .., susnawaemoca pishannam (13). Iozubka ouinku obvucaoemvea 3a
popmyaoro (14).

Zlosedernsn. CruekrpajibHa XapaKTEPUCTHKA OIMIHKH, 1[0 BH3HAYAETHCS 13 PiB-
HsiaHst (9), MaTHMe BUIJIsI

h(@) _ AN(eia) _ AN(?Z();)(?;;Q?((BZ )7 C(eie) Z i(k+1)0 . (12)

Hesijiomi koedinienTu ¢, BU3HAYAIOTHCS 13 PIBHSIHD

i(k—n+1)0

Z /f g df — ch/f 0:0, n=1,2.... (13
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Busnaunmo oneparopu y npoctopi {o, mo 3a1ani marpurgymu (B)y ; = By j, k, 7 > 0;
Q) = Qrjsk > 1,7 > 0; (R)g; = Ry, k,j > 0, yrBopennmu 3 xoedirienTis
Dyp’e

1

1 T L
B, — — iG=Ko0_~ _ 1p:
7 o / BN OE Ok

7w ) 0 +90)
U] e f(0)9(6)
B3 | ™

-

PiBustnnsg (13), mo Bu3Ha4daroTh HeBimoMi KOedIIiEHTH ¢, MOXKHA 3allUCATH Y BH-
LIS

Qa=Bc, c=B"'Qa,

ne Bekropu a = (ag, ay,...,ay,0,...), ¢ = (c1,c,...).
[Toxubky ominku (pyHKIiOHATA MOKEMO O0YUC/IUTH 38 (POPMYJIO0

An(e?)g(0) + C(?) |

ive-ael, - | | =5 55m —| 10
| An () £(0) — C(e?) | B (14)
P | o=

= (Qa,B'Qa) + (Ra,a).

5. ®dinpTparig rapMoHiI30BaHUX (-CTIiMKUX mocJaigoBHocteii. Minima-
KCcHUM miaxia. Bejwunna noxubku

A(h(f.9): f.9) = | An€ = Ang

(0%

a )
Ta cnekTpajabia xapakrepuctuka h( f, g) := h(6) onrumanbuoi siniiinoi oninku dyH-
KiioHaa AxE 00UNCIIOITHCS 32 BKazaHUMU (hOPMYJIaMi 33 YMOBH, IO HAM BigoMi
crueKkTpaJbHi MiabHOCTI f Ta ¢. fIKImo K miabHOCTI f Ta ¢ HEBiAOMI, IIPOTe MOXKHA,
BKa3aTH KJIACH JOIYCTUMHUX CIeKTPaJbHUX IMinbHOcTeil D = Dy x Dy, BUKOpucra-
€MO MiHIMaKCHUM Ii/Xi/1 /10 3a/1a4i OmiHIOBaHHs (PYHKIIOHAJIA 1 3HAWJIEMO OIIHKY,

K& MIHIMIZY€ BeJIMYMHY MOXUOKHU OJIHOYACHO JIJIsI BCIX CHEKTPaJbHUX HILJILHOCTEN 3
nanoro kiaacy D = Dy x Dy [13].

Osnauennd 4. /lra 3adanozo xaacy cnexmpanrvhux wjgavrocmetd D = Dy X Dy
cnexmpanvni wiavrnocmi fo € Dy, go € Dy nazusaromuvces Hatimernus Cnpusmaueumy

6 D = Dy x D, das onmumanvhoz2o Ainitinozo ouyinkrosanms AnE dynryionara AnE,
AKULO BUKOHYEMBCA HACTMYNHE CNIGBIOHOULEHHA!

A(fo,90) = D(R(fo, 90)5 fo, 90) = max A(R(f,9); fr9)-

(f.9)€eD=D¢x Dy,
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OsnadgenHda 5. /laa 3adanozo kaacy cnexmpanrvrur winvrocmetd D = Dy X
x Dy enexmpanrvra Tapaxmepucmuka hY = h(fo,go) onmumanrvroi ainitinoi ouirku

ANnE pynruyionana AnE nazusaemoves MIHIMAKCHONW (POBACMNO010), AKULO CNPaBdHCY-
0MBCA CNIBBIOHOUWEHHA

Weth= () Lifto)
(f,9)€DfxDy

min  max A(h: f,¢g) = max (h% f,g).

mn L max (h; f,9) = max (h% f,9)

Haitvenm copuarnusi minbaOCTI fo € Dy, go € D, Ta MiHIMaKCHA CIEKTPATbHA
xapaktepuctuka h’ = h(fo, go) yrBOpIOOTH ciayosy Touky dynknii A (h; f,g) Ha
MHOXKUHL Hp X D.

HepiBnocti cijiyioBoi Touku

A (ks fo, 90) = A (h% fo, 90) > A (% [, 9)
Vh € Hp,Vf € Dy, Vg € D,

cipayorees, akmo h' = h(fo, go) Ta h(fo,90) € Hp, ne (fo,g0) — po3s’s30k
3379l Ha YMOBHU €KCTPEMYM

A(f,9) = —A(h(fo, 90); f,9) — inf, (f.g) € Dy x D, (15)
A(h(fo,90): f,9) = % /_W | An(e) — h(0)|" f(0)db + % _W |h0(0)|" g(6)do.

BayBaxKuMo, 10 3aja4a Ha yMOBHUI ekcTpemyMm (15) exBiBajneHTHa 3a1adi HA
besymoBHEi ekcrpemym [20], [21]

Ap(f.9) = A(f,9) +0(f.g|Dy x Dy) — inf,

ae 0(f,g|Df x D,) — ingukaropua ¢yuxuis muoxunu D. Po3s’s30k 3a1a4i xapa-
krepusyerbes ymosoto 0 € A p( fo, go), e OAp(fo, go) - cybandepentian omyKaoro
dyuxmionana A(fo, go) [22], [23].

[Tlincymyemo HaBeseHi (popMyIn Ta O3HAUEHHSI.

Jlema 1. Hezati &,,n € Z ma Ny,n € 7 63aEMHO HE3ANEHCHT 2aPMOHIZ060-
Hi a—cmitixi, HSaS, cmoracmuuni nocaidosrnocmi, axi maromov abcosOMHO He-
nepepeni cnexmpanvri mipu (1(0),v(0) i3 cnekmparvrumu wisvhocmamu f(0) >
> 0,9(0) > 0 sidnogidno, axi 3adososvniomv ymosy minimasvhocmi (6). Hexadl
cnekmpanvni wiavnocmi (fo, go) € Dy X Dy e pose’askom excmpamasvnol 3a0aui
(15). Cnexmpanvii wiavroemi (fo, go) € natimernw enpuamausumy 6 kaaci Dy x D,
i h° = h(fo,go) € MinimMarcHo cnexkmpaibHol0 TAPAKMEPUCTIUKOI ONTNUMANLHOT
AIHLTHOT OUIHKY AN£ Pynruyionara AnE, wo sanencumsv 6i0d He8IIOMUL 3HAUEHD
HSaS nocaidosrnocmi &, 3a cnocmepescennamu nocaidosnocmi &, + Mp Yy Moukax
n=0,-1,-2,..., axwo h® = h(fy,q0) € Hp.

6. Haiimenm cipustinei crnekrpanssi minsHocri B kaaci D) x D). Pos-

TIAHEMO 337149y BU3HAYEHHS HAMEHII CIPUATIUBAX CHEKTPATLHAX MILTLHOCTEH y
© 10 0 " 0 0
knaci Dy x Dy. Hexait fo(0) € D}, go(0) € Dy, ne

DY = (0l [ Fo <P,
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D)= {s(O)lz- [ o) < Pu).
Tpumycrmvo, mo dyHKii
i (forgo) = |Ax () — B(0)[° (16)
hy(for00) = [H2O)]° (17

obmezkeni. I3 monepeanix pesyasraris sumausae, mo A (h(fo, 9o0); f,g) € Henepeps-
HUM JiiHiEEM byHKIOHATOM Y mpoctopi Ly X Li. I3 ymosu 0 € 0Ap(fo, go), mns

D = Dg)c X DS OTPUMYEMO, IO HAWMEHIN CHPUATINBI IMLTBHOCTI 3a0BOTBHAIOTD
PIBHSTHHS ‘

| An(e?) = 1°(0)|" = ar(fo(8) + g0(0)) (18)

1°(0)]" = aa(fo(8) + 90(6)), (19)

e KoHcTanTu o > 0, > 0. 3ayBazkumo o # 0, 9KIIo % f; fo(0) = Py. Takox

(&%) 7& 0, AKIILO % fjﬂ go(H) = PQ.
Maemo Takuit pesy/brar.

Teopema 3. Hexaii cnexmpanvii winvrocmi fo(9) € DY, go(0) € DY) zadosonn-
nAOMs YMoey minimasvnocmi (6). Hexati dynwyii hy(fo, o), he(fo, 9o), wo eusma-
weni 3a gopmyasamu (16), (17) obmesrceni. Cnexmpanrvhi wisvrmocmi fo(0), go(6)
HatUMeHW CNPUAMAUGT 8 KAact D = DSZ X Dg 0AA ONMUMANBHO20 0UIHIOBAHHA (HYyH-
kuionanra ANE, axuwo fo(0),90(0) € poss’askom cucmemu pienans (18), (19) ma 6u-
gHaaOMb PO36°A30%K exempemarvhoi 3adaui (15). Cnexmpanvha Tapaxkmepucmuka
h( fo, go) onmumanvrol Ainitinot oyinku ANﬁ Pynruyionara AnE eusnauaemves pic-
nannamu (9), (10).

7. HaifimeHInI cipudaT/anBi ClIEKTPaJIbHI miapHOCTI B Kjaaci D] X D.. Po3-
[JITHEMO 33/1a49y BU3HAYEHHS HAWMEHII CHPUSITIHBUX CIEKTPAIbHHUX IIIILHOCTEH y
kaaci DY x D, npn o = 2. Hexaii fo(6) € DY, go(0) € D, ne

DL = (fO)0) < 50) < u(®). - [ s0)a0 < P,

™

D. = {g(0)]g(0) = (1 — £)g1(0) + 2w(0), %/ 9(0)d0 < Py,

—T
Je cuekTpasbHi mibaocTi v(6), w(), g1 (0) Bimomi Ta dikcosani, a misgbaocti v(6), u(6)
obmerkeni. Kutac ciekrpasbhux mijgbaocreit D, onucye "cmyrosy ' Mojesb cToxacTu-
qHuX nocsaigoBHocTeil. Tojii gK K/jac cleKTpaJbHUX MILIbHOCTEeHl [, OIHCye MOJe/b
£-3a0py/IHEHHST CTOXaCTUIHUX MOC/IiTOBHOCTEIH.
[Ipunyctumo, 1mo ¢pyHKIil

’AN ze)go( )+ ZZO cheié)(k—i-l)l

i (forgo) = fo(0) + go(0) ’ (20)
|AN za fo( ) Zkf 19 k+1)|
Molfo-g0) = Jo(0) + 90(0) 21)

OOMeEZKeHi.
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3a nux ymoB (DYHKIIOHAIT

™ | An(e?)go(6) + C(e) |
A(f.g) = 5 ROEP0) (6)do—
1T Ax(E) fo(0) — C ()|
2m fo(0) + g0(0) 9(0)do.

€ HenepepBHUM JTiHiiHUM dyHKIioHATOM Yy ipocTopi Ly X L. I3 ymosu 0 € A p( fo, 9o)
npu D = D, X D, 3HaxX01nMO0, 10 HAMEHTIT CHPUSITINBI IMLIHHOCTI 33/ I0BOJIBHSIOTH
PIBHSIHHS

«

Zake w(O) + 32 e | = (o(6) + 90(6)"(1(6) +70(6) +") (2

N 00 o

S are™ fy(0) = 3 AP = (fo(6) + 90(0))*(6(6) + a3 ), (23)

k=0 k=0

ne xkonctantu v, < 0, mpuuomy v; = 0, akimo f°(0) > v(); y2 > 0, npudomy v, = 0,
axmo f(0) < u(f); ¢(0) <0, ¢(¢) = 0, axmo go(¢) > (1 — €)g1(0).

Teopema 4. Hexati cnexmpanvhi wiavrocmi fo(0) € DY, go(6) € D. sado-
B0ALHAIOMD YMOBY Minimasvnocmi (6). Hexal dynwuii hy, hy, wo susnaveni sa
popmyaamu (20), (21) obmesrceni. Cnexmpanvri wiavnoemi fo(0), go(0) natimernw
cnpuamaust 6 Kaact D = D! X D, das onmumasvnozo ouinoearts GyHKULOHaAG
ANE, arwo fo(0), go(0) € poss’askom cucmemu pishans (22), (23) ma susnauaromo
po3s’asok excmpemasvnoi 3adaui (15). Cnexmpasvna zapaxmepucmuka h( fo, go)
ONMUMANBHOT NIHITHOT OUITHKY ANf Pynruionara AnE 8USHAMAEMBCA PIBHAHHAMU
(9), (10).

8. BucHoBok. V janiit poOOTi 3ampoOHOBaHI METOJ/IM TOIIYKY OIHOK (DYH-
KIIIOHAJIIB BiJI HEBIJIOMUX 3HAaYeHb IapMOHI30BAaHUX (r—CTIKHX IIOC/IiI0BHOCTEi &,
3a CIIOCTepezKeHHAMH Yy MoMeHTH 4dacy n = 0, —1, —2, ... mocaijgoBHOCTI &, + 1y, J€
&, Ta 1, — B3a€MHO He3aJIezKHI FapMOHI30BaHI av—CTifiKi OC/I1I0BHOCTI.

Bajgada po3B’si3aHa 3a YMOBH CIEKTPAJbHOI BH3HAYEHOCTi, KOJIM CIEKTPAJIbHI
IIIJIBHOCTI MOCJIIOBHOCTEN BiloMi, Ta 3a YMOBH CIEKTPaJIbHOI HEBH3HAYEHOCTI, KO-
JII CHEKTPAJIbHI IIJIBHOCTI IOCIITOBHOCTEH HEBIJOMI, IPOTE OMHUCAHI KJIACH MOXKJIH-
BHUX CHEKTPaJbHUX MIIbHOCTeH. Beranosieni dpopMyan s 0OIUCTIeHHS BEJTUTHHI
MOXUOKHU Ta CIHEeKTPAJTbHOI XapaKTePUCTUKHA ONTUMAIbHOI OIMIHKK (DYHKIIOHATIB 3a
YMOBH CIIEKTPaJIbHOI BU3HAYEHOCTI. Y TOMY BHUIAJKY KOJIM CHEKTPaJbHI IIJIbHO-
CTi HEeBU3HAUYEHI, a 3a/IaHl JUITe KJach JOMYCTUMUX IILIbHOCTEl, BKa3aHi CHiBBiJ-
HOTIIEHHS, 10 BU3HAYAIOTH HAMEHT CIPUATINBI CHEKTPaabHI MIIJIHHOCTI Ta MiHi-
MiKCHI(po6acTHi) CmeKTpasibHi XapaKTePUCTHKH OIHOK (DYHKIHOHAIB JIJIst IEIKUX
KJIACIB CIEKTPAJILHUX IILILHOCTEH.
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