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IÑÍÓÂÀÍÍß IÍÂÀÐIÀÍÒÍÎÃÎ ÒÎÐÀ ÂÈÐÎÄÆÅÍÎ�
ËIÍIÉÍÎ� ÑÈÑÒÅÌÈ Ç IÌÏÓËÜÑÍÎÞ ÄI�Þ

In this article we find sufficient condition for existence an invariant torus of degenerate linear im-
pulsive system that is define on product of a torus and Euclidean space. We also find conditions for
preservation of an asymptotically stable invariant toroidal manifold of a degenerate impulsive lin-
ear extension of a dynamical system on a torus under small perturbations on a set of nonwandering
points.

Â äàíié ðîáîòi çíàéäåíî äîñòàòíþ óìîâó iñíóâàííÿ iíâàðiàíòíîãî òîðó âèðîäæåíî¨ ëiíiéíî¨
iìïóëüñíî¨ ñèñòåìè âèçíà÷åíî¨ íà ïðÿìîìó äîáóòêó òîðà òà Åâêëiäîâîãî ïðîñòîðó. Òàêîæ
çíàéäåíî óìîâè çáåðåæåííÿ àñèìïòîòè÷íî ñòiéêîãî iíâàðiàíòíîãî òîðî¨äàëüíîãî ìíîãîâèäó
äëÿ âèðîäæåíî¨ iìïóëüñíî¨ ñèñòåìè ïðè ìàëèõ çáóðåííÿõ íà ìíîæèíi íåáëóêàþ÷èõ òî÷îê.

Ðîçãëÿíåìî ñèñòåìó iìïóëüñíèõ äèôåðåíöiàëüíèõ ðiâíÿíü â öåíòðàëüíié êàíî-
íi÷íié ôîðìi âèãëÿäó

dφ

dt
= a(φ),

[
En−s 0
0 I

]
dx

dt
=

[
M(φ) 0
0 Es

]
x+ f(φ), (1)

∆x1|φ∈Γ = B(φ)x1 + I(φ), (2)

äå x ∈ Rn, x = col(x1, x2), äå x1(t, φ), x2(t, φ)− âiäïîâiäíî n − s òà s−âèìiðíi
âåêòîðè, φ ∈ Tm,Tm−m−âèìiðíèé òîð, f(φ), I(φ)− íåïåðåðâíi (êóñêîâî-íåïå-
ðåðâíi ç ðîçðèâàìè ïåðøîãî ðîäó íà ìíîæèíi Γ ) ôóíêöi¨, 2π−ïåðiîäè÷íi ïî êî-
æíié êîìïîíåíòi φv, v = 1, ...,m, i îáìåæåíi ïðè âñiõ φ ∈ Tm, f2(φ) ∈ Cs−1(Tm)
M(φ), B(φ) - íåïåðåðâíi 2π−ïåðiîäè÷íi ïî êîæíié êîìïîíåíòi φv êâàäðàòíi
ìàòðèöi, ôóíêöiÿ a(φ) îáìåæåíà i çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ ïî φ ∈ Tm,
En−s, Es− îäèíè÷íi ìàòðèöi n − s òà s−ãî ïîðÿäêó âiäïîâiäíî, I− êâàçiäiàãî-
íàëüíà ìàòðèöÿ, det(En−s + B(φ)) ̸= 0 äëÿ áóäü-ÿêîãî φ ∈ Tm. Âiäíîñíî ìíî-
æèíè Γ ïðèïóñêà¹ìî, ùî âîíà ¹ ïiäìíîæèíîþ òîðà Tm i ïðåäñòàâëÿ¹ ñîáîþ
ìíîãîâèä ðîçìiðíîñòi m − 1, ÿêèé ìîæíà âèçíà÷èòè ðiâíÿííÿì Φ(φ) = 0, äå
Φ(φ)− ñêàëÿðíà, íåïåðåðâíà i 2π-ïåðiîäè÷íà ïî çìiííié φ ôóíêöiÿ.

Ïîçíà÷èìî ÷åðåç ti(φ) ðîçâ'ÿçêè ðiâíÿííÿ Φ(φt(φ)) = 0, ÿêi ¹ ìîìåíòàìè iì-
ïóëüñíèõ çáóðåíü äëÿ ñèñòåìè (1),(2). Ïðèïóñòèìî òàêîæ, ùî iñíó¹ äåÿêà ñòàëà
θ > 0 òàêà, ùî

ti(φ)− ti−1(φ) ≥ θ, (3)

äëÿ áóäü-ÿêèõ i ∈ Z, φ ∈ Tm.
Ç'ÿñó¹ìî ïèòàííÿ iñíóâàííÿ iíâàðiàíòíîãî òîðó ñèñòåìè (1),(2). Öÿ ñèñòåìà

ìîæå áóòè ðîçùåïëåíà íà äâi íåçàëåæíi ñèñòåìè

dφ
dt

= a(φ), dx1
dt

=M(φ)x1 + f1(φ),
∆x1|φ∈Γ = B(φ)x1 + I(φ).

(4)

dφ

dt
= a(φ), I

dx2
dt

= x2 + f2(φ), (5)
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Ëåìà 1. [2] Äëÿ áóäü-ÿêîãî ðîçâ'ÿçêó t = ti(φ) ñèñòåìè Φ(φt(φ)) = 0
ðiâíiñòü

ti(φ−t(φ))− ti(φ) = t, (6)

âèêîíó¹òüñÿ äëÿ áóäü-ÿêèõ φ ∈ Tm i t ∈ R.
Íåõàé C(φ) - íåïåðåðâíà ïî φ ∈ Tm, 2π-ïåðiîäè÷íà ïî φv, v = 1, ...,m ìàòðè-

÷íà ôóíêöiÿ, à Ωt
s(φ) - ôóíäàìåíòàëüíà ìàòðèöÿ ëiíiéíî¨ îäíîðiäíî¨ ñèñòåìè

dx1
dt

=M(φt(φ))x1,
∆x1|φ∈Γ = B(φti(φ)(φ))x1,

(7)

çàëåæíî¨ âiä φ ∈ Tm, τ ∈ R ÿê âiä ïàðàìåòðiâ.
Çà àíàëîãi¹þ ç [4] âèçíà÷èìî ôóíêöiþ Ãðiíà-Ñàìîéëåíêî

G(t, s, φ) =

{
Ωt
s(φ)C(φs(φ)), s ≤ t,

−Ωt
s(φ) [En−s − C(φs(φ))] , s > t,

(8)

ñèñòåìè ðiâíÿíü

dφ

dt
= a(φ),

dx1
dt

=M(φ)x1, ∆x1|φ∈Γ = B(φ)x1, (9)

ÿêùî
∥G(t, s, φ)∥ ≤ Ke−γ|t−s|, (10)

äëÿ áóäü-ÿêèõ K > 0 i γ > 0. Ôóíêöiÿ G(t, s, φ) çàäîâîëüíÿ¹ ñèñòåìó (7) ïðè
t ̸= s, òîáòî

d
dt
G(t, s, φ) = A(φt(φ))G(t, s, φ), t ̸= ti(φ),

∆G(t, s, φ)∥t=ti(φ) = B(φti(φ)(φ))G(t, ti(φ), φ),

i ìà¹ ðîçðèâ ïåðøîãî ðîäó ïðè t = s.
Íåâàæêî ïåðåêîíàòèñÿ, ùî ôóíêöiÿ G(t, s, φ) çàäîâîëüíÿ¹ ðiâíîñòi

G(t, s, φ+ 2π) = G(t, s, φ),
G(t, t+ s, φ) = G(0, s, φt(φ)).

(11)

Íåõàé ìàòðèöÿ G(t, s, φ) i ôóíêöi¨ ti(φ) òàêi, ùî ôóíêöi¨

x1,t(φ) =
+∞∫
−∞

G(t, s, φ)f1(φs(φ))ds+

+
∑

−∞<ti(φ)<+∞
G(t, ti(φ) + 0, φ)I(φti(φ)(φ)).

(12)

çàëåæíi âiä φ ÿê âiä ïàðàìåòðà, âèçíà÷åíi ïðè âñiõ t ∈ R i ðiâíîìiðíî îáìåæåíi.
Äiéñíî, îñêiëüêè âèêîíóþòüñÿ íåðiâíîñòi (3) i (10), ìà¹ìî

∥x1,t(φ)∥ ≤
+∞∫
−∞

Ke−γ|t−s| ∥f1(φs(φ))∥ ds+

+
∑

−∞<ti(φ)<+∞
Ke−γ|t−ti(φ)|

∥∥I(φti(φ)(φ))∥∥ ≤

≤ 2K
γ

max
φ∈Tm

∥f1(φ)∥+K sup
i∈Z

max
φ∈Tm

∥∥I(φti(φ)(φ))∥∥ ∑
−∞<ti(φ)<+∞

e−γ|t−ti(φ)|.
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∑
−∞<ti(φ)<+∞

e−γ|t−ti(φ)| =
∑

ti(φ)≤t
e−γ(t−ti(φ)) +

∑
ti(φ)>t

eγ(t−ti(φ)) ≤

≤
∑

ti(φ)≤t
e−γ(tj(φ)−ti(φ)) +

∑
ti(φ)>tj(φ)

e−γ(ti(φ)−tj+1(φ)) ≤ 2
1−e−γθ .

Òàêèì ÷èíîì, ìà¹ìî îöiíêó

∥x1,t(φ)∥ ≤ C

(
max
φ∈Tm

∥f1(φt(φ))∥+ sup
i∈Z

max
φ∈Tm

∥∥I(φti(φ)(φ))∥∥) ,
äå

C = max

(
2K

γ
,

2K

1− e−γθ

)
. (13)

Ðîçâ'ÿçîê ñèñòåìè (5) ìîæåìî çàïèñàòè ó âèãëÿäi

x2,t(φ) = −
s−1∑
k=0

∑
i1+...+im=k

Ik
∂kf2(φt(φ))

∂φi11 ...∂φ
im
m

ai11 (φ)...a
im
m (φ). (14)

i âií áóäå îáìåæåíèì â ñèëó óìîâ íàêëàäåíèõ íà f2(φ) òà a(φ). Îá'¹äíà¹ìî (12)
òà (14)

xt(φ) =



+∞∫
−∞

G(t, s, φ)f1(φs(φ))ds+

+
∑

−∞<ti(φ)<+∞
G(t, ti(φ) + 0, φ)I(φti(φ)(φ))

−
s−1∑
k=0

∑
i1+...+im=k

Ik ∂
kf2(φt(φ))

∂φ
i1
1 ...∂φ

im
m

ai11 (φ)...a
im
m (φ)

 , (15)

i ïîêëàäåìî xt(φ) = u(φt(φ)). Âèêîðèñòîâóþ÷è ðiâíîñòi (6) òà (11) i âèêîíóþ÷è
çàìiíó φ íà φ−t(φ), îòðèìà¹ìî

u(φ) =



+∞∫
−∞

G(0, s, φ)f1(φs(φ))ds+

+
∑

−∞<ti(φ)<+∞
G(0, ti(φ) + 0, φ)I(φti(φ)(φ))

−
s−1∑
k=0

∑
i1+...+im=k

Ik ∂kf2(φ)

∂φ
i1
1 ...∂φ

im
m

ai11 (φ)...a
im
m (φ)

 . (16)

ßêùî iíòåãðàë i ñóìè â (16) çáiãàþòüñÿ, òîäi ôóíêöiÿ u(φ) âèçíà÷à¹ iíâàði-
àíòíó ìíîæèíó ñèñòåìè (1), (2):

x = u(φ), u(φ+ 2π) = u(φ).

Âiäçíà÷èìî, ùî äëÿ çáiæíîñòi iíòåãðàëó i ñóìè â (16) äîñòàòíüî, ùîá ôóíêöiÿ
G(t, s, φ) çàäîâîëüíÿëà íåðiâíîñòi

∥G(t, s, φ)∥ ≤ Ke−γ|t−s|,

i âèêîíóâàëàñÿ óìîâà (3) äëÿ áóäü-ÿêèõ i ∈ Z, t, s ∈ R i φ ∈ Tm òà äåÿêèõ K > 0
i γ > 0. Òàêèì ÷èíîì, ìè äîâåëè íàñòóïíó òåîðåìó.
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Òåîðåìà 1. Ïðèïóñòèìî, ùî â ñèñòåìi (1),(2), 2π-ïåðiîäè÷íi ôóíêöi¨ f(φ),
I(φ) i 2π-ïåðiîäè÷íi ìàòðèöi M(φ), B(φ) íåïåðåðâíi íà òîði Tm, ïðè÷îìó
f2(φ) ∈ Cs−1(Tm). ßêùî ôóíêöiÿ G(t, s, φ) çàäîâîëüíÿ¹ îöiíêó (10), à äëÿ ôóí-
êöié ti(φ) âèêîíó¹òüñÿ íåðiâíiñòü (3), òîäi ñèñòåìà (1),(2) ìà¹ iíâàðiàíòíèé
òîðî¨äàëüíèé ìíîãîâèä.

Ðîçãëÿíåìî ïèòàííÿ iñíóâàííÿ àñèìïòîòè÷íî ñòiéêîãî iíâàðiàíòíîãî òîðó
äëÿ ñèñòåìè (1), (2). Ñïðàâåäëèâèìè ¹ íàñòóïíi òåîðåìè.

Òåîðåìà 2. Íåõàé ðiâíîìiðíî ïî t iñíó¹ ñêií÷åííà ãðàíèöÿ

lim
T→∞

i(t, t+ T )

T
= p, (17)

äå i(t, t + T )− êiëüêiñòü òî÷îê ti(φ) íà ïðîìiæêó [t, t + T ], f2(φ) ∈ Cs−1(Tm),
ïðè÷îìó íàéáiëüøå iç âëàñíèõ çíà÷åíü ìàòðèöi M∗(φ) = 1

2
(M(φ) + M⊤(φ))

çàäîâîëüíÿ¹ íåðiâíiñòü Λ(φ) ≤ γ, à íàéáiëüøå iç âëàñíèõ çíà÷åíü ìàòðèöi
((En−s +B⊤(φ))(En−s +B(φ))) çàäîâîëüíÿ¹ íåðiâíiñòü

max
i=1,...,n

λi((En−s +B⊤(φ))(En−s +B(φ))) ≤ α2.

Òîäi, ÿêùî

γ + p lnα < 0, (18)

òîäi ñèñòåìà (1), (2) ìà¹ àñèìïòîòè÷íî ñòiéêèé iíâàðiàíòíèé òîð.

Äîâåäåííÿ. Îñêiëüêè ñèñòåìà (1), (2) ìîæå áóòè ðîçùåïëåíà íà äâi íå-
çàëåæíi ñèñòåìè (4), (5), òî, ñêîðèñòàâøèñü àíàëîãîì íåðiâíîñòi Âàæåâñüêîãî,
íåâàæêî äëÿ áóäü-ÿêîãî ðîçâ'ÿçêó x1(t) ñèñòåìè (9) îòðèìàòè îöiíêó

∥x1(t)∥ ≤ αi(s,t)eγ(t−s)∥x1(s)∥. (19)

Â ñèëó iñíóâàííÿ ãðàíèöi (2) ç óðàõóâàííÿì (3) òà (4) ìîæíà âêàçàòè òàêi
K ≥ 1 òà µ > 0 (0 < µ < |γ+p lnα|), ùî äëÿ âñiõ t ≥ s ìàòðèöàíò Ωt

s(φ) ñèñòåìè
(9) çàäîâîëüíÿ¹ îöiíêó

∥Ωt
s(φ)∥ ≤ Ke−µ(t−s). (20)

Ç (15) ëåãêî áà÷èòè, ùî ðîçâ'ÿçîê ñèñòåìè (1), (2) ïðè t ≥ s ìîæíà çàïèñàòè ó
âèãëÿäi

xt(φ) =



t∫
−∞

G(t, s, φ)f1(φs(φ))ds+

+
∑

−∞<ti(φ)<t

G(t, ti(φ) + 0, φ)I(φti(φ)(φ))

−
s−1∑
k=0

∑
i1+...+im=k

Ik ∂
kf2(φt(φ))

∂φ
i1
1 ...∂φ

im
m

ai11 (φ)...a
im
m (φ)

 , (21)

äå

G(t, s, φ) =

{
Ωt
s(φ)C(φs(φ)), s ≤ t,

0, s > t,
(22)
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Âèêîðèñòîâóþ÷è ðiâíiñòü (6) òà âëàñòèâîñòi ôóíêöi¨ Ãðiíà-Ñàìîéëåíêà (11)
i âèêîíóþ÷è çàìiíó φ íà φ−t(φ), îòðèìà¹ìî âèðàç

u(φ) =



0∫
−∞

G(0, s, φ)f1(φs(φ))ds+

+
∑

−∞<ti(φ)<0

G(0, ti(φ) + 0, φ)I(φti(φ)(φ))

−
s−1∑
k=0

∑
i1+...+im=k

Ik ∂kf2(φ)

∂φ
i1
1 ...∂φ

im
m

ai11 (φ)...a
im
m (φ)

 , (23)

ÿêèé âèçíà÷à¹ iíâàðiàíòíèé òîðî¨äàëüíèé ìíîãîâèä ñèñòåìè (1), (2), ïðè÷îìó
âií áóäå àñèìïòîòè÷íî ñòiéêèé, îñêiëüêè âèêîíó¹òüñÿ óìîâà (5).

Ïðèïóñòèìî, ùî â ñèñòåìi (1), (2) ìàòðèöi M i B ñòàëi, òîáòî ðîçãëÿíåìî
ñèñòåìó

dφ

dt
= a(φ),

[
En−s 0
0 I

]
dx

dt
=

[
M 0
0 Es

]
x+ f(φ), (24)

∆x1|φ∈Γ = Bx1 + I(φ). (25)

Íå îáìåæóþ÷è çàãàëüíîñòi, áóäåìî ââàæàòè, ùî ìàòðèöÿ M âçÿòà â äiéñíié
êàíîíi÷íié ôîðìi

Òåîðåìà 3. Íåõàé γ = max
i
Reλi(M); α2 = max

i
λ((En−s+B

⊤)× ×(En−s+B)),

à ìîìåíòè τi(φ) çàäîâîëüíÿþòü óìîâi (2). Òîäi, ÿêùî γ+p lnα < 0, òî ñèñòåìà
(7),(8) ìà¹ àñèìïòîòè÷íî ñòiéêèé iíâàðiàíòíèé òîð.

Äîâåäåííÿ. Äîâåäåííÿ äàíî¨ òåîðåìè àíàëîãi÷íå äîâåäåííþ ïîïåðåäíüî¨
òåîðåìè.

Ðîçãëÿíåìî ïèòàííÿ iñíóâàííÿ àñèìïòîòè÷íî ñòiéêîãî iíâàðiàíòíîãî ìíîãî-
âèäó çáóðåíî¨ ñèñòåìè ðiâíÿíü

dφ
dt

= a(φ), dx1
dt

=M(φ)x1 + f1(φ), ∆x1|φ∈Γ = B(φ)x1 + I(φ),
I dx2
dt

= x2 + f2(φ),
(26)

íà ìíîæèíi íåáëóêàþ÷èõ òî÷îê.

Îçíà÷åííÿ 1. [6] Òî÷êó φ íàçâåìî áëóêàþ÷îþ, ÿêùî iñíóþòü ¨¨ îêië U(φ)
i äîäàòíå ÷èñëî T òàêi, ùî

U(φ) ∩ φt(U(φ)) = 0 äëÿ t ≥ T. (27)

Iñíóâàííÿ ôóíêöi¨ Ãðiíà-Ñàìîéëåíêî ðàçîì ç óìîâîþ (3) ãàðàíòó¹ iñíóâàííÿ
iíâàðiàíòíî¨ òîðî¨äàëüíî¨ ìíîæèíè äëÿ ñèñòåìè (26).

Òåîðåìà 4. Íåõàé â ñèñòåìi (26) M(φ) = M0(φ) + M̃(φ), B(φ) = B0(φ) +
B̃(φ),à f2(φ) ∈ Cs−1(Tm), ïðè÷îìó sup

φ∈Ω
∥M0(φ)∥ = α, sup

φ∈Ω
∥B0(φ)∥ = β, äå Ω−

ìíîæèíà íåáëóêàþ÷èõ òî÷îê äèíàìi÷íî¨ ñèñòåìè dφ
dt

= a(φ), i äëÿ ôóíäàìåí-
òàëüíî¨ ìàòðèöi Ωt

s(φ) îäíîðiäíî¨ iìïóëüñíî¨ ñèñòåìè

dx1
dt

= M̃(φt(φ))x1, ∆x1|φ∈Γ = B̃(φti(φ)(φ))x1,

âèêîíó¹òüñÿ îöiíêà ∥∥Ωt
s(φ)

∥∥ ≤ Ke−γ(t−s), t ≥ s. (28)
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Òîäi, ÿêùî âèêîíó¹òüñÿ óìîâà

Kα +
1

θ
ln(1 +Kβ) < γ, (29)

òîäi ñèñòåìà (26) ìà¹ àñèìïòîòè÷íî ñòiéêèé iíâàðiàíòíèé òîð.

Äîâåäåííÿ. Ìàòðèöàíò çáóðåíî¨ ñèñòåìè ðiâíÿíü ìîæå áóòè ïðåäñòàâëåíèé
ó âèãëÿäi

X t
0(φ) = Ωt

0(φ) +
t∫
0

Ωt
s(φ)M0(φs(φ))X

s
0(φ)ds+

+
∑

0≤ti(φ)<t
Ωt
ti(φ)

(φ)B0(φti(φ)(φ))X
ti(φ)
0 (φ).

Îñêiëüêè âèêîíó¹òüñÿ îöiíêà (28), òî

∥X t
0(φ)∥ ≤ Ke−γt +

t∫
0

Ke−γ(t−s) ∥M0(φs(φ))∥ ∥Xs
0(φ)∥ ds+

+
∑

0≤ti(φ)<t
Ke−γ(t−ti(φ))

∥∥B0(φti(φ)(φ))
∥∥∥∥∥X ti(φ)

0 (φ)
∥∥∥ .

eγt ∥X t
0(φ)∥ ≤ K +

t∫
0

Keγs ∥M0(φs(φ))∥ ∥Xs
0(φ)∥ ds+

+
∑

0≤ti(φ)<t
Keγti(φ)

∥∥B0(φti(φ)(φ))
∥∥∥∥∥X ti(φ)

0 (φ)
∥∥∥ . (30)

Ïîçíà÷èìî ÷åðåç Uε(Ω) ε-îêië ìíîæèíè Ω i ïîêàæåìî, ùî äëÿ äîâiëüíîãî
ôiêñîâàíîãî ε > 0 i äîâiëüíîãî φ ∈ Tm iñíó¹ ñêií÷åíèé ìîìåíò ÷àñó T > 0, íå
çàëåæíèé âiä φ, òàêèé ùî, äëÿ ìîìåíòiâ ÷àñó t ≥ T ïiâòðà¹êòîðiÿ φt(φ) ∈ Uε(Ω).

Äiéñíî, îñêiëüêè Tm− êîìïàêòíà, à Uε(Ω)− âiäêðèòà ìíîæèíè, òî ìíîæèíà
Tm \Uε(Ω) êîìïàêòíà i ñêëàäà¹òüñÿ ç áëóêàþ÷èõ òî÷îê. Òîìó äëÿ êîæíî¨ òî÷êè
φ ∈ Tm \ Uε(Ω) çíàéäåòüñÿ îêië U(φ), ÿêèé çàäîâîëüíÿ¹ óìîâó (27) Âíàñëi-
äîê êîìïàêòíîñòi ôàçîâîãî ïðîñòîðó âèáåðåìî ç öèõ îêîëiâ ñêií÷åííó êiëüêiñòü
U1, U2, ..., UN òàê, ùîá

N∑
k=1

Uk = Tm \ Uε(Ω),

i ïîçíà÷èìî âiäïîâiäíi ÷èñëà T (φ) ÷åðåç T1, T2, ..., TN .
Íåõàé äîâiëüíà òî÷êà φ ∈ Tm − Uε(Ω) âõîäèòü â îêië Un1 . Çãiäíî ç (27) çà

÷àñ, ùî íå ïåðåâèùó¹ Tn1 , âîíà âèéäå ç íüîãî íàçàâæäè. Íåõàé âîíà ïîòðàïèòü
â îêië Un2 . Éîãî âîíà ïîêèíå çà ÷àñ, ÿêèé íå ïåðåâèùó¹ Tn2 , i ò.ä. Íàðåøòi,

çà ÷àñ, ùî íå ïåðåâèùó¹
N∑
k=1

Tk, òî÷êà îáîâ'ÿçêîâî ïîòðàïèòü â Uε(Ω), îñêiëüêè

ïîâåðíóòèñÿ â îäèí ç îêîëiâ Ui, i = 1, ..., N, âîíà íå ìîæå çãiäíî (27).
Îòæå, ÷àñ ïåðåáóâàííÿ òî÷êè φ â Tm \ Uε(Ω) íå ìîæå ïåðåâèùóâàòè T =

N∑
k=1

Tk. Îñêiëüêè ìàòðèöi M0(φ), B0(φ) ∈ C(Tm), òî äëÿ äîâiëüíèõ ôiêñîâàíèõ

η > 0 i δ > 0 iñíó¹ ñêií÷åííèé ìîìåíò ÷àñó T > 0, íå çàëåæíèé âiä φ i òàêèé,
ùî ∥M0(φt(φ))∥ ≤ α + η, ∥B0(φt(φ))∥ ≤ β + δ äëÿ áóäü-ÿêîãî t ≥ T . Òîäi ç (30)

Íàóê. âiñíèê Óæãîðîä óí-òó, 2016, âèï. �1 (28)



96 Ì. Î. ÏÅÐÅÑÒÞÊ, Þ. Þ. ÊÎÐÎËÜ

îòðèìà¹ìî

eγt ∥X t
0(φ)∥ ≤ K +

T∫
0

Keγs ∥M0(φs(φ))∥ ∥Xs
0(φ)∥ ds+

+
∑

0≤ti(φ)<T
Keγti(φ)

∥∥B0(φti(φ)(φ))
∥∥ ∥∥∥X ti(φ)

0 (φ)
∥∥∥+ t∫

T

Keγs(α + η) ∥Xs
0(φ)∥ ds+

+
∑

T≤ti(φ)<t
Keγti(φ)(β + δ)

∥∥∥X ti(φ)
0 (φ)

∥∥∥ .
Ç îöiíêè

K +
T∫
0

Keγs ∥M0(φs(φ))∥ ∥Xs
0(φ)∥ ds+

+
∑

0≤ti(φ)<T
Keγti(φ)

∥∥B0(φti(φ)(φ))
∥∥∥∥∥X ti(φ)

0 (φ)
∥∥∥ ≤ K̃,

îòðèìó¹ìî eγt ∥X t
0(φ)∥ ≤ K̃ +

t∫
T

Keγs(α + η) ∥Xs
0(φ)∥ ds+

+
∑

T≤ti(φ)<t
Keγti(φ)(β + δ)

∥∥∥X ti(φ)
0 (φ)

∥∥∥ ≤ K̃ +
t∫
0

Keγs(α + η) ∥Xs
0(φ)∥ ds+

+
∑

0≤ti(φ)<t
Keγti(φ)(β + δ)

∥∥∥X ti(φ)
0 (φ)

∥∥∥ .
Âèêîðèñòîâóþ÷è íåðiâíiñòü Ãðîíóîëëà-Áåëëìàíà äëÿ êóñêîâî-íåïåðåðâíèõ
ôóíêöié, îòðèìà¹ìî

eγt ∥X t
0(φ)∥ ≤ K̃(1 +K(β + δ))i(0,t)eK(α+η)t,

∥X t
0(φ)∥ ≤ K̃e−(γ−K(α+η)− 1

θ
ln(1+K(β+δ)))t.

Îòæå, ñèñòåìà (26) ìà¹ àñèìïòîòè÷íî ñòiéêèé iíâàðiàíòíèé òîðî¨äàëüíèé ìíî-
ãîâèä, ÿêèé âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

x = u(φ) =



0∫
−∞

G(0, s, φ)f1(φs(φ))ds+

+
∑

−∞<ti(φ)<0

G(0, ti(φ), φ)I(φti(φ)(φ))

−
s−1∑
k=0

∑
i1+...+im=k

Ik ∂kf2(φ)

∂φ
i1
1 ...∂φ

im
m

ai11 (φ)...a
im
m (φ)

 .
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