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Ɉ  ɁȺȾȺɑȺɏ   ɈɉɌɂɆȺɅɖɇɈȽɈ   ɊȺɁȻɂȿɇɂə  ɆɇɈɀȿɋɌȼ  

ɋ ȾɈɉɈɅɇɂɌȿɅɖɇɕɆɂ ɋȼəɁəɆɂ 
 

ɉɪɟɞɥɨɠɟɧɵ ɦɚɬɟɦɚɬɢɱɟɫɤɢɟ ɦɨɞɟɥɢ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɡɛɢɟɧɢɹ ɦɧɨ-
ɠɟɫɬɜ ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ, ɹɜɥɹɸɳɢɟɫɹ ɞɜɭɯɷɬɚɩɧɵɦɢ ɡɚɞɚɱɚɦɢ 
ɪɚɡɦɟɳɟɧɢɹ ɩɪɟɞɩɪɢɹɬɢɣ. Ɋɚɫɫɦɨɬɪɟɧɵ ɦɨɞɟɥɢ ɫ ɮɢɤɫɢɪɨɜɚɧɧɵɦɢ ɰɟɧɬɪɚɦɢ 
ɩɨɞɦɧɨɠɟɫɬɜ ɢ ɫ ɪɚɡɦɟɳɟɧɢɟɦ ɰɟɧɬɪɨɜ ɩɪɢ ɧɚɥɢɱɢɢ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɦɨɳ-
ɧɨɫɬɶ ɩɪɟɞɩɪɢɹɬɢɣ ɩɟɪɜɨɝɨ ɷɬɚɩɚ ɢ ɛɟɡ ɨɝɪɚɧɢɱɟɧɢɣ.  

 

Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɦɚɬɟɦɚɬɢɱɧɿ ɦɨɞɟɥɿ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɛɢɬɬɹ ɦɧɨɠɢɧ 
ɿɡ ɞɨɞɚɬɤɨɜɢɦɢ ɡɜ’ɹɡɤɚɦɢ, ɹɤɿ ɹɜɥɹɸɬɶ ɫɨɛɨɸ ɞɜɨɯɟɬɚɩɧɿ ɡɚɞɚɱɿ ɪɨɡɦɿɳɟɧɧɹ 
ɩɿɞɩɪɢєɦɫɬɜ. Ɋɨɡɝɥɹɧɭɬɨ ɦɨɞɟɥɿ ɡ ɮɿɤɫɨɜɚɧɢɦɢ ɰɟɧɬɪɚɦɢ ɩɿɞɦɧɨɠɢɧ ɿ ɡ ɪɨɡ-
ɦɿɳɟɧɧɹɦ ɰɟɧɬɪɿɜ ɡɚ ɧɚɹɜɧɿɫɬɸ ɨɛɦɟɠɟɧɶ ɧɚ ɩɨɬɭɠɧɿɫɬɶ ɩɿɞɩɪɢєɦɫɬɜ ɩɟɪɲɨ-
ɝɨ ɟɬɚɩɭ ɿ ɛɟɡ ɨɛɦɟɠɟɧɶ.  

 

The mathematical models of problems of optimal sets partition with additional 

links were suggested. They are two-stage facility location problem. The different 

types of models were considered. Namely, the models with fixed centers and when 

the location of centers must be define, the models with restrictions on the first-stage 

enterprises capacity and without restrictions. 
 

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ: ɨɩɬɢɦɚɥɶɧɨɟ ɪɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜ, ɡɚɞɚɱɢ ɪɚɡɦɟɳɟɧɢɹ-

ɪɚɫɩɪɟɞɟɥɟɧɢɹ, ɦɧɨɝɨɷɬɚɩɧɵɟ ɡɚɞɚɱɢ ɪɚɡɦɟɳɟɧɢɹ 
 

ȼɜɟɞɟɧɢɟ. Ɉɞɧɢɦ ɢɡ ɚɤɬɢɜɧɨ ɪɚɡɜɢɜɚɸɳɢɯɫɹ ɧɚɩɪɚɜɥɟɧɢɣ ɫɨɜɪɟɦɟɧ-
ɧɨɝɨ ɛɟɫɤɨɧɟɱɧɨɦɟɪɧɨɝɨ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɩɪɨɝɪɚɦɦɢɪɨɜɚɧɢɹ ɹɜɥɹɟɬɫɹ 
ɢɫɫɥɟɞɨɜɚɧɢɟ ɧɟɩɪɟɪɵɜɧɵɯ ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜ 
(ɈɊɆ). ɂɧɬɟɪɟɫ ɤ ɬɚɤɢɦ ɡɚɞɚɱɚɦ ɜɵɡɜɚɧ ɬɟɦ, ɱɬɨ ɨɧɢ ɞɚɸɬ ɜɨɡɦɨɠɧɨɫɬɶ 
ɦɨɞɟɥɢɪɨɜɚɧɢɹ ɲɢɪɨɤɨɝɨ ɤɥɚɫɫɚ ɬɟɨɪɟɬɢɱɟɫɤɢɯ ɢ ɩɪɚɤɬɢɱɟɫɤɢɯ ɡɚɞɚɱ ɨɩ-
ɬɢɦɢɡɚɰɢɢ. ȼ ɧɚɫɬɨɹɳɟɟ ɜɪɟɦɹ ɫɮɨɪɦɭɥɢɪɨɜɚɧɵ ɥɢɧɟɣɧɵɟ, ɧɟɥɢɧɟɣɧɵɟ, 
ɞɢɧɚɦɢɱɟɫɤɢɟ ɡɚɞɚɱɢ ɈɊɆ, ɚ ɬɚɤɠɟ ɡɚɞɚɱɢ ɈɊɆ ɜ ɭɫɥɨɜɢɹɯ ɧɟɨɩɪɟɞɟɥɟɧ-
ɧɨɫɬɢ [3 – 5]. ȼ ɪɚɛɨɬɟ [5] ɩɨɥɧɨ ɩɪɟɞɫɬɚɜɥɟɧɵ ɬɟɨɪɟɬɢɱɟɫɤɢɟ ɫɜɟɞɟɧɢɹ, 
ɤɚɫɚɸɳɢɟɫɹ ɦɨɞɟɥɟɣ ɢ ɦɟɬɨɞɨɜ ɪɟɲɟɧɢɹ ɥɢɧɟɣɧɵɯ ɧɟɩɪɟɪɵɜɧɵɯ ɡɚɞɚɱ 
ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜ, ɩɪɢɜɟɞɟɧɚ ɨɛɲɢɪɧɚɹ ɛɢɛɥɢɨɝɪɚɮɢɹ. ȼ 
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[3] ɩɨɞɪɨɛɧɨ ɢɡɭɱɟɧɵ ɧɟɥɢɧɟɣɧɵɟ ɢ ɞɢɧɚɦɢɱɟɫɤɢɟ ɦɨɞɟɥɢ ɧɟɩɪɟɪɵɜɧɵɯ 
ɡɚɞɚɱ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜ ɢ ɲɢɪɨɤɢɣ ɫɩɟɤɬɪ ɩɪɚɤɬɢɱɟɫɤɢɯ 
ɩɪɢɥɨɠɟɧɢɣ; ɜ ɪɚɛɨɬɟ [4] ɩɪɟɞɫɬɚɜɥɟɧɵ ɩɪɢɥɨɠɟɧɢɹ ɪɟɡɭɥɶɬɚɬɨɜ ɬɟɨɪɢɢ 
ɈɊɆ ɤ ɪɟɲɟɧɢɸ ɪɚɡɥɢɱɧɵɯ ɡɚɞɚɱ ɬɟɨɪɢɢ ɢ ɩɪɚɤɬɢɤɢ. ɇɭɠɧɨ ɨɬɦɟɬɢɬɶ, 
ɱɬɨ ɞɥɹ ɜɫɟɯ ɭɤɚɡɚɧɧɵɯ ɡɚɞɚɱ ɪɚɡɪɚɛɨɬɚɧɵ ɧɚɭɱɧɨ ɨɛɨɫɧɨɜɚɧɧɵɟ ɦɟɬɨɞɵ 
ɪɟɲɟɧɢɹ ɢ ɧɚ ɢɯ ɨɫɧɨɜɟ ɫɮɨɪɦɭɥɢɪɨɜɚɧɵ ɷɮɮɟɤɬɢɜɧɵɟ ɚɥɝɨɪɢɬɦɵ, ɫɨ-
ɫɬɚɜɧɨɣ ɱɚɫɬɶɸ ɤɨɬɨɪɵɯ ɹɜɥɹɟɬɫɹ r-ɚɥɝɨɪɢɬɦ ɇ.Ɂ. ɒɨɪɚ. 

ɉɪɢɜɟɞɟɦ ɫɨɞɟɪɠɚɬɟɥɶɧɭɸ ɩɨɫɬɚɧɨɜɤɭ ɨɞɧɨɩɪɨɞɭɤɬɨɜɨɣ ɥɢɧɟɣɧɨɣ ɡɚ-
ɞɚɱɢ ɈɊɆ ɤɚɤ ɛɟɫɤɨɧɟɱɧɨɦɟɪɧɨɣ ɡɚɞɚɱɢ ɪɚɡɦɟɳɟɧɢɹ.  

ɉɭɫɬɶ ɩɨɬɪɟɛɢɬɟɥɶ ɧɟɤɨɬɨɪɨɣ ɨɞɧɨɪɨɞɧɨɣ ɩɪɨɞɭɤɰɢɢ ɪɚɫɩɪɟɞɟɥɟɧ ɜ 
ɨɛɥɚɫɬɢ . Ʉɨɧɟɱɧɨɟ ɱɢɫɥɨ N ɩɪɨɢɡɜɨɞɢɬɟɥɟɣ, ɪɚɫɩɨɥɨɠɟɧɧɵɯ ɜ ɢɡɨɥɢɪɨ-
ɜɚɧɧɵɯ ɬɨɱɤɚɯ ,  1,i i N   ɨɛɥɚɫɬɢ , ɨɛɪɚɡɭɸɬ ɫɢɫɬɟɦɭ ɬɨɱɟɤ 1,2,...,N, 

ɩɪɢɱɟɦ ɤɨɨɪɞɢɧɚɬɵ ɧɟɤɨɬɨɪɵɯ ɢɡ ɧɢɯ (ɢɥɢ ɞɚɠɟ ɜɫɟɯ) ɦɨɝɭɬ ɛɵɬɶ ɡɚɪɚɧɟɟ 
ɧɟɢɡɜɟɫɬɧɵ. ɉɪɢ ɷɬɨɦ ɢɡɜɟɫɬɧɚ ɜɟɥɢɱɢɧɚ ɫɩɪɨɫɚ ( )x   ɧɚ ɩɪɨɞɭɤɰɢɸ ɜ 
ɤɚɠɞɨɣ ɬɨɱɤɟ ɨɛɥɚɫɬɢ , ɚ ɬɚɤɠɟ ɫɬɨɢɦɨɫɬɶ ɞɨɫɬɚɜɤɢ ɟɞɢɧɢɰɵ ɩɪɨɞɭɤɰɢɢ 

( , ),  1,i ic x i N  , ɢɡ ɩɭɧɤɬɚ ɩɪɨɢɡɜɨɞɫɬɜɚ 
i  ɜ ɩɭɧɤɬ ɩɨɬɪɟɛɥɟɧɢɹ x. ɉɪɟɞ-

ɩɨɥɚɝɚɟɦ, ɱɬɨ ɩɪɢɛɵɥɶ ɩɪɨɢɡɜɨɞɢɬɟɥɹ ɡɚɜɢɫɢɬ ɬɨɥɶɤɨ ɨɬ ɬɪɚɧɫɩɨɪɬɧɵɯ 
ɪɚɫɯɨɞɨɜ, ɚ ɨɛɴɟɦ ɩɪɨɞɭɤɰɢɢ, ɜɵɩɭɫɤɚɟɦɨɣ i-ɦ ɩɪɨɢɡɜɨɞɢɬɟɥɟɦ, ɨɩɪɟɞɟ-
ɥɹɟɬɫɹ ɫɭɦɦɚɪɧɵɦ ɫɩɪɨɫɨɦ ɨɛɫɥɭɠɢɜɚɟɦɵɯ ɩɨɬɪɟɛɢɬɟɥɟɣ ɢ ɧɟ ɞɨɥɠɟɧ 
ɩɪɟɜɵɲɚɬɶ ɡɚɞɚɧɧɵɯ ɨɛɴɟɦɨɜ ,  1,ib i N . ɇɟɨɛɯɨɞɢɦɨ ɪɚɡɛɢɬɶ ɨɛɥɚɫɬɶ  

ɧɚ ɡɨɧɵ ɨɛɫɥɭɠɢɜɚɧɢɹ ɤɚɠɞɵɦ ɢɡ ɩɪɨɢɡɜɨɞɢɬɟɥɟɣ, ɬ. ɟ. ɧɚ ɩɨɞɦɧɨɠɟɫɬɜɚ 
1, 2, …, N, ɢ ɨɩɪɟɞɟɥɢɬɶ ɤɨɨɪɞɢɧɚɬɵ 1, 2,  ... , N ɰɟɧɬɪɨɜ ɷɬɢɯ ɩɨɞ-
ɦɧɨɠɟɫɬɜ ɬɚɤ, ɱɬɨɛɵ ɫɭɦɦɚɪɧɵɟ ɡɚɬɪɚɬɵ ɧɚ ɞɨɫɬɚɜɤɭ ɩɪɨɞɭɤɰɢɢ ɛɵɥɢ 
ɦɢɧɢɦɚɥɶɧɵɦɢ. 

ɗɬɭ ɡɚɞɚɱɭ ɦɨɠɧɨ ɨɩɢɫɚɬɶ ɜ ɜɢɞɟ ɬɚɤɨɣ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɦɨɞɟɥɢ [5]. 

Ɂɚɞɚɱɚ  Ⱥ1. (ɇɟɩɪɟɪɵɜɧɚɹ ɥɢɧɟɣɧɚɹ ɨɞɧɨɩɪɨɞɭɤɬɨɜɚɹ ɡɚɞɚɱɚ ɨɩɬɢ-
ɦɚɥɶɧɨɝɨ ɪɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜɚ Ω ɢɡ ɩɪɨɫɬɪɚɧɫɬɜɚ ȿn ɧɚ ɟɝɨ ɧɟɩɟɪɟɫɟɤɚɸ-
ɳɢɟɫɹ ɩɨɞɦɧɨɠɟɫɬɜɚ Ω1, ... , ΩN (ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɦɨɝɭɬ ɛɵɬɶ ɢ ɩɭɫɬɵɟ) ɩɪɢ 
ɨɝɪɚɧɢɱɟɧɢɹɯ ɜ ɮɨɪɦɟ ɪɚɜɟɧɫɬɜ ɢ ɧɟɪɚɜɟɧɫɬɜ ɫ ɨɬɵɫɤɚɧɢɟɦ ɤɨɨɪɞɢɧɚɬ 
ɰɟɧɬɪɨɜ  τ1, ... ,  τN  ɷɬɢɯ ɩɨɞɦɧɨɠɟɫɬɜ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ). 

ɉɭɫɬɶ  – ɡɚɦɤɧɭɬɨɟ, ɨɝɪɚɧɢɱɟɧɧɨɟ, ɢɡɦɟɪɢɦɨɟ ɩɨ Ʌɟɛɟɝɭ ɦɧɨɠɟɫɬɜɨ 
ɟɜɤɥɢɞɨɜɚ ɩɪɨɫɬɪɚɧɫɬɜɚ En. ɇɟɨɛɯɨɞɢɦɨ ɪɚɡɛɢɬɶ ɟɝɨ ɧɚ  N ɢɡɦɟɪɢɦɵɯ ɩɨ 

Ʌɟɛɟɝɭ ɩɨɞɦɧɨɠɟɫɬɜ 1 2, , ... , N    ɢ ɨɩɪɟɞɟɥɢɬɶ ɤɨɨɪɞɢɧɚɬɵ ɰɟɧɬɪɨɜ 
ɷɬɢɯ ɩɨɞɦɧɨɠɟɫɬɜ  1, 2, ... , N ɬɚɤ, ɱɬɨɛɵ ɮɭɧɤɰɢɨɧɚɥ 

1 1
1
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ɞɨɫɬɢɝɚɥ ɦɢɧɢɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɢɹ ɩɪɢ ɭɫɥɨɜɢɹɯ, ɱɬɨ 

( ) i

i

x dx b


 , 1, ,i p  ; 

( )
i

i

x dx b


 , 1, ,i p N   ; 

,1{ ,...,  }
N

N      1 ,..., N
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ɝɞɟ   1

1
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 

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 (1) ( ),..., n
x x x  ;  (1) ( ),..., n
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ɞɚɧɧɵɟ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɟ ɱɢɫɥɚ, ɩɪɢ ɷɬɨɦ ɜɵɩɨɥɧɹɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɭɫɥɨ-
ɜɢɹ ɪɚɡɪɟɲɢɦɨɫɬɢ ɡɚɞɚɱɢ: 
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  , 0 ib S  , 1, ,i N  . 

Ɉɩɢɫɚɧɢɟ ɦɟɬɨɞɚ ɢ ɚɥɝɨɪɢɬɦɚ ɪɟɲɟɧɢɹ ɷɬɨɣ ɡɚɞɚɱɢ ɦɨɠɧɨ ɧɚɣɬɢ ɜ ɦɨ-
ɧɨɝɪɚɮɢɢ [5].   

Ɉɞɧɚɤɨ ɜ ɩɪɚɤɬɢɱɟɫɤɨɣ ɞɟɹɬɟɥɶɧɨɫɬɢ ɱɚɫɬɨ ɜɨɡɧɢɤɚɸɬ ɫɢɬɭɚɰɢɢ, ɜ ɤɨ-
ɬɨɪɵɯ ɤɪɨɦɟ ɧɟɩɪɟɪɵɜɧɨ ɪɚɫɩɪɟɞɟɥɟɧɧɨɝɨ ɩɨɬɪɟɛɢɬɟɥɹ (ɢɥɢ ɩɨɫɬɚɜɳɢɤɚ) 
ɧɟɨɛɯɨɞɢɦɨ ɭɱɢɬɵɜɚɬɶ ɫɜɹɡɢ ɫ ɧɟɤɨɬɨɪɵɦɢ ɭɠɟ ɫɭɳɟɫɬɜɭɸɳɢɦɢ ɨɛɴɟɤ-
ɬɚɦɢ (ɢɦɢ ɦɨɝɭɬ ɛɵɬɶ, ɧɚɩɪɢɦɟɪ, ɬɪɚɧɫɩɨɪɬɧɵɟ ɭɡɥɵ, ɜ ɬ.ɱ. ɠɟɥɟɡɧɨɞɨ-
ɪɨɠɧɵɟ ɫɬɚɧɰɢɢ, ɪɚɫɩɪɟɞɟɥɢɬɟɥɶɧɵɟ ɫɟɬɢ, ɫɭɳɟɫɬɜɭɸɳɢɟ ɩɪɟɞɩɪɢɹɬɢɹ 
ɜɬɨɪɨɝɨ ɰɢɤɥɚ ɩɪɨɢɡɜɨɞɫɬɜɚ). Ʉ ɬɚɤɢɦ ɡɚɞɚɱɚɦ ɨɬɧɨɫɹɬ, ɧɚɩɪɢɦɟɪ, ɡɚɞɚɱɢ 
ɪɚɡɦɟɳɟɧɢɹ ɩɪɟɞɩɪɢɹɬɢɣ ɝɨɪɧɨ-ɨɛɨɝɚɬɢɬɟɥɶɧɨɝɨ ɰɢɤɥɚ [11], ɩɭɧɤɬɨɜ ɫɛɨ-
ɪɚ ɢ ɩɟɪɟɪɚɛɨɬɤɢ ɩɪɢɪɨɞɧɨɝɨ ɫɵɪɶɹ [6], ɨɩɬɢɦɢɡɚɰɢɢ ɪɚɫɩɪɟɞɟɥɢɬɟɥɶɧɵɯ 
ɫɢɫɬɟɦ [9], ɤɪɨɦɟ ɬɨɝɨ, ɨɧɢ ɜɨɡɧɢɤɚɸɬ ɧɚ ɨɞɧɨɦ ɢɡ ɷɬɚɩɨɜ ɪɟɲɟɧɢɹ ɦɧɨɝɨ-
ɷɬɚɩɧɵɯ ɡɚɞɚɱ ɪɚɡɦɟɳɟɧɢɹ ɩɪɨɢɡɜɨɞɫɬɜɚ [7]. 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɢɫɫɥɟɞɨɜɚɧɢɟ ɦɧɨɝɨɷɬɚɩɧɵɯ ɧɟɩɪɟɪɵɜɧɵɯ ɡɚɞɚɱ ɪɚɡ-
ɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜ ɹɜɥɹɟɬɫɹ ɨɞɧɢɦ ɢɡ ɚɤɬɭɚɥɶɧɵɯ ɧɚɩɪɚɜɥɟɧɢɣ ɞɚɥɶɧɟɣɲɟ-
ɝɨ ɪɚɡɜɢɬɢɹ ɬɟɨɪɢɢ ɈɊɆ.  

Ⱥɧɚɥɢɡ ɩɭɛɥɢɤɚɰɢɣ ɢ ɡɚɞɚɱɢ ɢɫɫɥɟɞɨɜɚɧɢɹ. Ɇɧɨɝɨɷɬɚɩɧɵɟ ɡɚɞɚɱɢ 
ɪɚɡɦɟɳɟɧɢɹ (ɆɁɊ) ɹɜɥɹɸɬɫɹ ɨɛɨɛɳɟɧɢɟɦ ɦɧɨɝɨɷɬɚɩɧɵɯ ɬɪɚɧɫɩɨɪɬɧɨ-

ɩɪɨɢɡɜɨɞɫɬɜɟɧɧɵɯ ɡɚɞɚɱ. ɂɯ ɢɫɫɥɟɞɨɜɚɧɢɸ ɩɨɫɜɹɳɟɧɨ ɛɨɥɶɲɨɟ ɤɨɥɢɱɟɫɬ-
ɜɨ ɩɭɛɥɢɤɚɰɢɣ, ɜ ɤɨɬɨɪɵɯ ɨɬɪɚɠɟɧɵ ɪɚɡɥɢɱɧɵɟ ɦɚɬɟɦɚɬɢɱɟɫɤɢɟ ɦɨɞɟɥɢ ɢ 

ɧɚɩɪɚɜɥɟɧɢɹ ɢɯ ɢɫɫɥɟɞɨɜɚɧɢɹ, ɩɪɟɞɫɬɚɜɥɟɧɵ ɦɟɬɨɞɵ ɢ ɚɥɝɨɪɢɬɦɵ ɪɟɲɟ-
ɧɢɹ.  Ⱦɢɫɤɪɟɬɧɵɟ ɦɧɨɝɨɷɬɚɩɧɵɟ ɡɚɞɚɱɢ ɢɫɫɥɟɞɨɜɚɧɵ ɜ ɪɚɛɨɬɚɯ [1; 2; 6; 

8;10; 12].  
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Ɇɧɨɝɨɷɬɚɩɧɚɹ ɡɚɞɚɱɚ ɪɚɡɦɟɳɟɧɢɹ ɧɚ ɫɨɞɟɪɠɚɬɟɥɶɧɨɦ ɭɪɨɜɧɟ ɮɨɪɦɭ-
ɥɢɪɭɟɬɫɹ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ. Ɂɚɞɚɧɵ ɦɧɨɠɟɫɬɜɚ ɩɪɟɞɩɪɢɹɬɢɣ ɢ ɩɨɬɪɟɛɢ-
ɬɟɥɟɣ, ɤɨɬɨɪɵɦ ɧɟɨɛɯɨɞɢɦɚ ɢɯ ɩɪɨɞɭɤɰɢɹ. Ⱦɥɹ ɩɪɨɢɡɜɨɞɫɬɜɚ ɩɪɨɞɭɤɰɢɢ 
ɩɪɟɞɩɪɢɹɬɢɹ ɨɛɴɟɞɢɧɹɸɬɫɹ ɜ ɬɟɯɧɨɥɨɝɢɱɟɫɤɢɟ ɰɟɩɨɱɤɢ. Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, 

ɩɪɨɞɭɤɰɢɹ ɩɪɨɯɨɞɢɬ ɧɟɫɤɨɥɶɤɨ ɫɬɚɞɢɣ ɨɛɪɚɛɨɬɤɢ.  Ɇɧɨɠɟɫɬɜɨ ɞɨɩɭɫɬɢ-
ɦɵɯ ɬɟɯɧɨɥɨɝɢɱɟɫɤɢɯ ɰɟɩɨɱɟɤ ɢɡɜɟɫɬɧɨ. Ⱦɥɹ ɤɚɠɞɨɝɨ ɩɪɟɞɩɪɢɹɬɢɹ ɡɚɞɚɧɚ 
ɫɬɨɢɦɨɫɬɶ ɟɝɨ ɨɬɤɪɵɬɢɹ. Ⱦɥɹ ɤɚɠɞɨɝɨ ɩɨɬɪɟɛɢɬɟɥɹ ɡɚɞɚɧɵ ɩɪɨɢɡɜɨɞɫɬɜɟɧ-
ɧɨ-ɬɪɚɧɫɩɨɪɬɧɵɟ ɪɚɫɯɨɞɵ ɧɚ ɭɞɨɜɥɟɬɜɨɪɟɧɢɟ ɟɝɨ ɫɩɪɨɫɚ ɤɚɠɞɨɣ ɬɟɯɧɨɥɨ-
ɝɢɱɟɫɤɨɣ ɰɟɩɨɱɤɨɣ. Ɍɪɟɛɭɟɬɫɹ ɧɚɣɬɢ ɬɚɤɨɣ ɧɚɛɨɪ ɩɪɟɞɩɪɢɹɬɢɣ, ɤɨɬɨɪɵɣ ɫ 
ɦɢɧɢɦɚɥɶɧɵɦɢ ɫɭɦɦɚɪɧɵɦɢ ɡɚɬɪɚɬɚɦɢ ɩɨɡɜɨɥɢɥ ɛɵ ɭɞɨɜɥɟɬɜɨɪɢɬɶ ɫɩɪɨɫ 
ɜɫɟɯ ɩɨɬɪɟɛɢɬɟɥɟɣ. Ɍɚɤɢɟ ɡɚɞɚɱɢ ɪɚɫɫɦɨɬɪɟɧɵ, ɜ ɱɚɫɬɧɨɫɬɢ, ɜ ɪɚɛɨɬɟ [2].  

ɗɬɢ ɦɨɞɟɥɢ ɫɨɨɬɜɟɬɫɬɜɭɸɬ ɫɢɬɭɚɰɢɢ, ɤɨɝɞɚ ɱɢɫɥɨ ɜɨɡɦɨɠɧɵɯ ɦɟɫɬ 
ɪɚɡɦɟɳɟɧɢɹ ɩɪɟɞɩɪɢɹɬɢɣ ɤɨɧɟɱɧɨ ɢ ɜɨɡɦɨɠɧɨɟ ɢɯ ɪɚɫɩɨɥɨɠɟɧɢɟ ɜ ɨɛɥɚɫ-
ɬɢ ɡɚɪɚɧɟɟ ɨɩɪɟɞɟɥɟɧɨ, ɩɪɢ ɷɬɨɦ ɩɪɨɫɥɟɠɢɜɚɟɬɫɹ ɬɟɧɞɟɧɰɢɹ ɢɫɩɨɥɶɡɨɜɚ-
ɧɢɹ ɷɜɪɢɫɬɢɱɟɫɤɢɯ ɚɥɝɨɪɢɬɦɨɜ [1; 4; 9; 12], ɜ ɱɚɫɬɧɨɫɬɢ ɚɥɝɨɪɢɬɦɨɜ ɝɟɧɟ-
ɬɢɱɟɫɤɨɝɨ ɬɢɩɚ. Ɉɞɧɚɤɨ ɩɪɢ ɪɟɲɟɧɢɢ ɩɪɚɤɬɢɱɟɫɤɢɯ ɡɚɞɚɱ ɜɨɡɧɢɤɚɸɬ ɫɢ-
ɬɭɚɰɢɢ, ɤɨɝɞɚ ɜɨɡɦɨɠɧɵɟ ɦɟɫɬɚ ɪɚɡɦɟɳɟɧɢɹ ɩɪɟɞɩɪɢɹɬɢɣ ɧɟ ɨɝɪɚɧɢɱɟɧɵ 
ɤɨɧɟɱɧɵɦ ɧɚɛɨɪɨɦ ɜɚɪɢɚɧɬɨɜ, ɬ.ɟ. ɩɪɟɞɩɪɢɹɬɢɹ ɦɨɝɭɬ ɛɵɬɶ ɪɚɡɦɟɳɟɧɵ ɜ 
ɥɸɛɨɣ ɬɨɱɤɟ ɡɚɞɚɧɧɨɣ ɨɛɥɚɫɬɢ. Ɍɚɤɢɟ ɡɚɞɚɱɢ ɦɨɝɭɬ ɛɵɬɶ ɨɩɢɫɚɧɵ ɤɚɤ ɧɟ-
ɩɪɟɪɵɜɧɵɟ ɡɚɞɚɱɢ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜ (ɈɊɆ). 

ɐɟɥɶɸ ɧɚɲɟɝɨ ɢɫɫɥɟɞɨɜɚɧɢɹ ɹɜɥɹɟɬɫɹ ɩɨɫɬɪɨɟɧɢɟ ɢ ɢɡɭɱɟɧɢɟ ɦɚɬɟɦɚ-
ɬɢɱɟɫɤɢɯ ɦɨɞɟɥɟɣ ɡɚɞɚɱ ɈɊɆ ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ ɤɚɤ ɦɧɨɝɨɷɬɚɩ-
ɧɵɯ ɡɚɞɚɱ ɪɚɡɦɟɳɟɧɢɹ-ɪɚɫɩɪɟɞɟɥɟɧɢɹ.  

Ɇɚɬɟɪɢɚɥɵ ɢɫɫɥɟɞɨɜɚɧɢɹ. ɋɨɞɟɪɠɚɬɟɥɶɧɭɸ ɩɨɫɬɚɧɨɜɤɭ ɡɚɞɚɱɢ ɈɊɆ 
ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ ɦɨɠɧɨ ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ 
[7]. ɉɭɫɬɶ ɧɟɤɨɬɨɪɵɣ ɪɟɫɭɪɫ ɪɚɫɩɪɟɞɟɥɟɧ ɜ ɨɛɥɚɫɬɢ . ɉɟɪɟɪɚɛɨɬɤɭ ɪɟɫɭɪ-
ɫɚ ɫɥɟɞɭɟɬ ɩɪɨɢɡɜɨɞɢɬɶ ɜ ɞɜɚ ɷɬɚɩɚ, ɚ ɢɦɟɧɧɨ: ɤɨɧɟɱɧɨɟ ɱɢɫɥɨ N ɩɪɟɞɩɪɢ-
ɹɬɢɣ ɩɟɪɜɨɝɨ ɷɬɚɩɚ, ɪɚɫɩɨɥɨɠɟɧɧɵɯ ɜ ɢɡɨɥɢɪɨɜɚɧɧɵɯ ɬɨɱɤɚɯ I

i , 

1,2,i N   ɨɛɥɚɫɬɢ ,  ɩɨɥɭɱɚɸɬ ɫɵɪɶɟ ɨɬ ɩɨɫɬɚɜɳɢɤɨɜ, ɧɟɩɪɟɪɵɜɧɨ ɪɚɫ-
ɩɪɟɞɟɥɟɧɧɵɯ ɜ ɨɛɥɚɫɬɢ , ɩɟɪɟɪɚɛɚɬɵɜɚɸɬ ɟɝɨ ɢ ɨɬɩɪɚɜɥɹɸɬ ɞɥɹ ɪɟɚɥɢɡɚ-
ɰɢɢ (ɢɥɢ ɞɚɥɶɧɟɣɲɟɣ ɩɟɪɟɪɚɛɨɬɤɢ) ɜ ɩɭɧɤɬɵ ɤɨɧɟɱɧɨɝɨ ɩɨɬɪɟɛɥɟɧɢɹ, ɤɨ-
ɨɪɞɢɧɚɬɵ ɤɨɬɨɪɵɯ: 1 ,...,II II

M  , ɡɚɪɚɧɟɟ ɨɩɪɟɞɟɥɟɧɵ. ɉɪɟɞɩɨɥɨɠɢɦ ɬɚɤɠɟ, 

ɱɬɨ ɢɡɜɟɫɬɧɵ: 
– ɫɩɪɨɫ II

jb
 
 ɧɚ ɩɪɨɞɭɤɰɢɸ ɞɥɹ ɤɚɠɞɨɝɨ ɤɨɧɟɱɧɨɝɨ ɩɭɧɤɬɚ ɩɨɬɪɟɛɥɟɧɢɹ, 

1, 2,j M  ; 

– ɡɚɩɚɫ  x  ɪɟɫɭɪɫɚ ɜ ɤɚɠɞɨɣ ɬɨɱɤɟ ɨɛɥɚɫɬɢ ; 
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– ɫɬɨɢɦɨɫɬɶ  ɞɨɫɬɚɜɤɢ ɟɞɢɧɢɰɵ ɪɟɫɭɪɫɚ  ,I

i ic x  , 1,2,i N  , ɢɡ ɬɨɱɤɢ 

x ɜ ɩɭɧɤɬ ɩɟɪɜɢɱɧɨɣ ɩɟɪɟɪɚɛɨɬɤɢ I

i ; 

– ɫɬɨɢɦɨɫɬɶ ɩɟɪɟɜɨɡɤɢ ɟɞɢɧɢɰɵ ɩɪɨɞɭɤɬɚ  ,II I II

ij i jc    ɢɡ ɩɭɧɤɬɚ ɩɟɪ-

ɜɢɱɧɨɣ ɩɟɪɟɪɚɛɨɬɤɢ I

i  ɜ ɩɭɧɤɬ II

j .  

Ʉɪɨɦɟ ɬɨɝɨ, ɛɭɞɟɦ ɫɱɢɬɚɬɶ, ɱɬɨ ɦɨɳɧɨɫɬɶ i-ɝɨ ɩɪɨɢɡɜɨɞɢɬɟɥɹ ɩɟɪɜɨɝɨ 
ɷɬɚɩɚ ɨɩɪɟɞɟɥɹɟɬɫɹ ɫɭɦɦɚɪɧɵɦ ɡɚɩɚɫɨɦ ɪɟɫɭɪɫɚ ɜ ɨɛɫɥɭɠɢɜɚɟɦɨɣ ɨɛɥɚɫɬɢ 
ɢ ɞɨɥɠɧɚ ɛɵɬɶ ɧɟ ɦɟɧɶɲɟ ɡɚɞɚɧɧɵɯ ɨɛɴɟɦɨɜ I

ib , 1,2,i N  , ɚ ɩɪɢɛɵɥɶ 
ɩɪɟɞɩɪɢɹɬɢɹ ɡɚɜɢɫɢɬ ɬɨɥɶɤɨ ɨɬ ɬɪɚɧɫɩɨɪɬɧɵɯ ɪɚɫɯɨɞɨɜ. 

ɇɟɨɛɯɨɞɢɦɨ ɪɚɡɦɟɫɬɢɬɶ ɡɚɞɚɧɧɨɟ ɤɨɥɢɱɟɫɬɜɨ ɩɪɟɞɩɪɢɹɬɢɣ ɜ ɨɛɥɚɫɬɢ 
, ɪɚɡɛɢɬɶ ɟɟ ɧɚ ɡɨɧɵ ɨɛɫɥɭɠɢɜɚɧɢɹ 1 2, ,..., N    ɤɚɠɞɵɦ ɢɡ ɩɪɟɞɩɪɢ-
ɹɬɢɣ ɩɟɪɜɨɝɨ ɷɬɚɩɚ ɢ ɨɩɪɟɞɟɥɢɬɶ ɨɛɴɟɦɵ ɩɟɪɟɜɨɡɨɤ 0ijv  ,  1,2,i N  , 

1,2.j M  , ɦɟɠɞɭ ɩɪɟɞɩɪɢɹɬɢɹɦɢ ɩɟɪɜɨɝɨ ɷɬɚɩɚ ɢ ɩɭɧɤɬɚɦɢ ɤɨɧɟɱɧɨɝɨ 
ɩɨɬɪɟɛɥɟɧɢɹ ɬɚɤɢɦ ɨɛɪɚɡɨɦ, ɱɬɨɛɵ ɨɛɟɫɩɟɱɢɬɶ ɦɢɧɢɦɚɥɶɧɭɸ ɫɭɦɦɚɪɧɭɸ 
ɫɬɨɢɦɨɫɬɶ ɞɨɫɬɚɜɤɢ ɫɵɪɶɹ ɢ ɤɨɧɟɱɧɨɣ ɩɪɨɞɭɤɰɢɢ.  

Ɂɚɦɟɬɢɦ, ɱɬɨ ɩɪɢ ɩɨɫɬɪɨɟɧɢɢ ɦɚɬɟɦɚɬɢɱɟɫɤɢɯ ɦɨɞɟɥɟɣ ɧɭɠɧɨ ɭɱɢɬɵ-
ɜɚɬɶ ɬɨɬ ɮɚɤɬ, ɱɬɨ, ɤɚɤ ɢ ɜ ɤɥɚɫɫɟ ɡɚɞɚɱ ɈɊɆ, ɬɭɬ ɦɨɠɧɨ ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ 
ɧɟɫɤɨɥɶɤɨ ɜɢɞɨɜ ɡɚɞɚɱ, ɚ ɢɦɟɧɧɨ: ɡɚɞɚɱɢ ɫ ɮɢɤɫɢɪɨɜɚɧɧɵɦɢ ɰɟɧɬɪɚɦɢ 
ɩɨɞɦɧɨɠɟɫɬɜ (ɬɨɝɞɚ ɨɩɪɟɞɟɥɟɧɢɸ ɩɨɞɥɟɠɚɬ ɬɨɥɶɤɨ ɡɨɧɵ ɨɛɫɥɭɠɢɜɚɧɢɹ ɢ 
ɨɛɴɟɦɵ ɩɟɪɟɜɨɡɨɤ ɦɟɠɞɭ ɩɪɟɞɩɪɢɹɬɢɹɦɢ ɩɟɪɜɨɝɨ ɢ ɜɬɨɪɨɝɨ ɷɬɚɩɨɜ);  ɡɚɞɚ-
ɱɢ ɫ ɪɚɡɦɟɳɟɧɢɟɦ ɰɟɧɬɪɨɜ (ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɧɟɨɛɯɨɞɢɦɨ ɨɩɪɟɞɟɥɢɬɶ ɤɨɨɪɞɢ-
ɧɚɬɵ ɰɟɧɬɪɨɜ, ɢɯ ɡɨɧɵ ɨɛɫɥɭɠɢɜɚɧɢɹ ɢ ɨɛɴɟɦɵ ɩɟɪɟɜɨɡɨɤ ɦɟɠɞɭ ɩɪɟɞɩɪɢ-
ɹɬɢɹɦɢ). Ɉɛɟ ɷɬɢ ɡɚɞɚɱɢ ɦɨɝɭɬ ɛɵɬɶ ɪɚɫɫɦɨɬɪɟɧɵ ɤɚɤ ɡɚɞɚɱɢ ɫ ɨɝɪɚɧɢɱɟ-
ɧɢɹɦɢ ɧɚ ɦɨɳɧɨɫɬɶ ɩɪɟɞɩɪɢɹɬɢɣ ɩɟɪɜɨɝɨ ɷɬɚɩɚ ɢɥɢ ɛɟɡ ɨɝɪɚɧɢɱɟɧɢɣ. Ɍɚ-
ɤɢɦ ɨɛɪɚɡɨɦ, ɦɨɠɧɨ ɫɮɨɪɦɭɥɢɪɨɜɚɬɶ ɱɟɬɵɪɟ ɡɚɞɚɱɢ: 

– ɡɚɞɚɱɚ ɈɊɆ ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ ɩɪɢ ɮɢɤɫɢɪɨɜɚɧɧɵɯ ɰɟɧ-
ɬɪɚɯ  ɛɟɡ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɦɨɳɧɨɫɬɶ ɩɪɟɞɩɪɢɹɬɢɣ ɩɟɪɜɨɝɨ ɷɬɚɩɚ; 

– ɡɚɞɚɱɚ ɈɊɆ ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ ɩɪɢ ɮɢɤɫɢɪɨɜɚɧɧɵɯ ɰɟɧ-
ɬɪɚɯ ɩɪɢ ɧɚɥɢɱɢɢ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɦɨɳɧɨɫɬɶ ɩɪɟɞɩɪɢɹɬɢɣ ɩɟɪɜɨɝɨ ɷɬɚɩɚ; 

– ɡɚɞɚɱɚ ɈɊɆ ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ ɫ ɪɚɡɦɟɳɟɧɢɟɦ ɰɟɧɬɪɨɜ ɢ 
ɛɟɡ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɦɨɳɧɨɫɬɶ ɩɪɟɞɩɪɢɹɬɢɣ ɩɟɪɜɨɝɨ ɷɬɚɩɚ; 

– ɡɚɞɚɱɚ ɈɊɆ ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ ɫ ɪɚɡɦɟɳɟɧɢɟɦ ɰɟɧɬɪɨɜ ɩɪɢ 
ɧɚɥɢɱɢɢ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɦɨɳɧɨɫɬɶ ɩɪɟɞɩɪɢɹɬɢɣ ɩɟɪɜɨɝɨ ɷɬɚɩɚ. 

ɋɮɨɪɦɭɥɢɪɭɟɦ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɦɚɬɟɦɚɬɢɱɟɫɤɢɟ ɦɨɞɟɥɢ ɢ ɪɚɫɫɦɨɬ-
ɪɢɦ ɢɯ ɩɨɞɪɨɛɧɟɟ, ɫɨɯɪɚɧɹɹ ɨɛɨɡɧɚɱɟɧɢɹ ɢ ɬɟɪɦɢɧɨɥɨɝɢɸ, ɜɜɟɞɟɧɧɭɸ ɜ 

ɦɨɧɨɝɪɚɮɢɢ [5]. 
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ɉɭɫɬɶ  – ɡɚɦɤɧɭɬɨɟ, ɨɝɪɚɧɢɱɟɧɧɨɟ, ɜɵɩɭɤɥɨɟ, ɢɡɦɟɪɢɦɨɟ ɩɨ Ʌɟɛɟɝɭ 
ɦɧɨɠɟɫɬɜɨ ɟɜɤɥɢɞɨɜɚ ɩɪɨɫɬɪɚɧɫɬɜɚ En. ɋɨɜɨɤɭɩɧɨɫɬɶ ɢɡɦɟɪɢɦɵɯ ɩɨ Ʌɟɛɟ-
ɝɭ ɩɨɞɦɧɨɠɟɫɬɜ 

1 2, , , N    ɢɡ 
NE  ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɪɚɡɛɢɟɧɢɟɦ 

ɦɧɨɠɟɫɬɜɚ  ɧɚ N ɩɨɞɦɧɨɠɟɫɬɜ, ɟɫɥɢ ɜɵɩɨɥɧɹɸɬɫɹ ɬɚɤɢɟ ɭɫɥɨɜɢɹ: 
i  , 

( ) 0,  ,  , 1,i jmes i j i j N     , 

ɝɞɟ ( )mes   – ɦɟɪɚ Ʌɟɛɟɝɚ. 
Ʉɥɚɫɫ ɜɫɟɯ ɜɨɡɦɨɠɧɵɯ ɪɚɡɛɢɟɧɢɣ ɦɧɨɠɟɫɬɜɚ  ɧɚ N ɩɨɞɦɧɨɠɟɫɬɜ ɨɛɨ-

ɡɧɚɱɢɦ ɱɟɪɟɡ N

 , ɬ.ɟ. 

 1

1

,..., :  , ( ) 0,  ,  , 1,
N

N

N i i j

i

mes i j i j N


 
            

 
 . 

Ⱦɚɥɟɟ ɛɭɞɟɦ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɮɭɧɤɰɢɨɧɚɥ ɜɢɞɚ 

    1 11, , ,N NMF       

     
1 1 1

, ,

i

N N M
I I II I II

i i ij i j ij

i i j

c x x dx c v
  

       ,    (1) 

ɝɞɟ ɩɟɪɜɨɟ ɫɥɚɝɚɟɦɨɟ ɜɵɪɚɠɚɟɬ ɫɭɦɦɚɪɧɭɸ ɫɬɨɢɦɨɫɬɶ ɞɨɫɬɚɜɤɢ ɫɵɪɶɹ 
ɨɬ ɩɨɫɬɚɜɳɢɤɨɜ ɤ ɩɪɟɞɩɪɢɹɬɢɹɦ I ɷɬɚɩɚ, ɚ ɜɬɨɪɨɟ – ɫɭɦɦɚɪɧɭɸ ɫɬɨɢɦɨɫɬɶ 
ɩɟɪɟɜɨɡɨɤ ɦɟɠɞɭ ɩɪɟɞɩɪɢɹɬɢɹɦɢ I ɢ II ɷɬɚɩɨɜ. 

ɉɨɞ ɧɟɩɪɟɪɵɜɧɨɣ ɥɢɧɟɣɧɨɣ ɨɞɧɨɩɪɨɞɭɤɬɨɜɨɣ ɡɚɞɚɱɟɣ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɪɚɡɛɢɟɧɢɹ ɦɧɨɠɟɫɬɜɚ  ɢɡ n-ɦɟɪɧɨɝɨ ɟɜɤɥɢɞɨɜɚ ɩɪɨɫɬɪɚɧɫɬɜɚ En ɧɚ ɩɨɞ-
ɦɧɨɠɟɫɬɜɚ ɛɟɡ ɨɬɵɫɤɚɧɢɹ ɰɟɧɬɪɨɜ ɢɯ ɤɨɨɪɞɢɧɚɬ ɩɪɢ ɞɨɩɨɥɧɢɬɟɥɶɧɵɯ ɫɜɹ-
ɡɹɯ ɛɭɞɟɦ ɩɨɧɢɦɚɬɶ ɫɥɟɞɭɸɳɭɸ ɡɚɞɚɱɭ. 

Ɂɚɞɚɱɚ 1. (Ɂɚɞɚɱɚ ɈɊɆ ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ ɩɪɢ ɮɢɤɫɢɪɨɜɚɧ-
ɧɵɯ ɰɟɧɬɪɚɯ ɩɨɞɦɧɨɠɟɫɬɜ ɛɟɡ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɦɨɳɧɨɫɬɶ ɩɪɟɞɩɪɢɹɬɢɣ 
ɩɟɪɜɨɝɨ ɷɬɚɩɚ.) 

Ɍɪɟɛɭɟɬɫɹ ɧɚɣɬɢ ɬɚɤɨɟ ɪɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜɚ  ɧɚ N ɢɡɦɟɪɢɦɵɯ ɩɨ Ʌɟ-
ɛɟɝɭ ɩɨɞɦɧɨɠɟɫɬɜ 1 2, , , N    (ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɦɨɝɭɬ ɛɵɬɶ ɢ ɩɭɫɬɵɟ) ɢ 
ɬɚɤɢɟ ɨɛɴɟɦɵ ɩɟɪɟɜɨɡɨɤ 11,..., NMv v , ɤɨɬɨɪɵɟ ɛɵ ɨɛɟɫɩɟɱɢɜɚɥɢ  

1 11

1 11
{ , , };{ ,..., }

({ , , };{ ,..., })min
N NM

N NM
v v

F v v
 

 


  
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ɩɪɢ ɨɝɪɚɧɢɱɟɧɢɹɯ 

1

( )

i

M

ij

j

x dx v


 ,  1,i N ,                                             (2) 

1

N
II

ij j

i

v b


 ,  1,j M ,                                                (3) 

N

 ,                                                           (4) 

0ijv  ,  1,2.j M  , 1,2,i N  . 

Ɂɞɟɫɶ ɨɝɪɚɧɢɱɟɧɢɹ (2) ɜɵɪɚɠɚɸɬ ɛɚɥɚɧɫ ɦɟɠɞɭ ɜɨɡɦɨɠɧɨɫɬɹɦɢ ɩɪɟɞ-
ɩɪɢɹɬɢɣ I ɢ II ɷɬɚɩɨɜ, ɨɝɪɚɧɢɱɟɧɢɟ (3) ɡɚɞɚɟɬ ɦɨɳɧɨɫɬɶ ɞɥɹ ɤɚɠɞɨɝɨ ɢɡ 
ɩɪɟɞɩɪɢɹɬɢɹ  II ɷɬɚɩɚ. 

Ɏɭɧɤɰɢɢ  ,I I

i ic x  , 1,i N  – ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ, ɨɝɪɚɧɢɱɟɧɧɵɟ, ɢɡɦɟɪɢ-

ɦɵɟ ɩɨ ɚɪɝɭɦɟɧɬɭ ɯ  ɧɚ ;  x  – ɞɟɣɫɬɜɢɬɟɥɶɧɚɹ, ɢɧɬɟɝɪɢɪɭɟɦɚɹ, ɨɩɪɟ-

ɞɟɥɟɧɧɚɹ ɧɚ    ɮɭɧɤɰɢɹ; I

i , 1,i N , II

j , 1,j M – ɡɚɞɚɧɧɵɟ ɬɨɱɤɢ ɨɛ-

ɥɚɫɬɢ   ;  ,II I II

ij i j ijc c  , 1,i N , 1,j M  – ɡɚɞɚɧɧɵɟ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɟ 

ɱɢɫɥɚ; II

jb ,  1,Mj   – ɡɚɞɚɧɧɵɟ ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɟ ɱɢɫɥɚ, 
ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɟ ɭɫɥɨɜɢɸ ɪɚɡɪɟɲɢɦɨɫɬɢ ɡɚɞɚɱɢ: 

1

( )
M

II

j

j

b x dx
 

   .                                       (5) 

ɂɧɬɟɝɪɚɥɵ ɫɥɟɞɭɟɬ ɩɨɧɢɦɚɬɶ ɜ ɫɦɵɫɥɟ Ʌɟɛɟɝɚ. 

Ɂɚɞɚɱɚ 2. (Ɂɚɞɚɱɚ ɈɊɆ ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ ɩɪɢ ɮɢɤɫɢɪɨɜɚɧ-
ɧɵɯ ɰɟɧɬɪɚɯ ɩɪɢ ɧɚɥɢɱɢɢ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɦɨɳɧɨɫɬɶ ɩɪɟɞɩɪɢɹɬɢɣ ɩɟɪɜɨɝɨ 
ɷɬɚɩɚ.) 

Ɍɪɟɛɭɟɬɫɹ ɧɚɣɬɢ ɬɚɤɨɟ ɪɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜɚ  ɧɚ N ɢɡɦɟɪɢɦɵɯ ɩɨ Ʌɟ-
ɛɟɝɭ ɩɨɞɦɧɨɠɟɫɬɜ 1 2, , , N    (ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɦɨɝɭɬ ɛɵɬɶ ɢ ɩɭɫɬɵɟ) ɢ 
ɬɚɤɢɟ ɨɛɴɺɦɵ ɩɟɪɟɜɨɡɨɤ 11,..., NMv v , ɤɨɬɨɪɵɟ ɛɵ ɨɛɟɫɩɟɱɢɜɚɥɢ  

1 11

1 11
{ , , };{ ,..., }

({ , , };{ ,..., })min
N NM

N NM
v v

F v v
 

 


  

ɩɪɢ ɨɝɪɚɧɢɱɟɧɢɹɯ 

( )

i

I

ix dx b


 ,  1,i N ,                                             (6) 
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1

M
I

ij i

j

v b


 ,  1,i N                                                (7) 

1

N
II

ij j

i

v b


 ,  1,j M ,                                               (8) 

N

 ,                                                    (9) 

0ijv  ,  1,2.j M  , 1,2,i N  . 

ɝɞɟ (1) ( )( ,..., )nɯ x x  ; II

jb ,  1,Mj  , I

ib , 1,i N – ɡɚɞɚɧɧɵɟ ɞɟɣɫɬɜɢ-
ɬɟɥɶɧɵɟ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɟ ɱɢɫɥɚ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɟ ɭɫɥɨɜɢɹɦ ɪɚɡɪɟɲɢɦɨ-
ɫɬɢ ɡɚɞɚɱɢ: 

1 1

( )
M N

II I

j i

j i

b b x dx
  

     .                               (10) 

ȼ ɨɬɥɢɱɢɟ ɨɬ ɩɪɟɞɵɞɭɳɟɣ ɡɚɞɚɱɢ, ɡɞɟɫɶ ɩɪɟɞɩɨɥɨɠɟɦ, ɱɬɨ ɡɚɞɚɧɚ ɬɚɤ-
ɠɟ ɦɨɳɧɨɫɬɶ ɩɪɟɞɩɪɢɹɬɢɣ I ɷɬɚɩɚ. ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɩɨɥɭɱɟɧɧɚɹ ɦɨɞɟɥɶ ɫɨ-
ɞɟɪɠɢɬ ɞɜɟ ɝɪɭɩɩɵ ɨɝɪɚɧɢɱɟɧɢɣ: ɨɝɪɚɧɢɱɟɧɢɹ (6) ɢ (9) ɨɩɪɟɞɟɥɹɸɬ ɪɚɡ-
ɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜɚ , ɚ ɨɝɪɚɧɢɱɟɧɢɹ (7) ɢ (8) – ɫɬɪɭɤɬɭɪɭ ɩɟɪɟɜɨɡɨɤ ɦɟɠɞɭ 
ɩɪɟɞɩɪɢɹɬɢɹɦɢ I ɢ II ɷɬɚɩɨɜ. ɍɱɢɬɵɜɚɹ ɚɞɞɢɬɢɜɧɨɫɬɶ ɰɟɥɟɜɨɝɨ ɮɭɧɤɰɢɨ-
ɧɚɥɚ, ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɢɫɯɨɞɧɭɸ ɡɚɞɚɱɭ ɦɨɠɧɨ ɫɜɟɫɬɢ ɤ ɪɟɲɟɧɢɸ ɞɜɭɯ ɡɚɞɚɱ: 
ɡɚɞɚɱɢ ɈɊɆ ɫ ɮɢɤɫɢɪɨɜɚɧɧɵɦɢ ɰɟɧɬɪɚɦɢ ɩɪɢ ɨɝɪɚɧɢɱɟɧɢɹɯ-ɪɚɜɟɧɫɬɜɚɯ ɢ 
ɬɪɚɧɫɩɨɪɬɧɨɣ ɡɚɞɚɱɢ ɥɢɧɟɣɧɨɝɨ ɩɪɨɝɪɚɦɦɢɪɨɜɚɧɢɹ. 

Ɂɚɞɚɱɚ 2.1. ɇɚɣɬɢ ɬɚɤɨɟ ɪɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜɚ  ɧɚ N ɢɡɦɟɪɢɦɵɯ ɩɨ 
Ʌɟɛɟɝɭ ɩɨɞɦɧɨɠɟɫɬɜ 1 2, , , N    (ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɦɨɝɭɬ ɛɵɬɶ ɢ ɩɭɫɬɵɟ), 
ɱɬɨɛɵ ɮɭɧɤɰɢɨɧɚɥ 

   1 1

1

({ , , }) ,

i

N
I I

N i i

i

F c x x dx
 

       

ɞɨɫɬɢɝɚɥ ɦɢɧɢɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɢɹ ɩɪɢ ɨɝɪɚɧɢɱɟɧɢɹɯ 

( )

i

I

ix dx b


 ,  1,i N , 

N

 . 

Ɂɚɞɚɱɚ 2.2. Ɉɩɪɟɞɟɥɢɬɶ ɱɢɫɥɚ 11,..., NMv v , ɨɛɟɫɩɟɱɢɜɚɸɳɢɟ ɦɢɧɢɦɭɦ 
ɮɭɧɤɰɢɨɧɚɥɭ 
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 2 11

1 1

({ ,..., }) ,
N M

II I II

NM ij i j ij

i j

F v v c v
 

    

ɩɪɢ ɨɝɪɚɧɢɱɟɧɢɹɯ 

1

M
I

ij i

j

v b


 ,  1,i N , 

1

N
II

ij j

i

v b


 ,  1,j M , 
0ijv  ,  1,2.j M  , 1,2,i N  . 

ɉɪɢ ɷɬɨɦ ɭɫɥɨɜɢɹ (10) ɨɛɟɫɩɟɱɢɜɚɸɬ ɪɚɡɪɟɲɢɦɨɫɬɶ ɬɪɚɧɫɩɨɪɬɧɨɣ ɡɚ-
ɞɚɱɢ ɢ ɡɚɞɚɱɢ ɈɊɆ. 

Ɉɞɧɚɤɨ ɟɫɥɢ ɜ ɢɫɯɨɞɧɨɣ ɡɚɞɚɱɟ ɨɝɪɚɧɢɱɟɧɢɹ ɛɭɞɭɬ ɢɦɟɬɶ ɜɢɞ « », ɬɨ 
ɬɚɤɚɹ ɞɟɤɨɦɩɨɡɢɰɢɹ ɡɚɞɚɱɢ ɭɠɟ ɧɟ ɛɭɞɟɬ ɢɦɟɬɶ ɦɟɫɬɚ. 

Ɂɚɞɚɱɚ 3. (Ɂɚɞɚɱɚ ɈɊɆ ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ ɫ ɪɚɡɦɟɳɟɧɢɟɦ 
ɰɟɧɬɪɨɜ ɢ ɛɟɡ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɦɨɳɧɨɫɬɶ ɩɪɟɞɩɪɢɹɬɢɣ ɩɟɪɜɨɝɨ ɷɬɚɩɚ.) 

Ɍɪɟɛɭɟɬɫɹ ɧɚɣɬɢ ɬɚɤɨɟ ɪɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜɚ  ɧɚ N ɢɡɦɟɪɢɦɵɯ ɩɨ Ʌɟ-
ɛɟɝɭ ɩɨɞɦɧɨɠɟɫɬɜ 1 2, , , N    (ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɦɨɝɭɬ ɛɵɬɶ ɢ ɩɭɫɬɵɟ), 

ɨɩɪɟɞɟɥɢɬɶ ɤɨɨɪɞɢɧɚɬɵ 1 ,...,I I

N   ɰɟɧɬɪɨɜ ɷɬɢɯ ɩɨɞɦɧɨɠɟɫɬɜ, ɢ ɬɚɤɢɟ ɨɛɴ-
ɟɦɵ ɩɟɪɟɜɨɡɨɤ 11,..., NMv v , ɤɨɬɨɪɵɟ ɛɵ ɨɛɟɫɩɟɱɢɜɚɥɢ ɦɢɧɢɦɭɦ ɮɭɧɤɰɢɨɧɚ-
ɥɚ: 

      1 1 11, , , , ,I I

N N NMF          

     
1 1 1

, ,

i

N N M
I I II I II
i i ij i j ij

i i j

c x x dx c v
  

       ,      (11) 

ɩɪɢ ɨɝɪɚɧɢɱɟɧɢɹɯ 

1

( )

i

M

ij

j

x dx v


 ,  1,i N ,                                             (12) 

1

N
II

ij j

i

v b


 ,  1,j M ,                                                (13) 

N

 ,                                                    (14) 
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0ijv  ,  1,2.j M  ,    1,2,i N  ,  1 2,I I I I

N     , I N  ,   (15) 

ɝɞɟ (1) ( )( ,..., )nɯ x x  ; II

jb ,  1,Mj  , – ɡɚɞɚɧɧɵɟ ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ ɧɟ-
ɨɬɪɢɰɚɬɟɥɶɧɵɟ ɱɢɫɥɚ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɟ ɭɫɥɨɜɢɸ (5) ɪɚɡɪɟɲɢɦɨɫɬɢ ɡɚɞɚ-
ɱɢ. 

Ɏɭɧɤɰɢɢ  ,I I

i ic x  , 1,i N  – ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ, ɨɝɪɚɧɢɱɟɧɧɵɟ, ɢɡɦɟɪɢ-

ɦɵɟ ɩɨ ɚɪɝɭɦɟɧɬɭ ɯ  ɧɚ , ɢ ɜɵɩɭɤɥɵɟ ɩɨ  ɧɚ W  ɞɥɹ ɜɫɟɯ  1,i N ; 

 x  – ɞɟɣɫɬɜɢɬɟɥɶɧɚɹ, ɢɧɬɟɝɪɢɪɭɟɦɚɹ, ɨɩɪɟɞɟɥɺɧɧɚɹ ɧɚ  ɮɭɧɤɰɢɹ; II

j , 

1,j M  – ɡɚɞɚɧɧɵɟ ɬɨɱɤɢ ɨɛɥɚɫɬɢ   ,  ,II I II

ij i j ijc c  , 1,i N , 1,j M  

– ɡɚɞɚɧɧɵɟ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɟ ɱɢɫɥɚ.  
Ʉɚɤ ɢ ɜ ɡɚɞɚɱɟ 1, ɡɞɟɫɶ ɨɝɪɚɧɢɱɟɧɢɹ  (12) ɜɵɪɚɠɚɸɬ ɛɚɥɚɧɫ ɦɟɠɞɭ 

ɦɨɳɧɨɫɬɹɦɢ ɩɪɟɞɩɪɢɹɬɢɣ ȱ ɢ ȱȱ ɷɬɚɩɨɜ, ɩɪɢ ɷɬɨɦ ɞɨɥɠɧɵ ɛɵɬɶ ɜɵɩɨɥɧɟɧɵ 
ɭɫɥɨɜɢɹ ɪɚɡɪɟɲɢɦɨɫɬɢ ɡɚɞɚɱɢ.  

Ɂɚɞɚɱɚ 4. (Ɂɚɞɚɱɚ ɈɊɆ ɫ ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ ɫ ɪɚɡɦɟɳɟɧɢɟɦ 
ɰɟɧɬɪɨɜ ɩɪɢ ɧɚɥɢɱɢɢ ɨɝɪɚɧɢɱɟɧɢɣ ɧɚ ɦɨɳɧɨɫɬɶ ɩɪɟɞɩɪɢɹɬɢɣ ɩɟɪɜɨɝɨ ɷɬɚ-
ɩɚ.)  

Ɍɪɟɛɭɟɬɫɹ ɧɚɣɬɢ ɬɚɤɨɟ ɪɚɡɛɢɟɧɢɟ ɦɧɨɠɟɫɬɜɚ  ɧɚ N ɢɡɦɟɪɢɦɵɯ ɩɨ Ʌɟ-
ɛɟɝɭ ɩɨɞɦɧɨɠɟɫɬɜ 1 2, , , N    (ɫɪɟɞɢ ɤɨɬɨɪɵɯ ɦɨɝɭɬ ɛɵɬɶ ɢ ɩɭɫɬɵɟ), 

ɨɩɪɟɞɟɥɢɬɶ ɤɨɨɪɞɢɧɚɬɵ 1 ,...,I I

N   ɰɟɧɬɪɨɜ ɷɬɢɯ ɩɨɞɦɧɨɠɟɫɬɜ, ɢ ɬɚɤɢɟ ɨɛɴ-
ɟɦɵ ɩɟɪɟɜɨɡɨɤ 11,..., NMv v , ɤɨɬɨɪɵɟ ɛɵ ɨɛɟɫɩɟɱɢɜɚɥɢ ɦɢɧɢɦɭɦ ɮɭɧɤɰɢɨɧɚ-
ɥɚ: 

      1 1 11, , , , ,I I

N N NMF          

     
1 1 1

, ,

i

N N M
I I II I II
i i ij i j ij

i i j

c x x dx c v
  

       ,  

ɩɪɢ ɨɝɪɚɧɢɱɟɧɢɹɯ 

( )

i

I

ix dx b


 ,  1,i N ,                                             (16) 

1

M
I

ij i

j

v b


 , 1,i N ,                                                    (17) 
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1

N
II

ij j

i

v b


 ,  1,j M ,                                                (18) 

N

 ,                                                    (19) 

0ijv  ,  1,2.j M  ,    1,2,i N  ,  1 2,I I I I

N     , I N  ,   (20) 

ɝɞɟ (1) ( )( ,..., )nɯ x x  ; II

jb ,  1,Mj  , I

ib , 1,i N  – ɡɚɞɚɧɧɵɟ ɞɟɣɫɬɜɢ-
ɬɟɥɶɧɵɟ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɟ ɱɢɫɥɚ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɟ ɭɫɥɨɜɢɹɦ ɪɚɡɪɟɲɢɦɨ-
ɫɬɢ ɡɚɞɚɱɢ (10). 

Ɏɭɧɤɰɢɢ  ,I I

i ic x  , 1,i N  – ɞɟɣɫɬɜɢɬɟɥɶɧɵɟ, ɨɝɪɚɧɢɱɟɧɧɵɟ, ɢɡɦɟɪɢ-

ɦɵɟ ɩɨ ɚɪɝɭɦɟɧɬɭ ɯ  ɧɚ , ɢ ɜɵɩɭɤɥɵɟ ɩɨ  ɧɚ W  ɞɥɹ ɜɫɟɯ  1,i N ; 

 x  – ɞɟɣɫɬɜɢɬɟɥɶɧɚɹ, ɢɧɬɟɝɪɢɪɭɟɦɚɹ, ɨɩɪɟɞɟɥɺɧɧɚɹ ɧɚ  ɮɭɧɤɰɢɹ; II

j , 

1,j N  – ɡɚɞɚɧɧɵɟ ɬɨɱɤɢ ɨɛɥɚɫɬɢ   ,  ,II I II

ij i j ijc c  , 1,i N , 1,j M  – 

ɡɚɞɚɧɧɵɟ ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɟ ɱɢɫɥɚ.  
Ɉɫɨɛɟɧɧɨɫɬɶɸ ɜɫɟɯ ɩɪɟɞɥɨɠɟɧɧɵɯ ɦɨɞɟɥɟɣ ɹɜɥɹɟɬɫɹ ɤɨɦɛɢɧɢɪɨɜɚɧɢɟ  

ɦɨɞɟɥɟɣ ɞɢɫɤɪɟɬɧɨɣ ɢ ɧɟɩɪɟɪɵɜɧɨɣ ɨɩɬɢɦɢɡɚɰɢɢ. 

ȼɵɜɨɞɵ. ȼ ɪɚɛɨɬɟ ɩɪɟɞɫɬɚɜɥɟɧɵ ɦɚɬɟɦɚɬɢɱɟɫɤɢɟ ɦɨɞɟɥɢ ɡɚɞɚɱ ɈɊɆ ɫ 
ɞɨɩɨɥɧɢɬɟɥɶɧɵɦɢ ɫɜɹɡɹɦɢ ɩɪɢ ɮɢɤɫɢɪɨɜɚɧɧɵɯ ɰɟɧɬɪɚɯ ɩɨɞɦɧɨɠɟɫɬɜ ɢ ɫ 
ɪɚɡɦɟɳɟɧɢɟɦ ɰɟɧɬɪɨɜ. ɉɪɟɞɥɨɠɟɧɧɵɟ ɦɨɞɟɥɢ ɩɪɟɞɫɬɚɜɥɹɸɬ ɫɨɛɨɣ ɞɜɭɯ-
ɷɬɚɩɧɵɟ ɡɚɞɚɱɢ ɪɚɡɦɟɳɟɧɢɹ-ɪɚɫɩɪɟɞɟɥɟɧɢɹ ɫ ɤɨɧɬɢɧɭɚɥɶɧɵɦ ɦɧɨɠɟɫɬɜɨɦ 
ɜɨɡɦɨɠɧɵɯ ɦɟɫɬ ɪɚɡɦɟɳɟɧɢɹ ɩɪɟɞɩɪɢɹɬɢɣ I ɷɬɚɩɚ ɢ ɧɟɩɪɟɪɵɜɧɨ ɪɚɫɩɪɟɞɟ-
ɥɺɧɧɵɦ ɪɟɫɭɪɫɨɦ.   

 

Ȼɢɛɥɢɨɝɪɚɮɢɱɟɫɤɢɟ ɫɫɵɥɤɢ 
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