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HIGHER ORDER DISPERSIONS 
EFFECT ON HIGH-ORDER SOLITON 
INTERACTIONS

The object of the research is deleting the interaction of the higher order soliton interaction by introducing 
the third and fourth order dispersions inside an optical fiber. The results are obtained by the simulation of the 
nonlinear Schr dinger equation, which models the propagation of solitons in the optical fiber using the method of 
Fast Fourier Transform.

The interaction of two higher order solitons due to the attraction of their electric field can lead to losing the solitons’ 
properties. Hence, this can prevent the use of solitons in high-bit-rate optical fiber communication systems because it 
increases the bit error rate, significantly limiting the potential of the communication system. To resolve this problem, 
we should diminish the bit rate error by avoiding the interaction of the co-propagative solitons when they are too close.

It is well known that, during higher order soliton propagation in the presence of the third order dispersion, the 
irregular shape of the higher order soliton disappears, and a splitting towards its fundamental constituents occurs 
after a considerable propagation. As for the fourth order, dispersion gives rise to two dispersive wave sidebands on 
the red or blue side. Our results reveal that bringing two higher order solitons together in the presence of the fourth 
order dispersion, a series of interactions between the components generated after their fission is obtained. In the 
third-order distribution, besides the fourth-order diffusion, the rare form and the supercontinuum generated by the 
fission of the higher-order solitons disappear, and we get two fundamental solitons propagating in parallel with 
a temporal shift and some inconsiderable dispersive waves. The most important aspect is that both higher-order 
dispersions are able to suppress the interactions of higher-order solitons thanks to the time shift induced by the 
third-order distribution and the intermittent compression caused by the fourth-order scattering. These results can 
be obtained in practice inside the dispersion-engineered photonic crystal waveguide (PhC-wg), which allows for 
manipulating the high order dispersion.
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1.  Introduction

A higher-order soliton is a soliton pulse, the energy of 
which is higher than that of a fundamental soliton by a factor 
which is the square of an integer number (i. e. 4, 9, 16, etc.).  
The temporal shape of such a pulse is not constant but 
somewhat varies periodically during propagation. The period 
of their evolution is the so-called soliton period.

Higher-order solitons take a physically interpreted periodic 
pattern through the higher cheerful chirp produced by Self 
Phase Modulation (SPM) than the negative chirp produced 
by Groupe Velocity Dispersion (GVD). Consequently, they 
need help to fully counterbalance each other. Contrarily to the 
fundamental solitons, the higher order solitons are destructible 
in the presence of all kinds of perturbations: Hamiltonian (bi-
refringence, dispersion) or non-Hamiltonian (attenuation, Ra-
man Effect, self-stiffening) [1–3]. The impressive phenomenon 
concerning higher order solitons is the fission of higher order 
solitons into N fundamental solitons where N is the order 
of the soliton. This phenomenon is nicknamed «higher order  

soliton fission» and has led to extensive applications, the most  
famous of which is supercontinuum generation [4–6].

Nevertheless, an additional phenomenon provokes the 
fission of the higher order solitons. This is the interaction 
of higher order solitons creating ultrashort solitons with 
a tunable wavelength [7]. Interaction fission appears due to 
electric field attraction that depends on the temporal separa-
tion between the pulses and the difference in the relative 
phases of the vibrations.

The fission of the higher-order solitons caused by the 
interaction brings two solitons closer together. This creates 
a mutually exchanged perturbation between two solitons that 
fission after a distance Ls [8] defined as the fission distance:

L
L

N PS
D= =

τ
β γ

0

2 0

, (1)

where LD – dispersive length; N – soliton order; τ0 – time 
width of the pulse; β2 – second order dispersion; γ – non-
linearity coefficient; P0 – pulse power.
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The fundamental solitons created after the interaction 
do not have the same intensity or undergo the same time 
shift during propagation.

The intensity of the fundamental solitons generated is:

P P N jj = − −( )0
2

2 2 1 . (2)

Such that N is the order of the soliton; j is the num-
ber of fundamental solitons generated; P0 is the initial 
power of the pulse.

The fission of the solitons by bringing the adjacent soli-
tons closer together induces a great attraction that causes 
their disintegration into N fundamental solitons. No energy 
is exchanged between the fundamental solitons created by 
fission since their intensity is constant during propagation. 
The length of the fission depends on the order of the soliton.

The fundamental solitons do not appear simultaneously 
if the phases are opposite. They appear one by one. While 
solitons are in-phase, they are born at the same point, and 
the fundamental solitons are therefore generated together. 
The most energetic soliton (k = 1) with the shortest tem-
poral width is the Raman soliton, primarily responsible 
for non-solitonic radiation (NSR). As for the secular shift, 
if they are in phase, the time shift of the fundamental 
solitons differs from the offset when they are out of phase 
because in the first case, the dress is constant, while in 
the second case, it is done with a variable speed.

Since this study focuses on the influence of the effect  
of the second, third and fourth order dispersion on the inter-
actions of the higher order solitons [9–12], it is possible to 
review their influence on the propagation of the fundamental 
solitons and their propagation before introducing it on the 
higher order solitons. The Third Order Dispersion (TOD) 
has two significant applications in transmission chains: In 
the literature, [13–16] it is mentioned that the shift of 
a soliton under the effect of the dispersion of the third 
order is accompanied by a creation of a wave nicknamed 
«the dispersive wave» [17–20]. This occurs a temporal shift 
more than the main soliton under the effect of the TOD, 
and the energy transfer from the soliton to the dispersive 
wave is also proportional to the TOD. This effect cannot be 
overlooked for solitons with a temporal width of less than 
5 ps [21–23]. When two solitons propagate together, their 
interactions are avoidable thanks to the term of the TOD.  
Let’s note that the periodic attraction disappears, and the 
two solitons remain separate if the TOD is with or with-
out GVD. If the TOD and the GVD act together, each 
fundamental soliton shifts in time and expands according 
to the sign of the TOD without any interaction induced 
by the Kerr effect.

Nevertheless, when the GVD is zero, the TOD weakens  
the interaction induced by the Kerr effect but does not 
entirely suppress it because there is a slight attraction after 
propagation of about 27LD [24–26]. It is clear that the 
appeal is not symmetrical: the leading soliton is attracted 
to the trailing soliton if the TOD is negative, and vice 
versa if the TOD is negative. Except for this point of at-
traction, the two solitons remain separate and keep their 
initial characteristics; there is only a time lag that depends 
on the sign of the TOD, as explained above.

As for the fourth-order dispersion [27, 28], properly 
designed microstructured fibers may possess this particular 
dispersion characteristic. It induces a periodic pulse compres-
sion without any temporal shift or fission. This period is 

inversely proportional to the fourth-order dispersion. Let’s 
also note that the intensity at the points with maximum 
reduction is higher when the fourth-order distribution is 
more robust.

The mixture of the GVD and Fourth order dispersion 
and the proper value of TOD may be a solution to avoid 
the interaction of the fundamental solitons [29]. Still, this 
solution has never been used to prevent the interactions 
of the higher order solitons to the best of our knowledge.

For two co-propagative solitons subject to Fourth Order 
Dispersion (FOD) and GVD, the addition of the TOD may 
create a separation between them because of the shift in 
time that it induces. The direction of the temporal growth 
depends on the sign of the TOD, and its strength is pro-
portional to the value of the TOD. However, the leading 
and trailing pulses are not affected by the TOD in the same 
way, except for when gathering the GVD, TOD and FOD 
is precisely balanced by the Kerr nonlinearity, here they 
stay in parallel. Otherwise, if gathering the three distribu-
tion orders is not counterbalanced with the nonlinearity, 
the two pulses interact after considerable propagation. The 
interaction can happen because the trailing pulse catches  
the leading pulse or vice versa, according to the sign. On the  
other hand, the TOD may weaken the intermittent com-
pression induced by the FOD.

2.  Materials and Methods

The propagation of solitons through an optical fiber can 
be modeled by the famous Non-Linear Schrodin ger (NLS) 
equation. For optical pulses in the picosecond regime, vibra-
tions can be described using the NLS model. But, in the 
femtosecond regime, the higher-order effects such as the 
third-order dispersion, fourth-order dispersion, self-steepening, 
and delayed non-linear response should be considered. In this  
case, the propagation is described.

By the Higher-Order Nonlinear Schrodinger (HNLS) 
equation [12, 13], what is typical between higher-order effects 
is that they cause a shift of the fundamental soliton in the 
time spectrum by leading to a variation in the travelling 
speed of the fundamental soliton. The temporal change is 
transcribed in the frequency spectrum as the creation of 
a dispersive wave, a result confirmed in several experimental 
works [5, 15]. Indeed, the NLS equation is a partial differential 
linear equation, and it is challenging to solve analytically:
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∂
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Or the normalized form:
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The solution to the equation above is:

A A sech T T eb i dz b= ⋅( )⋅ ⋅  ⋅ ⋅ ⋅3 2
0 0

2 8 5 2 2( )) ,( / ) ( / )( / )  (5)

where

δ
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as

b =
⋅( )
1

40 4
2δ

.

The nonlinear Schrodinger equation for higher order 
solitons is written as:

i
u u

N u u
∂
∂

+
∂
∂

+ = °
ξ τ

1

2
0

2

2
2 2

. (6)

The soliton propagates in the form of a higher-order 
soliton in the case where N takes values more significant 
than 1:2, 3, 4 and 5; as it depends on Z, its expression 
is given by:

A N A sech
T

T
exp i

Z

Z
=







⋅ ⋅ ⋅






⋅ ⋅2
0

0 04

π
, (7)

or

u z N sech eiz( ) ( ) ., /τ τ= ⋅ ⋅ 2  (8)

The soliton period is:

Z
T

0
0
2

22
= ⋅

π
β

. (9)

The soliton order is:

N P
T

2
0

0
2

2

= ⋅γ
β

. (10)

Dispersive length is:

L
T

D = 0
2

2β
. (11)

Nonlinear length is:

L
PNL =
1

0γ
. (12)

3.  Results and Discussion

Table 1 illustrates the value used for the simulation 
of the equations (5), (13) and (14).

Table 1
Simulation values

Parameter Values Units

Non-linear parameter γ 1.0 1/W·km

Dispersion of the second order β2 –25 ps2/km

Fibre length L 80 Km

Width of the impulse T0 5.0 Ps

3.1.  The  propagation  of  one  higher-order  soliton  with 
the  second  and  the  fourth-order  dispersion. Fig. 1 shows 
the propagation of the 2nd, 3rd and 4th order soliton with 
the second and the fourth order dispersion.

Fig. 1. The effect of FOD on the propagation of one higher-order soliton:  
a – the propagation of the 2nd-order soliton with the second  

and the fourth-order dispersion β4 = 1000 ps4/km; b – the propagation 
of the 3rd-order soliton with the second and the fourth-order dispersion 
β4 = 1000 ps4/km; c – the propagation of the 4th order soliton with the 

second and the fourth-order dispersion β4 = 1000 ps4/km
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The propagation of the higher order solitons subjected 
to the FOD leads to the fission into three components: 
the main pulse and two dispersive waves at the blue and 
the red side succeeded by an attraction of the three com-
ponents. This phenomenon is repeated in a periodic may, 
but the period is not constant because it gets smaller 
with the propagation. This scenario depends on two pa-
rameters: the order of the soliton and the value of the 
FOD coefficient. Notice that by keeping the same order 
of the soliton (Fig. 1) and changing the value of the FOD 
coefficient, the fission length and the speed of the attrac-
tion and repulsion get clearly affected. Those proprieties 
also change if to keep the same FOD value and change 
the soliton order.

3.2.  The  propagation  of  two  higher-order  solitons  with 
the second and the fourth-order dispersion A = [3·(b2)·A0(sech× 
×(T/T0–5)2))+3·(b2)·(A0(sech·(T/T0+5)2))]·ei dz b( / ) ( / )8 5 2 2⋅ ⋅ . Fig. 2 
shows the propagation of two 2nd, 3rd and 4th order soliton 
with the second and the fourth order dispersion.
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Fig. 2. The effect of FOD on the propagation of two higher-order soliton: 
a – the propagation of two 2nd order soliton with the second  

and the fourth-order dispersion β4 = 1000 ps4/km; b – shows the 
propagation of two 3rd order soliton with the second and the fourth-order 
dispersion β4 = 1000 ps4/km; c – the propagation of two 4th order soliton 

with the second and the fourth-order dispersion β4 = 1000 ps4/km

The propagation of two higher order solitons subjected 
to the FOD leads to several interactions besides their 
fission. The fission is the same as described above for the 
two solitons except for a variation in the fission length 
that comes significantly earlier because of the Kerr-induced 
interaction. After the fission, the fundamental solitons born 
get periodically attracted between them.

3.3.  The propagation of two higher-order soliton with the 
second, third and fourth order dispersion A = [3·(b2)·A0·(sech× 
×(T/T0–6)2))+3·(b2)·A0·(sech·(T/T0+6)2))]·ei dz b( / ) ( / )8 5 2 2⋅ ⋅ . Fig. 3 
shows the propagation of two 2nd, 3rd and 4th order soli-
ton with the second, third and fourth order dispersion.

By adding the TOD, the shape of the higher order, 
soliton changes completely and loses its periodicity. It 
becomes precisely like the fundamental soliton under the 
effect of TOD: the main soliton and the dispersive wave. 
As for the interactions, they disappear thanks to the ba-
lance between Kerr-induced nonlinearity and the three 
dispersions. Conversely, the temporal shift exists because 

of TOD, and the periodic self-compression occurs because 
of the FOD.

Fig. 3. The effect of FOD in the presence of GVD and TOD on two 
higher-order solitons: a – the propagation of two 2nd order soliton 

with the second, third and fourth order dispersion: β3 = 20 ps3/km and 
β4 = 500 ps4/km; b – the propagation of two 3rd order soliton with  

the second, third and fourth order dispersion: β3 = 20 ps3/km  
and β4 = 500 ps4/km; c – the propagation of two 4th order soliton  
with the second, third and fourth order dispersion: β3 = 20 ps3/km  

and β4 = 500 ps4/km
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3.4.  The  limits  and  perspectives  of  the  study. Those 
results apply to optical fibers with high order dispersion 
and high order nonlinearity. The two conditions mentioned 
above are available only in microstructured fibers. In ad-
dition, the high nonlinearity and the high order disper-
sion should be precisely balanced. Thing that is quietly 
difficult because of the difficulty of manufacturing a fiber 
with that accuracy. Hence, the limit of manufacturing 
a classical optical fiber is its susceptibility during the 
construction or the installation. This defect is duplicated 
with the microstructured fibers. So the balance of the 
nonlinearity with the dispersion can’t be always attended 
because of fabrication issues.

One must refrain from speaking about the value of the 
dispersion or the nonlinearity because it depends on the 
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design of the optical fiber, seeing that the nonlinearity is 
related to the effective area of the fiber. Seeing that the 
effective area of the microstructured fiber is smaller than 
that of the classical fiber, getting the right value requires 
more expensive materials to be made and specialist team 
to be installed.

The convenience of this kind of propagation is the 
dispersive waves generated that waste the energy and can 
slightly diminish the amplitude of the soliton. As perspec-
tive, let’s intend to delete the dispersive waves, which 
are considered parasites because they disturb the propa-
gation and lose some of the pulse’s power. The solution 
of the dopping fibers seems to be exact solution for this 
kind dispersion. It is intended to develop this study with  
a good dopping.

4.  Conclusions

In this paper, we could discuss the possibility of deleting 
both the fission and the interaction of the higher order 
solitons by simultaneously introducing the third and the 
fourth order dispersion. Our study confirms that thanks to 
the temporal shift and the intermittent compression of the 
third and fourth order dispersion, we can defeat the solid 
electric attraction of the higher order solitons induced by 
their gigantic nonlinearity Kerr. We benefit from this fit  
a better and strict propagation of the higher order solitons 
by decreasing the bit rate error. However, they lose their 
irregular shape and get shifted in time. Those results are 
available only if the values of the high order dispersion 
are suitable to compensate for the nonlinearity-Kerr ac-
cording to the design of the optical fiber.
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