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ɀ.ȼ. ɏɭɞɚ,  Є.Ⱥ. Ɍɨɧɤɨɧɨɝ 
Ⱦɧɿɩɪɨɞɡɟɪɠɢɧɫɶɤɢɣ  ɞɟɪɠɚɜɧɢɣ ɬɟɯɧɿɱɧɢɣ ɭɧɿɜɟɪɫɢɬɟɬ 

ȱȾȿɇɌɂɎȱɄȺɐȱə ɉȺɊȺɆȿɌɊȱȼ ɁȺȾȺɑȱ ɄɈɒȱ 

Ɂ ɊɈɁɊɂȼɇɂɆɂ ɄɈȿɎȱɐȱЄɇɌȺɆɂ 

Ɋɨɡɪɨɛɥɟɧɨ ɫɩɥɚɣɧ-ɤɨɥɨɤɚɰɿɣɧɭ ɫɯɟɦɭ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ Ʉɨɲɿ ɞɥɹ ɞɢɮɟ-
ɪɟɧɰɿɚɥɶɧɨɝɨ ɪɿɜɧɹɧɧɹ ɞɪɭɝɨɝɨ ɩɨɪɹɞɤɭ, ɤɨɟɮɿɰɿєɧɬɚɦɢ ɹɤɨɝɨ є ɮɭɧɤɰɿʀ, ɳɨ 
ɦɚɸɬɶ  ɫɤɿɧɱɟɧɧɭ ɤɿɥɶɤɿɫɬɶ ɬɨɱɨɤ ɪɨɡɪɢɜɭ ɩɟɪɲɨɝɨ ɪɨɞɭ. ɋɯɟɦɭ ɡɚɫɧɨɜɚɧɨ ɧɚ 
ɧɨɜɢɯ ɦɟɬɨɞɚɯ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɩɚɪɚɦɟɬɪɿɜ ɦɨɞɟɥɿ ɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɫɩɥɚɣɧɿɜ, ɳɨ 
ɞɨɡɜɨɥɹє ɩɿɞɜɢɳɢɬɢ ɬɨɱɧɿɫɬɶ ɧɚɛɥɢɠɟɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɜ ɩɨɪɿɜɧɹɧɧɿ ɡ 
ɪɨɡɜ’ɹɡɤɚɦɢ, ɹɤɿ ɡɧɚɣɞɟɧɿ ɿɫɧɭɸɱɢɦɢ ɦɟɬɨɞɚɦɢ. 

Ɋɚɡɪɚɛɨɬɚɧɚ ɫɩɥɚɣɧ-ɤɨɥɨɤɚɰɢɨɧɧɚɹ ɫɯɟɦɚ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ Ʉɨɲɢ ɞɥɹ 
ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ ɜɬɨɪɨɝɨ ɩɨɪɹɞɤɚ, ɤɨɷɮɮɢɰɢɟɧɬɚɦɢ ɤɨɬɨɪɨɝɨ 
ɹɜɥɹɸɬɫɹ ɮɭɧɤɰɢɢ, ɢɦɟɸɳɢɟ ɤɨɧɟɱɧɨɟ ɱɢɫɥɨ ɬɨɱɟɤ ɪɚɡɪɵɜɚ ɩɟɪɜɨɝɨ ɪɨɞɚ. 
ɋɯɟɦɚ ɨɫɧɨɜɚɧɚ ɧɚ ɧɨɜɵɯ ɦɟɬɨɞɚɯ ɢɞɟɧɬɢɮɢɤɚɰɢɢ ɩɚɪɚɦɟɬɪɨɜ ɦɨɞɟɥɢ ɫ ɢɫ-
ɩɨɥɶɡɨɜɚɧɢɟɦ ɫɩɥɚɣɧɨɜ, ɱɬɨ ɩɨɡɜɨɥɹɟɬ ɩɨɜɵɫɢɬɶ ɬɨɱɧɨɫɬɶ ɩɪɢɛɥɢɠɟɧɧɨɝɨ ɪɟ-
ɲɟɧɢɹ ɩɨ ɫɪɚɜɧɟɧɢɸ ɫ ɪɟɲɟɧɢɹɦɢ, ɧɚɣɞɟɧɧɵɦɢ ɫɭɳɟɫɬɜɭɸɳɢɦɢ ɦɟɬɨɞɚɦɢ. 

A spline collocation scheme for solving the Cauchy problem for a second order 

differential equation. The coefficients of the equation are functions that have a fi-

nite number of points of discontinuity of the first order. The scheme is based on 

new methods of identification of the model parameters with using of splayns. This 

allows to improve accuracy of the approximate solution compared to solutions that 

found by existing methods. 

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ: ɫɩɥɚɣɧ, ɤɨɥɨɤɚɰɿɣɧɚ ɫɯɟɦɚ, ɡɚɞɚɱɚ Ʉɨɲɿ. 

ȼɫɬɭɩ. ɉɪɨɰɟɫ ɨɬɪɢɦɚɧɧɹ ɬɨɱɧɨɝɨ ɚɧɚɥɿɬɢɱɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɝɪɚɧɢɱɧɢɯ 
ɡɚɞɚɱ ɬɚ ɡɚɞɚɱ Ʉɨɲɿ є ɞɨɫɢɬɶ ɫɤɥɚɞɧɢɣ. Ɍɨɦɭ ɲɢɪɨɤɨɝɨ ɡɚɫɬɨɫɭɜɚɧɧɹ ɧɚ-
ɛɭɥɢ ɧɚɛɥɢɠɟɧɿ ɦɟɬɨɞɢ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱ, ɳɨ ɨɩɢɫɭɸɬɶ ɩɨɜɟɞɿɧɤɭ ɞɢɧɚ-
ɦɿɱɧɢɯ ɫɢɫɬɟɦ. Ɋɚɡɨɦ ɿɡ ɤɥɚɫɢɱɧɢɦɢ ɱɢɫɥɨɜɢɦɢ ɦɟɬɨɞɚɦɢ ɲɢɪɨɤɨɝɨ ɡɚ-
ɫɬɨɫɭɜɚɧɧɹ ɧɚɛɭɥɢ ɫɩɥɚɣɧ-ɦɟɬɨɞɢ ɞɥɹ ɩɨɲɭɤɭ ɧɚɛɥɢɠɟɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ. 
Ɋɨɡɜɢɬɨɤ ɰɶɨɝɨ ɧɚɩɪɹɦɭ ɩɨɱɚɜɫɹ ɡ ɪɨɛɿɬ ȱ. ɒɟɧɛɟɪɝɚ, Ⱥ. ɍʀɬɧɿ, Ʉ. Ⱦɟ Ȼɭɪɚ. 
ɉɨɛɭɞɨɜɿ ɫɩɥɚɣɧ-ɫɯɟɦ ɞɥɹ ɤɪɚɣɨɜɢɯ ɡɚɞɚɱ, ɞɨɫɥɿɞɠɟɧɧɸ ɩɢɬɚɧɶ ʀɯ ɡɛɿɠɧɨ-
ɫɬɿ ɿ ɬɨɱɧɨɫɬɿ, ɚ ɬɚɤɨɠ ɨɬɪɢɦɚɧɧɸ ɤɨɧɤɪɟɬɧɢɯ ɨɰɿɧɨɤ ɭɯɢɥɟɧɧɹ ɫɩɥɚɣɧ-

ɪɨɡɜ’ɹɡɤɭ ɜɿɞ ɬɨɱɧɨɝɨ ɩɪɢɫɜɹɱɟɧɨ ɧɟɦɚɥɨ ɪɨɛɿɬ, ɡɨɤɪɟɦɚ ɪɨɛɨɬɢ Ȼɥɭє, 
ɘ.ɋ. Ɂɚɜ’ɹɥɨɜɚ, Ȼ.ȱ. Ʉɜɚɫɨɜɚ, Ɇɚɪɚɧɞɿ, ȼ.Ʌ. Ɇɿɪɨɲɧɢɱɟɧɤɨ,  ɋ.Ȼ. ɋɬɟɱɤɿɧɚ, 
ɘ.ɇ. ɋɭɛɛɨɬɿɧɚ, Ⱥ.Ɉ. Ʌɿɝɭɧɚ ɬɚ ɛɚɝɚɬɶɨɯ ɿɧɲɢɯ. 
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ɉɢɬɚɧɧɹ ɩɨɛɭɞɨɜɢ ɫɯɟɦ ɧɚɛɥɢɠɟɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱ ɿɡ ɡɚɞɚɧɢɦɢ ɩɨ-
ɱɚɬɤɨɜɢɦɢ ɭɦɨɜɚɦɢ, ɹɤɿ ɦɚɥɢ ɛ ɛɿɥɶɲ ɜɢɫɨɤɭ ɬɨɱɧɿɫɬɶ ɭ ɩɨɪɿɜɧɹɧɧɿ ɡɿ ɫɬɚ-
ɧɞɚɪɬɧɢɦɢ ɤɭɫɨɱɧɨ-ɩɨɥɿɧɨɦɿɚɥɶɧɢɦɢ ɫɯɟɦɚɦɢ ɡɚɥɢɲɚєɬɶɫɹ ɚɤɬɭɚɥɶɧɢɦ.   

ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. Ⱦɚɧɚ ɪɨɛɨɬɚ ɩɪɢɫɜɹɱɟɧɚ ɩɨɛɭɞɨɜɿ ɦɟɬɨɞɿɜ ɿɞɟɧɬɢ-
ɮɿɤɚɰɿʀ ɩɚɪɚɦɟɬɪɿɜ ɦɨɞɟɥɿ ɩɚɪɚɦɟɬɪɢɱɧɢɯ ɤɨɥɢɜɚɥɶɧɢɯ ɩɪɨɰɟɫɿɜ ɿ  ɦɟɬɨɞɿɜ 
ɩɨɲɭɤɭ ɧɚɛɥɢɠɟɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ Ʉɨɲɿ ɞɥɹ ɥɿɧɿɣɧɨɝɨ ɞɢɮɟɪɟɧɰɿɚɥɶ-
ɧɨɝɨ ɪɿɜɧɹɧɧɹ ɞɪɭɝɨɝɨ ɩɨɪɹɞɤɭ ɿɡ ɡɦɿɧɧɢɦɢ ɤɨɟɮɿɰɿєɧɬɚɦɢ 

)()()( xfyxqyxpy  ,                                              (1) 

0,0 )0()0( yyyy  .                                                   (2) 

Ⱦɥɹ Rx  ɤɨɟɮɿɰɿєɧɬɢ ɪɿɜɧɹɧɧɹ (1) − )(xp , )(xq , )(xf  ɦɨɠɭɬɶ ɦɚɬɢ 

ɪɨɡɪɢɜɢ ɩɟɪɲɨɝɨ ɪɨɞɭ ɜ ɬɨɱɤɚɯ i )1,,1(  kki , 

121 ...0  kk T   (k- ɤɿɥɶɤɿɫɬɶ ɬɨɱɨɤ ɪɨɡɪɢɜɭ), ɚ ɧɚ ɿɧɬɟɪɜɚɥɚɯ 

),( 1ii   )(xq ,  1
4

,)(  iiLxf  ,    1
5

,)(  iiLxp  .   

ɉɨɬɪɿɛɧɨ ɞɢɫɤɪɟɬɢɡɭɜɚɬɢ ɦɨɞɟɥɶ (1)-(2), ɚ ɩɨɬɿɦ ɿɞɟɧɬɢɮɿɤɭɜɚɬɢ ɩɚɪɚ-
ɦɟɬɪɢ ɞɢɫɤɪɟɬɧɨʀ ɦɨɞɟɥɿ ɬɚɤ, ɳɨɛ ɨɬɪɢɦɚɧɢɣ ɧɚɛɥɢɠɟɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ  
(1)-(2) ɦɚɜ ɛɿɥɶɲ ɜɢɫɨɤɭ ɬɨɱɧɿɫɬɶ ɭ ɩɨɪɿɜɧɹɧɧɿ ɡ ɦɟɬɨɞɚɦɢ ɪɨɡɜ’ɹɡɚɧɧɹ 
ɩɨɞɿɛɧɢɯ ɡɚɞɚɱ, ɜɢɤɨɪɢɫɬɨɜɭɜɚɧɢɦɢ ɪɚɧɿɲɟ. Ɇɟɬɨɞ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɩɨɛɭɞɨ-
ɜɚɧɢɣ ɧɚ ɨɫɧɨɜɿ ɤɭɛɿɱɧɢɯ ɫɩɥɚɣɧɿɜ. Ʉɪɢɬɟɪɿєɦ ɹɤɨɫɬɿ ɿɞɟɧɬɢɮɿɤɚɰɿʀ є ɦɿɧɿ-
ɦɭɦ ɚɛɫɨɥɸɬɧɨʀ ɜɟɥɢɱɢɧɢ ɦɚɤɫɢɦɚɥɶɧɨɝɨ ɜɿɞɯɢɥɟɧɧɹ ɪɨɡɜ’ɹɡɤɭ ɩɨɛɭɞɨɜɚ-
ɧɨʀ ɦɨɞɟɥɿ ɜɿɞ ɬɨɱɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɡɚɞɚɱɿ Ʉɨɲɿ. 

Ɇɟɬɨɞ ɪɨɡɜ’ɹɡɚɧɧɹ ɬɚ ɚɧɚɥɿɡ ɨɞɟɪɠɚɧɢɯ ɪɟɡɭɥɶɬɚɬɿɜ. ɋɩɨɱɚɬɤɭ ɪɨɡɝ-
ɥɹɧɟɦɨ ɪɨɡɜ’ɹɡɚɧɧɹ ɡɚɞɚɱɿ ɞɨ ɩɟɪɲɨʀ ɬɨɱɤɢ ɪɨɡɪɢɜɭ 1 . ȼɜɟɞɟɦɨ ɪɨɡɛɢɬɬɹ 

ɩɪɨɦɿɠɤɭ ],0[ 1








 1
1

1
1 ,0,;

1
Nj

N
hjhx jN


. ɇɟɯɚɣ )(xS – ɧɚ-

ɛɥɢɠɟɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ (1)–(2), ɡɚ ɩɨɛɭɞɨɜɢ ɞɢɫɤɪɟɬɧɨʀ ɦɨɞɟɥɿ ɩɨɫɬɚ-
ɜɢɦɨ ɜɢɦɨɝɭ, ɳɨɛ ɜɿɧ ɫɩɿɜɩɚɞɚɜ ɡ ɬɨɱɧɢɦ ɪɨɡɜ’ɹɡɤɨɦ ɡɚɞɚɱɿ (1)–(2) ɜ ɬɨɱ-
ɤɚɯ ɪɿɜɧɨɦɿɪɧɨɝɨ ɪɨɡɛɢɬɬɹ 1N  . Ɉɬɪɢɦɚєɦɨ ɞɢɫɤɪɟɬɧɭ ɦɨɞɟɥɶ 

0 0(0) , (0)

, ( 1, 1).i i i i i i i

S y S y

J S PS Q S F i N

  


     
                        (3) 

 Ɍɚɤɢɦ ɱɢɧɨɦ, ɧɟɩɟɪɟɪɜɧɭ ɦɨɞɟɥɶ (1)–(2) ɡɚɦɿɧɸєɦɨ ɞɢɫɤɪɟɬɧɨɸ ɦɨ-
ɞɟɥɥɸ (3). Ⱥɥɟ ɛɭɞɶ-ɹɤɚ ɞɢɫɤɪɟɬɢɡɚɰɿɹ ɩɪɢɡɜɨɞɢɬɶ ɞɨ ɜɬɪɚɬɢ ɬɨɱɧɨɫɬɿ 
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ɪɨɡɜ’ɹɡɤɭ. əɤɳɨ ɜ ɦɨɞɟɥɿ (3)  ɩɚɪɚɦɟɬɪɢ  iii FQP ;;  ɩɨɤɥɚɫɬɢ ɬɚɤɢɦɢ, ɳɨ 
ɞɨɪɿɜɧɸɸɬɶ ɡɧɚɱɟɧɧɹɦ ɜɿɞɩɨɜɿɞɧɢɯ ɮɭɧɤɰɿɣ )();();( xfxqxp  ɭ ɜɭɡɥɚɯ ɪɨɡ-
ɛɢɬɬɹ  , ɨɬɪɢɦɚєɦɨ ɤɥɚɫɢɱɧɭ ɤɨɥɨɤɚɰɿɣɧɭ ɫɯɟɦɭ, ɩɨɪɹɞɨɤ ɬɨɱɧɨɫɬɿ ɹɤɨʀ, 
ɹɤ ɜɿɞɨɦɨ, ɫɤɥɚɞɚє )(

2
hO . Ɍɨɦɭ ɿɞɟɧɬɢɮɿɤɭєɦɨ ɩɚɪɚɦɟɬɪɢ ɦɨɞɟɥɿ (3), ɳɨ 

ɩɿɞɜɢɳɢɬɶ ɫɬɭɩɿɧɶ ɚɞɟɤɜɚɬɧɨɫɬɿ ɧɚɛɥɢɠɟɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ ɬɨɱɧɨɦɭ. 
ɉɨɡɧɚɱɢɦɨ )(xy – ɬɨɱɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɚɞɚɱɿ (1)–(2). Ⱦɥɹ ɿɞɟɧɬɢɮɿɤɚɰɿʀ 

ɫɤɨɪɢɫɬɚєɦɨɫɹ ɜɿɞɨɦɢɦɢ ɚɫɢɦɩɬɨɬɢɱɧɢɦɢ ɪɨɡɜɢɧɟɧɧɹɦɢ ɩɟɪɲɨʀ ɿ ɞɪɭɝɨʀ 
ɩɨɯɿɞɧɢɯ ɿɧɬɟɪɩɨɥɹɰɿɣɧɨɝɨ ɤɭɛɿɱɧɨɝɨ ɫɩɥɚɣɧɚ ɭ ɜɭɡɥɚɯ ɪɨɡɛɢɬɬɹ. ɍ ɪɟ-
ɡɭɥɶɬɚɬɿ ɦɨɞɟɥɶ (3) ɧɚɛɭɜɚє ɜɢɝɥɹɞɭ 
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Ⱦɥɹ ɜɢɡɧɚɱɟɧɧɹ ɤɨɟɮɿɰɿєɧɬɿɜ ɫɩɥɚɣɧɭ (6) ɫɤɨɪɢɫɬɚєɦɨɫɹ ɜɿɞɨɦɢɦɢ ɡɧɚ-
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ɇɚ ɩɿɞɫɬɚɜɿ ɞɚɧɨʀ ɥɟɦɢ ɞɨɜɟɞɟɦɨ ɬɟɨɪɟɦɭ. 
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      ɉɟɪɟɣɞɟɦɨ ɞɨ ɨɰɿɧɤɢ ɧɨɪɦɢ ɪɿɡɧɢɰɿ )()(* xSxy  . Ɂɚɩɢɲɟɦɨ ɪɨɡɤ-
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ɓɨɛ ɨɰɿɧɢɬɢ ɧɨɪɦɭ ɡɜɟɪɯɭ, ɡɧɚɣɞɟɦɨ ɧɚɣɛɿɥɶɲɿ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɣ ɩɪɢ 
ɱɟɬɜɟɪɬɿɣ ɿ ɩ'ɹɬɿɣ ɩɨɯɿɞɧɢɯ. 
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ɪɿɜɧɿɫɬɶ ɬɪɢɤɭɬɧɢɤɚ. 
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Ɉɬɠɟ, ɬɟɨɪɟɦɭ ɞɨɜɟɞɟɧɨ. 

ȼɢɫɧɨɜɤɢ. Ɋɨɡɪɨɛɥɟɧɨ ɦɟɬɨɞɢ ɞɢɫɤɪɟɬɢɡɚɰɿʀ ɡɚɞɚɱɿ Ʉɨɲɿ, ɩɚɪɚɦɟɬɪɢ 
ɹɤɨʀ – ɮɭɧɤɰɿʀ, ɳɨ ɦɚɸɬɶ ɫɤɿɧɱɟɧɧɭ ɤɿɥɶɤɿɫɬɶ ɬɨɱɨɤ ɪɨɡɪɢɜɭ. ɉɨɛɭɞɨɜɚɧɨ 
ɦɟɬɨɞ ɿɞɟɧɬɢɮɿɤɚɰɿʀ ɩɚɪɚɦɟɬɪɿɜ ɞɢɫɤɪɟɬɧɢɯ ɦɨɞɟɥɟɣ, ɹɤɢɣ ɞɨɡɜɨɥɹє ɨɬɪɢ-
ɦɚɬɢ ɪɨɡɜ’ɹɡɨɤ ɜ ɚɧɚɥɿɬɢɱɧɨɦɭ ɜɢɝɥɹɞɿ ɧɚ ɜɫɿɣ ɨɛɥɚɫɬɿ ɜɢɡɧɚɱɟɧɧɹ ɡɚɞɚɱɿ ɡ 
ɛɿɥɶɲ ɜɢɫɨɤɨɸ ɬɨɱɧɿɫɬɸ ɜ ɩɨɪɿɜɧɹɧɧɿ ɡɿ ɡɜɢɱɚɣɧɢɦɢ ɤɨɥɨɤɚɰɿɣɧɢɦɢ ɦɟɬɨ-
ɞɚɦɢ. Ɉɬɪɢɦɚɧɨ ɤɨɟɮɿɰɿєɧɬɢ ɫɩɥɚɣɧ-ɪɨɡɜ’ɹɡɤɿɜ ɦɨɞɟɥɟɣ ɡ ɿɞɟɧɬɢɮɿɤɨɜɚɧɢ-
ɦɢ ɩɚɪɚɦɟɬɪɚɦɢ. Ɉɬɪɢɦɚɧɨ ɨɰɿɧɤɢ ɬɨɱɧɨɫɬɿ ɪɨɡɜ’ɹɡɤɿɜ ɦɨɞɟɥɟɣ ɡ ɿɞɟɧɬɢɮɿ-
ɤɨɜɚɧɢɦɢ ɩɚɪɚɦɟɬɪɚɦɢ. Ⱦɨɜɟɞɟɧɨ, ɳɨ ɜɿɞɯɢɥɟɧɧɹ ɨɬɪɢɦɚɧɨɝɨ ɪɨɡɜ’ɹɡɤɭ 
ɜɿɞ ɬɨɱɧɨɝɨ ɧɟ ɩɟɪɟɜɢɳɭє )(

4
hO . 
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