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KYAWUH Oner AnekceeBuny
CTapUJI/IVI npenoaasaresib Ka¢enpbl Mopckoro I'IpVIﬁOpOCTpOEHVIH, HauVIOHaﬂbeIVI
YHMBepCUTeT KopabnectpoeHuna umenn agpmupana Makaposa
Ha}"leIe WHTepecbl: MaTematiiyeckoe moaennpoBaHue CﬂyqaﬁHbIX
BEJINYNH 1 NpoLieccoB B I/IH(I)OpMaU,MOHHbIX TexHonoruax.

CMbIKOAYB TaTtbsiHa NeoprueBHa
(TapLuuit npenodaeatenb Kadeapbl NPOrpaMMHOro obecneyeHna aBTOMaTU3MPOBAHHbIX CUCTEM,
HauwoHanbHbIil yHuBepcuTeT KopabnecTpoeHns umenu agmupana Makaposa.
HayuHble nHTepecbl: MaTeMaTiyeckoe MOLeNpoBaHIe CTyyaitHbIX
BEJINYNH 1 npoLieccoB B I/IH¢0pMaU,I/IOHHbIX TexHonoruax.

INTRODUCTION

In the bases of statistical methods of bivariate data
analysis, there is the ellipse [1-3]. However, well-known
statistical methods (for example, bivariate outlier detection
based on a prediction ellipse) are used under the assump-
tion that the data is generated by a bivariate Gaussian
distribution. But this assumption is valid in particular cases
only. This leads to the need to transform the prediction
ellipse for bivariate non-Gaussian data.

We propose a technique for constructing the trans-
formed prediction ellipses on the basis of normalizing
transformations for bivariate non-Gaussian data. As and in
[4] the technique consists of three steps. In the first step,

bivariate non-Gaussian data is normalized using a bijective
bivariate normalizing transformation and linear regression
is built on the basis of the normalized data. In the second
step, the prediction ellipse for the normalized data is built.
In the third step, the transformed prediction ellipse for
bivariate non-Gaussian data is constructed on the basis of
the prediction ellipse for the normalized data and the nor-
malizing transformation.

THE TECHNIQUE
Consider bijective bivariate normalizing transformation

of non-Gaussian random vector X=1{X,,X,}" to Gaussian

random vector Z ={Z,,Z,}" is given by

134



LA AR R R RN NN}
LR

#21(2017)

LA L L L L
ssseee
seseee

z=y(Xx) ()
and the inverse transformation for (1)
X=y'(z). )

The values of the sample observations or bivariate
data points X,,X,,...,Xy are normalized using the

transformation (1).
The equation for the prediction ellipse is defined by
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where F, \_,, is a quantile of the F distribution;

my is the mean vector, m, = (mZl ,my_ )T; a is signifi-

cance level (we take ¢ as 0.05); Sis the covariance matrix
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The left side of the equation (3) can be also merged into
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The equation for the transformed prediction ellipse for bivariate non-Gaussian data is constructed on the basis of
the prediction ellipse (3) for the normalized data and the transformation (1)
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The equation (5) is used for constructing the trans-
formed prediction ellipse for bivariate non-Gaussian data. A
same ellipse can be built by the inverse transformation (2)
of the values of variables Z, and Z, from equation (3).

BIVARIATE NORMALIZING TRANSFORMATIONS

Some bivariate transformations have been proposed for
normalizing bivariate non-Gaussian data, such as, trans-
formation on the basis of the Box-Cox transformation, the
Johnson translation system and others. However, only a
few normalizing transformations are bijective. Such bijec-
tive transformation is the transformation of S, family of

the Johnson translation system. The Johnson normalizing
translation is given by [5]

0,,S

m?>

),

Z = y+nh[)fl (X—(P)] ~Nm(

2,N-2,0 - (5)
where ¥, M, ¢ and A are parameters of the Johnson
normalizing translation; y=0,.7,)";
. T .
n=diag(n;.n,); ©=(01,9,)"; 1 =diag(r,.%,);

h{(y,.y,)]={hy (yi b by (v )} h;(-) is one of the
translation functions

ln(y), forS; (lognormal)famil

In[y/(1-y)],  forSy (bounded)family;

B Arsh(y), for Sy (unbounded)fami
y for Sy (normal)family.

Here y = (x —¢)/2; Arsh(y):ln(y+ﬂy2 +1).
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EXAMPLES reveals that eight data points (designs 71, 82, 83, 103, 107,
We consider the examples of constructing the trans- 108, 110 and 142) are bivariate outliers.
formed prediction ellipses for two bivariate non-Gaussian

data sets: the first, actual effort (hours) and size (adjusted 1200907 3
function points) from 145 maintenance and development ~ & =000
projects [6], the second, effort (hours) and mass (tonnes) E 20000
from 144 designs of ship units. On Fig. 1 the normalized N é?:::; -
data set for 145 projects and the prediction ellipse for " a000 so00 1200 16000 20000
Fy 143,005 = 3.059 are presented. The prediction ellipse Figure ;;a‘;"‘;‘et;oi“;“,‘;”p’;oj‘ec)ts
(dotted line on Fig. 1) reveals that seven data points (pro-
jects 4,17, 101, 102, 138, 140 and 144) are bivariate outli- These data from Table | is normalized by S family of
ers. the transformation (6). In these case the point estimates of
parameters are such: y, =0.152798, v, =0.977402,

] o N, =0.702754, m, =0.775194, ¢, =-1.83139,

g2 e T R ¢, =6.15860, 2, =104.3435 and %, = 429.5826 . The
- FPhRoe ©

%0 sy o°%9>w LT sample covariance matrix of the Z. is used as the approx-
E e 30§o§§3%0§%%'°"" imate moment-matching estimator of covariance matrix S
z -2 o e R

4 | B [1.00000 0.38045 j

3 2 1 0 t 2 3 4 N 71038045 0.99999
Nomalized Size
Figure 1. Normalized data set for 145 projects
s

These data is normalized by S, family of the transfor- % .
mation (6). In these case the point estimates of parameters Eg 0 1 2°
are  such oy, =-1448408, 1y, =-0489606, £ ©°
n, =0.717501,  m, =0.655549 , @, =71.11167, - .
¢, =1178.5237, A, =46.09214 and A, =513.9309 . - ! . l_" N ! 2 g
The sample covariance matrix of the Z. is used as the Figure 3. Normalized data set for 144 designs
approximate moment-matching estimator of covariance
matrix S On Fig. 4 the data set for 144 designs and the trans-

formed prediction ellipse are presented. The transformed

0993109  0.716010 prediction ellipse (dotted line on Fig. 4) indicates on the

[0,716010 0.993119 ] same results: eight data points (designs 71, 82, 83, 103,
107, 108, 110 and 142) are bivariate outliers.

N =

On Fig. 2 the data set for 145 projects and the trans-
formed prediction ellipse are presented. The transformed
prediction ellipse (dotted line on Fig. 2) indicates on the
same results.

Table | contains the mass (tonnes) X, and effort

(hours) X, for 144 designs of ship units.

On Fig. 3 the normalized data set for 144 designs of ship

units and the prediction ellipse for ¥, ,,, ;s = 3.060 are Mass (Touues)
e Figure 4. Data set for 144 designs

Effort (Hours)

120
presented. The prediction ellipse (dotted line on Fig. 3)
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We note, Mardia’s multivariate kurtosis [7] B, equals
8 under bivariate normality for our cases. The values of

#21(2017)

point estimate of kurtosis B, equal respectively 8.21 and

LA L L L L LR ]
sesssnee
(AL R Y]
LA L L d ] ]

LA L L L L LRl
sesssne e

[ ZXT T LY ]
(AL XY ]
[ Z XXX Y Y]
LA L L LR ]

7.98 for the normalized data on Fig. 1 and Fig. 3. These
values indicate that the necessary condition for bivariate
normality is practically performed for the normalized data.

Table !
The mass X, and effort X, for 144 designs of ship units
No X4 X, No X, X, No X X, No X4 X,
1 40.62 111 37 4157 68 73 1.69 41 109 64.58 49
2 40.62 45 38 38.53 82 74 2.25 39 110 9531 44
3 49.51 233 39 4.6 101 75 3.56 I 111 86.64 98
4 49.51 17 40 35.7 67 76 78.19 328 12 61.13 54
5 3325 | 1325 41 11.89 72 77 78.26 51 113 67.24 65
6 33.25 90.5 4 5.66 28 78 7839 337 114 5239 74
7 2554 101 8 17.14 110 9 78.41 44 115 705 193
8 24.63 114 44 21 39 80 50.93 21 116 55.4 158
9 4181 188 45 21 32 81 50.93 83 17 503 173
10 25.67 106 46 27.06 124 82 59.54 388 118 7278 331
11 21.10 70 47 24.91 47 83 60.36 402 119 94.9 W
12 14.02 46 48 14.94 25 84 71.23 340 120 84.7 144
13 14.02 % 4 18.82 49 85 7824 | 319 121 67.68 138
14 5.92 56 50 39.42 93 86 85.62 154 122 59.02 125
15 9.64 28 51 46.29 148 87 82.50 148 123 64.16 208
16 37.07 17 52 12,13 145 88 73.74 154 124 66.04 292
17 37.14 17 53 10.5 159 89 75.40 179 125 56.19 250
18 37.22 18 54 17.46 143 90 67.30 194 126 56.95 74
19 33.97 16 55 10.67 151 91 83.57 154 127 75.81 167
20 4436 34 56 11.35 197 92 55.31 202 128 66.77 187
2 37.65 12 57 13.16 179 93 61.49 144 129 65.79 193
2 37.25 13 58 12.61 56 94 75.58 215 130 57.27 127
3 37.15 12 59 14.34 113 95 78.18 2 131 54.95 112
2 44,15 26 60 21.04 84 9% 60.44 127 132 57.89 134
25 39.81 31 61 25.63 70 97 91.15 275 133 50.95 136
26 24.83 31 62 24.55 109 98 51.36 183 134 503 9%
27 6.15 20 63 15.88 124 9 55.22 226 135 56.12 46
28 13.08 34 64 15.83 180 100 56.68 156 136 55.86 116
29 35.07 69 65 20.15 224 101 74.16 152 137 57.91 126
30 34.15 24 66 20.38 172 102 83.90 134 138 98.17 289
31 8.01 73 67 17.15 264 103 96.54 48 139 89.51 263
32 4148 7 68 17.3 118 104 53.91 48 140 54.56 302
3 4134 101 69 2264 74 105 90.43 50 141 54.15 252
34 29.69 108 70 2.64 47 106 91.25 64 142 99.56 bY))
35 48.66 90 n 0.69 23 107 98.35 55 143 7213 311
36 36.06 100 72 11.53 66 108 90.32 2 144 73.07 183
CONCLUSIONS ellipses is promising. The equations for the transformed

From the examples we conclude that the proposed

technique for constructing the transformed prediction
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prediction ellipses for two bivariate non-Gaussian data sets
are constructed on the basis of the Johnson normalizing
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translation for S, and S families. Application of these  similar for the bivariate non-Gaussian data sets of the ex-

equations for bivariate outlier detection in the bivariate ~ amples.
non-Gaussian data sets is demonstrated. The results are
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