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the energy spectrum of X-ray Moiré patterns
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Absiract. We develop a new approach to the analysis of experimental Moiré
patterns ohtained with LLL-interferometer. Radial distributions of the ener gy spectra
of Moiré patterns reveal different sensitivities to the sowces of local mechanical
straitiz inn the low- and high-fegquency ranges This offers new possibdlities for
determining the magnitndes of total mechanical strains and reconstucting their
spatial distritadtions in crystals.
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1. Introduction

Optical interfer ometric methods have given great impdse to novel technicues of multicrystalline
interfer o etry of Z-ray and newtron radistions [1-3]. The first studies [2, 4] have shown that the
H-ray interferometry reveals extremely high sensitivity to aty disturbance of crystalline structure
[3, 8], Charently, this method has many important practical applications in metrology, e g when
determining the Avogadto constant [3, 7, 8] atd standar dizing Z-ray wawvelengths [3]. It also repre
setits a powerful tool for the phase tom ography studies of medical and Wological samples [P 11].
Implementation of combined optical and Z-ray interferom etries in Refs [12, 13] has discovered
evety such a fine effect as am all influence of swface pressure on the interplanar distances in silicon
ctystals. A promising setup for a multicrystalline interferom eter has been suggested in the
work [14].

The effect of structural defects and external actions on the formation of Moiré images using a
three-ctystal LLL-interfercmm eter has been stadied in Refs [15-19]. At the same time, it is
worthwhile that the guality of interference images is influenced sigmficantly by the structural
defects and macroscopic mechanical strains present in the plates introduced in interferometer.
Jinwee the Xray interferom ety rests upon basic laws of optics [20], the studies of formation of
H-ray interference patterns in the snalyzer of a so-called LLL-interferometer, which creates a
predetermined strain fleld, are important for the forther development of methods aimed at
repr oducing the strain-fleld distritgions and caleulating the strairetensor components created by
defacts [21].

Howadays the dynamic theory of X-rays enables one to carry out any fiecessary nun erical
simulations of the Moité patterns under condiions of predetermined srain fields [22-25] If one
analyzes sothe experithental Moiré patterns, the approach makes it potentially possible to obtain al
the guantitative information asbout the sowces of residual o active strains and their spatial
distritngion. The same refers to the natuwe of appropeiate effects [24]. The models that involve
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different distritnted sets of concertrated forces which have been used in the works [16, 19, 22-3235],
allons for irvve stigating the influence of long-period o localized strain fields on the Z-ray difffaction
and the interference processes ocourring in LLT -interferom eters.

The Moiré it ages created by one-dimensiona sets of local concentrated forces on the outpat
suface of the analyzer of three-crystal LLL-interferometer have been investigated in the works
[23, 24] for the both cases of orientations of those forces parallel or perpendioular to the diffraction
wector. Different sets of force magnitudes and their spatial distribigions selected in the abowve
wotks have testified cualitative agreement of theoretical Moiré patterns with the experitm ental
oties, which have beetn obtained from the residual strain flelds created by the scratches during
soribing the outpnst surface of the analyzer [15].

New strain-induaced Moiré bands ocour nea the places where the concerdrated forces are
localized, i.e. inna transition region where the strains change their signs. The dape of those bands
teflects a general displacement fleld of the atomic planes created near the sources of forces [24].
On the other hand, increasze in the period of the Moiré bands upon withdrawal of the concentrated
forcesreflects the behaviow of the total strain fied

The presence of a constant phase shift in one of the interfering heams in the interfer om eter
analyzer induces a decrease in the period the contrast and the size of the area where the strain-
itndaced Moité bands are formed [23]. The area of efficient interaction of the phase and strain
Mloiré compotents depends not only on the value of constant phase shift, gt also on the
magnitude and distringtion of local force sowrces.

It the gudy [25] we have developed the spproach that can reproduce dependence of the mean
gatial frequency of the ener gy spectra of Moiréimages on the magnitude of strain field generated asa
total of local strain sowrces. This enables oneto egimate the magritade of the averaged readual grain
which has generated the Ll ciré pattern in the process of scribing the analyzer surface, vaing the average
gratial frequency of the energy spectnam [15]. At the same time, one could not establish the relation
betwreen the parameter s of energyr spectra and the spatial confi murati on of strain distritaati on.

It the present study, we consider new approachesto the analysis of M oiré intensity distribotions
basing o the Fouder ener gy spectiam method [25, 26]. We dem onstrate different sensitivities to the
spatial digritntions of local strain sources, which are revealed by the radial energy spectra of Doiré
images in theit low-frequency and high-frequency ranges. As a consequence, one can determine on

this basis both the total magnitude of the strains and their spatial distribution in crystals,

2. Method for determining the distribution of force sources P,

To calcdate Moiré intensity distribution asa function of magritude of the concentrated forces and
theit spatial atrangem ent, we have utilized the algorittun and the analytical relations given in
Refs. [22-45]. & scheme of action of som e local strain sources Fy, ..., Faoon the outpuat swrface of
the LLL-interferometer iz showninFig 1. A sum Fag presented in relative wnits corresponds to the
aum of forces Py (in Newtons). For example, we have Fy= 008N in the case of Pyz = 100, which
characterizes aregion of weak strains [15] The relationship For the sum of forces Foy and the Fy
parameter iz described as (see Ref. [22])

P§=sjne‘pi|1—?r|, (1)

where & is the Bragg angle of X-ray reflection (e.g., for the (2200 Cull radiation), & the shear
modulus, A the diffraction vector, and L the length of a line segment along which a series of

fotces Fy,..., Foacts
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Fig. 1. Scheme of X-ray LLL-irterferometer (see alzoRet. [1]1 5 — spitter, MR —mirror, & —analyzer, B —

cidert X-rav beam, By and £y, — refracted and diffracted beams atter spliter &, By, and By, — diffracted beams
after mirror lvle, and &, and &y — output beams from the interferometer, which form a Moiré pattern fdue tothe
action of concertra edl farces Py, .., Py,

In order to establish the relationship between the strain and the Boiré pattern param eters, we
have performed the appropriate caloalations for five different Fag walues (21, 52, 84, 105 and 147,
This has heen done for the following three characteristic shapes & of the distributions Fe: 51 —a

uniform distritoation Pkl, &y — a parabolically cwrwed distritution Pf with a minimoan force value
cotresponding to the centre, and 55 —a ewrved distritnation P: with a marimum in the centre [12].

This area of Fag values reflects completely the initial and interm ediate stages of formation of
additi cnal Moité bandsin Fig 2.

[EH]
an
amn

!
EE
=

m

T H el

|:.: o FET) ~E W '.I:I. T “'; ;EL i ALk yEL u‘; EIY ) o " TEE e 4EE [TE] (141 a1

k k koo (2)

bl
=1 TR W1 oW IED ®AW OTE e IEI AL 4T eIT BCE

k

()
Fig. 2. Fragment of a zet of X--ay Mare patterns, which are presented az marices #{) §)for the distibutions of

concentrated forces PRI \ Pf and Ff (with the shapes &, 55 and 55, -espedively). Py, iz equalto 52 (pand a)
and 105 (panel b).
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To carry out Fourier transform oation atd caleuwlate the energy spectra, the Dloiré patterns
Rz, p) shown in Fig 2 have been represented as digital matrizes f = f7, k), where the index
P cotcerns the series 1, ., MG and kb the series |, ., M, Here 1, iz the height and N the width of
the pattern in pixels.

The Lray Moiré patterns f depend significantly on the magnitude and the type of local force
distribution (see Fig 2. We are to note that solving unigquely the inverse problem (e,
recorstructing spatial distritntion and magritudes of the strains that generate a Moiré pattern
ismang from this pattern) is still hindered by essential difficudties. We offer an ariginal method to
orretcott e thetn and solve the problem.

For this aim, we perform a two-dimensional direct discrete fast Fowder transform of the
matriz f7, k). The energy spectrum Fs (o the spectral power dendty) is then determined by the
siuare modhde of Fe: [26]:

Fo = |Fof* @

The radial distribution (or profile) Feld of the Moré pattern is calowlated vsing the energy
spectiian Fg Here dis the radial frequencynumber (=1, ., Nz and Ny = minllM, N1 /2.

In aty Dlodré pattern, a bigh-frequency noise is present in the moost of cases [27]. It manifests
itzelf az a backgound in the radial distribuations FJd), especially at high spatisl frequencies
(¥, =0.2 pel™). Therefore one should remove the noise component from the distribuations Fge in
order to calculate accurately the average spatial frequency 7. This spatial frequency is calculated

from the radial distribution Fed) of the energy specttwm [25] as follows:

'Il'rn'i‘
D Pald) v, (d)
Te= S———— ©
2 Pald)
dmd
Here the constant component Fl) is not taken into account when calodlating the average
frequency. Mote that, contratyto the FPgwalues for a gven frequency, the average spatid frequency
¥, of the radial distritation FPe does not depend on the experim ental conditions wnder which the
image hasheen obtained.
Chy analysis of the Moré patterns caloulated For the cases of different sums of forces Fag
enables finding a correlation between the ¥p and Fax parameters. This makes it possible to

reconstruct the sums of the concentrated forces Fjp on the basis of the frequency ¥p, using a
plecewise lnear fithing [253] However, no correlation has been found between the frequency 75

and the nature of the force distritogion F, As aresult, there iz a need in examining the correlation
between the distritntions Fr and Fg.

We develop a theoretical approach to calewlate the distribution of forces Fy, issuing from the
parameters of M oiré patterns, For this aim, we hawve analyzed a set of referetice images shown in
Fig 2. The relationship between the natwre of Fe and the frequency of radial distribution Fe can be
ascertained after analyzing the dhape of Fg in different ranges of the v, frequency "We have
petform ed the analysis for the dependence Pyv,) not only for the dstribtions Py containing high-
frequency oscillations, but also for the distibutions P, which are obtained after transforming Fe
to the logarithmic scale and fittingit with a polynomial of 20% degree (see Fig, 3.
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Fig. 3. Fragments of fited radisl daributions Peluw) of the energy spectrs Ps of Moré patterns on s semi-log
zcale. Trequend es ¥y, Ve and ¥ a2 the joundadies of dfferent ranges, Fo =106, and &9, &5 and &5 arethe

shapes of force distibuions.

It has been demonstrated that the distritutions Pedv.) exhibit different sensitivities to the
natwre of force distribation in the two alternative frequency ranges (see Fig 30 Here the range #1

iglimited by the spatial frequenciesve; and v, while the range #2 is limited by the frequencies vy

and wsg The frequencies vy, va and v, which are the abscissas of intersection poitts of the
distribitions Fe with the dhapes S and 5% have been determined for each sum of forces Fa

sepatately (see Fig 3.

Fig. 4 shows dependences of the range boundaries vy, v and vy on the sum of forces Pag,

which have been obtained for a whole set of reference Modré patterns. Using a piecewise lineat

fitting such dependences can be used to calculate the frequencies vy, v and vy for random Fag
values. Then the relative areas Sz and Sz can be estim ated for the radia distribotion Fglv,) inside

the calewlated frequency ranges (P, var) and (Ve ¥
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The Sg atnd Se values have been averaged for all the Moiré patterns with the same sum value
Frg. The result is given by the average areas Sy and Sgo The approximate mean areas 55 and

Sﬁg havwe been calculated by piecewise linear fitting of the dependences S0 Fa) and SauFal,

basing o the calewlated Fuy walues. The normalized areas Sny and Sw (For Fg) ave then determined
by the ecuations
&1 _ ¥

i = o S :
Sa 54z

(8)

& transformation of the areas from Sy and S to Sip and Sp suggested above welds in the
fact that the values Spy atid Sng are no longer dependent on the force sum Fuy ot depend mainly on
the shape of the force distribution Py

The walues Sy and Sy have been averaged for the reference Mloiré patterns cotresponding to
the same force distribution (5, 5y or 53, thus resdting in the corresponding mean norm alized
wvalues Sp and S for each of the force distritiations. The force distibtations 5, 5 and A
cortesponid to the theoretical amplitudes of asine function Ag which are equal respectively
to 0, 0.7 and 0.7, Howewer, the dependences obtained thus far are still ambiguous and do not
allowr one to caloulate Ap following from S of Ses (see Table 10

Tahle 1. Sey, See annd Ses values depending on Pge as derived for the set of images in Fig 3.

Shape of forces

distribution Ae Ses S A
5 i i 02623 T o612
5 0 11110 02208 1.0000
5, 0.7 | 0237 12904 11256

This iz why we have calculated the parameter S, from Table 1) which is determined as a
linear combination of Sp and Srp using the proportion of gold cross section. In this moanner we
ohtait a wnigue dependence of Ae onthe parateters of energy spectrum of the Mloiré pattern:

e =8 0ALE+5p, 0382 . (7
Eq. (7 implies the following conditions: () if 5= 1, then there iz a uniform shape &) of force

distribution (A =00, (1) if Ses< 1, we have the shape 5 with a mirimowm at the centre (Ae< 0)
and, finally, (id) the inequality Sm > 1 means the shape S5with a maximwm at the centre Az =00

The final empirical dependence of the reconstructed am plitade Ap of sine function, which
describes the force distribution Py (see Fig. 5, on the parameter Smoof the enet gy spectrum iz as

fall oars:
1 13
An =2 -
kr {1+upc—(sﬂ—1j-clj 2) @

It is described according to the Sw(Aq walues (see Table 1) In our case we have O =43 (at
St 1o Cy= 14 (at Sew > 10, The dependenice Al Sm) provides the Ap changes ocourting in the
acceptable range (from -1 to 1) for arbitrary S walues. The dependences Aqp(Se are diff erent for
the force distribntions with the shapes & and S5, which is taken into account by different O
coefficients.
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Fig 5. Jependence AelSe): Sep is the average normalized srea of the -adial digributions Fe for the images

zhown in Tig. 2, the parameters Ap are given by Tahle 1, and Ag, iz the amplitude vadue reconstructed wsing
2. (8), which describes the force distiibution F,.

3. Comparison of calculated and experimental Moiré patterns

Char approach suggests a solution to the inverse problem of finding the sum Frg of forces and the
force disritation F, (with »=1, ..., N, folowing from the analysis of MMoté patterns The

appropriate algorithm is as follows. First, the totd force Fpp is determined from the mean

frequencies ¥, of the radial digdritation Fe [18] (see Fig ). The tean square error of Fig

calculaticns is negligible for the set of reference images we obtain the absolute eror Fee= 1.4 and
the relative error @0 = 1.7%.
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Fig 6. Comparizon of experimentally reconstructed ([ A ) and theoretical [ Ay ) forces: the £, wvalues found

fram the ¥p walues coincde in pradice with the Fy walues tha correspond to the imades m(zee Fig. 2). Tae
cazes Py, = 21,52, 84,105 and 147 are considered.

The force distribuation Py (with =1, ..., M) can be determined issuing fom the analysis of
Fgshape. The force values P, (of which s equals to Foy) ate described by the sine foncti an with
the amplitude A and the period Tp=2N 1, where the amplitude Ag can be calculated basing on
the Pgvalues and Eg. 78]

Agoa result, Fig 7 dhows the force distribuations F,, reconstructed using the analysis of Bciré
patterns depicted in Fig. 2. The root mean square error, ie the discrepancy between the Fyy and Py
values remmaing acceptable for dll of the reference images. Namely, we have the absolute error Re= 15
anid the relative error 2p= 1.8%. Different panels of Fig. 7 illustrate the foll owing specific cases:
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a1 the shape 5. Fip = 1053, and Ax = 0.66; ‘H the shape 5, Fip = 107, and A, = 0.09; () the
P fl . B BT

shape &, PI-?:E =024, and Agp=-0683; (& a new shape similar to 5 P;E =100.7, and

Ap=-092 Here » iz the number of concentrated forces In pattioular, the relative F,, etror is
gp=16% for the reference images ‘see panels a, b and ¢ in Fig 7)) and it becomes only slightly
bigher (gp= 3.1%) for the test imoage of Fig. 7d.

30 20

H,

L)

0

da

20

4
£y

—

in

! (g s ()

Fig 7. Theoretica (F,,) and reconstructed (P ) force distributions as fundional dependences. The distributions
are abtained basing on bah the reference Mare paterns (zee Fig. 200 and the test Moiré pattern for the cases
af Py, =105 and various shapes (5], 5 and 550

It is itnportant that a satisfactory agreem ent betweenn the reconstructed (Fg) and theoretica
[Fya forces has been obtained not ondy for the reference images and the distritntion shapes &), 5
and S5 but also for the test image with a new distribuation shape (see Fig. Td). The root mean
siare deviation between the F,, atd Fyyr walues for the test image (Fag = 21, .., 147 is quite
acceptabile: the absolute error amounts to Ep = 23 and the relative error to 2p=27%. This
confirtms the fact that ow method iz wersatile when reconstructing the force distributions with
warions shapes.

Finally, we have estimated a sum of residual forces Py and a possible force dstribution Fa
(see Fig. 84, uaihig o moethod and analyzing the experitn erdal Moité patterss obtained in Ref. [135]
(see Fig 8d). The ohtained sun of forces Fip = 437, is close to the data derived with the

indepenident method [253] (Faz= 417, while the relative calewation error for the sum of forces is
equal to zp = 4.6%. This testifies correctness and great potentials of ouwr approach to the
cantitative analyasis of Moiré patterns.
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(a) (k)

Tig. 8. (a) = xpermental Moiré patern (200541 pell caused by residud strang -esulted from an indenter on the
output surface of LLL- nerferamneter anayzer [139] (b recongructed force digribution (profile) that causes these

strans and results in the Maoiré pattem shown n Fig. Sa. The parameters thus obtained are Fy =437,
Py=0035M and Ag = 0.75.

4. Conclusions

Junmatizing the main results of the present work, we state the following The Zoray Dlcoiré
intensity distributions depend essentially on both the magnitude and the natwe of spatial
distribition of local forces acting on the surface of LLL-interferometer analyzer. In particular, we
have revealed that the Fplv, dependence shows different sensitiwties to the natwe of force
distritngion in the low-frequency and high-frequency ranges. The approach to analysiz of the
Iioiré patterns suggested by us allows determining the total magnitude of active forces and
oot ecvet, reconstracting ther spatial & stribnstion.

The total force P that cavses a particular energy spectnam f can be determined from the
mean spatial radial frequency 7, by fitting the dependences Fag ¥, The relative error for
caleulating the Fag paramn eter is acceptable for baoth the reference (zg=1.7%) and experim ental
(2gr = 4.6%) Moiré patterns.

The spatial distritation of the acting forces Fp, can be determined from the analysis of the
shape of Fy using the enet oy spectrom f and taking into account the total force Frg The shape of
the spatial distribution Fp is functionally described by sinusoids, whose amplitudes can he
calculated following from the normalized areas of distributions Fg for the two alternative
frequency ranges The relationshdp between the force distibution P, and the parameter Py has
been found after analyzing a set of reference Moiré patterns.

The method for reconstructing the spatial distritoions of concentrated forces Py suggested
in this work can be used to find random forces and corresponding mechanical strains in crystals,
which ate spatially localized along a linear segment and of which walues can be fitted by the sine
function.
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