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POLYNOMIAL INEQUALITIES IN REGIONS
WITH INTERIOR ZERO ANGLES IN THE BERGMAN SPACE *

ITOJIIHOMIAJIBHI HEPIBHOCTI B OBJIACTAX
I3 BHYTPIIIHIMH HYJIbOBUMHU KYTAMHU Y TIPOCTOPI BEPI'MAHA

We investigate the order of growth of the moduli of arbitrary algebraic polynomials in the weighted Bergman space
Ap(G, h), p > 0, in regions with interior zero angles at finitely many boundary points. We obtain estimations for algebraic
polynomials in bounded regions with piecewise smooth boundary.

BHBYAETHCS IOPSIIOK 3pPOCTAHHS MOJYJIB JOBUIBHUX aireOpaiuHuX IONIHOMIB y BaroBoMy npoctopi beprmana A, (G, h),
p > 0, B oOnacTsx i3 BHYTPIMIHIMU HYJIbOBUMH KyTaMH y CKiIHYEHHIH KUTbKOCTI To4oK. OTpHMAaHO OLIHKH IS alreOpaiaHux
MIOTIHOMIB B OOMEXEHHX 00IaCTAX 3 KyCKOBO-ITIAZIKOI0 MEXKEIO.

1. Introduction and main results. Let G C C be a finite region, with 0 € G, bounded by a Jordan
curve L := 9G, Q :=ext L := C\G, where C := CU{co}, A := {w: |w| > 1} and let p,, denote
the class of arbitrary algebraic polynomials P, (z) of degree at most n € N. Let w = ®(z) be the
univalent conformal mapping of 2 onto the A with usual normalization, and ¥ := ®~!. For t > 1,
z € C, we us set

Ly :={z: |®(z)|=t} (Li=1L), Gt = int Ly, Oy 1= ext Ly.

Let {z; }Tzl be a fixed system of distinct points on curve L, located in the positive direction. For
some fixed Ry, 1 < Ry < oo, and z € GR,, consider a so-called generalized Jacobi weight function
h (z) being defined as follows:

) [[lz—2", =z€Gr,, (1.1)

where v; > —2, for all j = 1,2,...,m, and the function hq is uniformly separated from zero in
GR,, i.e., there exists a constant ¢ := ¢o(GR,) > 0 such that, for all z € Gg,

ho(z) > co > 0.

For any p > 0 and for Jordan region G, lets define
1/p

1Pall, = [|Pal // WPdo.| <oo, 0<p<oo,
Ap(h,G) a2)

||PnHoo = HPnHAOO(l,G) = ”PnHo(@)a p =00,

where o is the two-dimensional Lebesgue measure. Clearly, |-, is the quasinorm (i.c., a norm
for 1 < p < oo and a p-norm for 0 < p < 1).
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In this work, we study the following Nikol’skii-type inequality:
1Plloe < c1An(Ghyp) [[Pall, (1.3)

where ¢; = ¢1(G, h,p) > 0 is a constant independent of n and P,,, and A, (G, h,p) — oo, n — o0,
depending on the geometrical properties of region GG, weight function h and of p. The estimate of
(1.3)-type for some (G, p, h) was investigated in [21, p. 122 -133], [15], [20] (Sect.5.3), [2-38, 14,
23] (see also references therein).

Further, analogous of (1.3) for some regions and the weight function h(z) were obtained: in
[8] for p > 1 and for regions bounded by piecewise Dini-smooth boundary without cusps; in [9]
(h(z) = 1) and [11] (h(z) # 1) for p > 0 and for regions bounded by quasiconformal curve; in [7]
for p > 1 and for regions bounded by piecewise smooth curve without cusps; in [10] for p > 0 and
for regions bounded by asymptotically conformal curve.

In this work, we investigate similar problems for z € G in regions bounded by piecewise smooth
curve having interior zero angles and for weight function h (z), defined in (1.1) and for p > 0.

Let us give some definitions and notations that will be used later in the text.

Following [18, p.97, 22], the Jordan curve (or arc) L is called K -quasiconformal (K > 1), if
there is a K -quasiconformal mapping f of the region D D L such that f(L) is a circle (or line
segment).

Let S be rectifiable Jordan curve or arc and let z = z(s), s € [0,]S]], |S| := mes S, be the
natural parametrization of S.

Definition 1.1. We say that a Jordan curve or arc S € Cy, if S has a continuous tangent
0(z) := 0(2(s)) at every point z(s). We will write a region G € Cy, if G € Cy.

According to [22], we have the following fact.

Corollary 1.1. If S € Cy, then S is (1 + ¢)-quasiconformal for arbitrary small € > 0.

According to the ,three-point” criterion [12, p. 100], every piecewise smooth curve (without any
cusps) is quasiconformal.

Now we define a new class of regions with piecewise smooth boundary, where having exterior
corners and interior cusps simultaneously.

Throughout this paper, c, cg c1, 2, . . . are positive and €q, €1, €2, . . . are sufficiently small positive
constants (generally, different in different relations), which depend on G in general. Also note that,
for any k > 0 and m > k, notation j = k,m denotes j = k,k+1,...,m.

Definition 1.2 [7]. We say that a Jordan region G € Cyp(A1,...,Am), 0 < X\; <2, j =1,m,
if L = OG consists of the union of finite smooth arcs {L; };”:1 , such that they have exterior (with
respect to ) angles \jm, 0 < \; < 2, at the corner points {Zj}gnzl € L, where two arcs meet.

Let m; be the number of exterior angles, which are not cusps, and thus m —m; is the number of
cusps. It is clear from Definition 1.2, that each region G € Cy(A1,..., \p), 0 < \; <2, j =1,m,
may have exterior nonzero \;m, 0 < \; < 2, angles at the points {zj};n:ll € L, and interior zero
angles ()\; = 2) at the the points {z;}7"
have such angles, and in this case we will write G € Cy; if m; = m > 1, then G has only A\;7,
0 < X\ <2, 1= 1,my, exterior nonzero angles; if m; = 0 and m > 1, then G has only interior

; € L. If m;y = m = 0, then the region G' doesn’t

zero angles, and in this case we will write G € Cy(2, ..., 2).
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Throughout this work, we will assume that the points {zj}gn:l € L defined in (1.1) and in
Definition 1.2 are identical and w; := ®(z;).

For the simplicity of exposition and in order to avoid cumbersome calculations, without loss of
generality, we will take m; = 1, m = 2. Then, after this assumption, in the future we will have
region G € Cy(\1,2), 0 < A < 2, such that at the point z; € L the region G have exterior nonzero
angle A\;m, 0 < A\; < 2, and at the point zo € L-interior zero angle.

Now we can state our new results.

Theorem 1.1. Let p > 0, G € Cy(A1, A2) for some 0 < A1, Ao < 2, h(z) be defined as in
(1.1). Then, for any P, € on, n €N, v; > =2, j = 1,2, and arbitrary small € > 0, we have

1Pollos < c1pin | Pall,, (1.4)

where c¢1 = ¢1(G, V1,72, A1, A2, p,€) > 0 is the constant, independent of z and n, and

(24+7)X

n-r i (2+7)-A>1,
P = (nlnn)YP, if (247)- A=1, (1.5)
nt/p, i (2+7)-A<1,
v := max {y1,72}, v; =max{0,7;}; X = max{xl,XQ}, Xj =max {1;\;} +e.

Now, we assume that the curve L at both points have interior zero angles. In this case we obtain
the following theorem.

Theorem 1.2. Let p > 0, G € Cy(2,2), h(z) be defined as in (1.1). Then, for any P, € @,
neN, v > -2, j=1,2, we have

1Pnlloe < catin2 (| Pall, (1.6)

where co = co(G,v1,72,p) > 0 is the constant, independent of z and n, and 7 is defined as in (1.5)

and
2(24+7) 3
nor o, U[ 7> =5
2
— 1/p _ 3
pn2 = (nlnn)™ P if g = oy (1.7)
3
nt/r, if o v<—z.
\ 2

Now we will estimate of | P,(z)| at the critical points z;, j = 1, 2.
Theorem 1.3. Let p > 0, G € Cy(A1,2) for some 0 < A\ < 2, h(z) be defined as in (1.1).
Then, for any P, € p,, n €N, v; > =2, j = 1,2, and arbitrary small € > 0, we obtain

|P(25)| < caping |1 Pall,, s (1.8)
where c3 = c3(G, V1,72, \1,p,€) > 0 is the constant, independent of z and n;
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()X ) 1
n P ) lf‘ mMm>= - 27
A1l

. 1
fing =< (nInn)VP, if 4 == -2,
1

1
nl/p’ lf 7<= - 27
\ N
for 5 =1, and
2(2+72) 3
n o r ) lf‘ Y2 > =7
2
- l/p . 3
pn3 =4 (nlnn) 0, if yp = =0,
3
nl/p’ lf‘ 72 < _§>
for j = 2.

Combining Theorems 1.1 and 1.2 with the estimate for |P,(z)|, z € £, in [25] (Corollaries 1.2
and 1.3), we can obtain estimation for | P, (z)| in the whole complex plane.
For z € C and M C C, we set that d(z, M) = dist(z, M) := inf{|]z— (| : ( € M} and
R:=1+ %).
Corollary 1.2. Under the conditions of Theorem 1.1, the following is true:
Hn,1, FAS éRa

Pa(e)| < callPall, § (et (1.9)
mﬂnm z € Qg,

where ¢y = c4(G,v1,72, A1, p,€) > 0 is the constant, independent of z and n; 1 is defined as in
(1.5) and

’7-3\'1 ~
n e, if v > 1,
fna =9 (nInn)YP, if - =1,
nl/p, if ’y-Xl < 1.

Corollary 1.3. Under the conditions of Theorem 1.2, the following is true:

n,2, 2z € Gp,
‘Pn(z” < C3”Pan |(I)<z)|n+1 (1.10)
mun@ z € Qg,

where c5 = c5(G,v1,72,p) > 0 is the constant, independent of z and n; i, 2 is defined as in (1.7)
and
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(27 1

ne, lf Y > a

2

._ p 1
pns =4 (nlnn) /P, if oy = o,
1

nl/p7 lAf v <z

\ 2

The sharpness of the estimations (1.4), (1.6), (1.8), (1.9) and (1.10), can be discussed by compa-
ring them with the following result.

Remark 1.1 ([9] (Theorem 1.15), [2]). (a) For any n € N there exist polynomials Q7,1 € @,
such that for unit disk B and weight function h*(z) = |z — 21|? the following is true:

|Q;kz(2)| > CG”HQ;HAz(B) for all =z GE’

T (21)| > e7n? HT;HAQ(h*,B :

(b) For any n € N there exists a polynomial P, € g,, region G7 C C, compact F'* & Q\élﬁ
and constant cg = cg(G7, F*) > 0 such that

PO 2 @ L Py [P forall 2 e P

2. Some auxiliary results. Throughout this work, for the nonnegative functions a > 0 and
b > 0, we will use the notations a < b (order inequality), if ¢ < ¢b and a < b are equivalent to
c1a < b < coa for some constants c, ¢, co (independent of a and b), respectively.

Lemma 2.1 [1]. Let L be a K-quasiconformal curve, zy € L, 23,23 € QN{z: |z — 2] =
= d(z1,Lr,)}; wj = ®(25), g =1,2,3. Then:

(a) The statements |z — z2| = |21 — 23| and |wy — we| < |w1 — ws| are equivalent. So, the
statements |z1 — za| < |21 — 23| and |w1 — wa| < |wi — ws| also are equivalent.

(b) If |21 — 22| <X |21 — 23|, then

w1 — w2 T 21— 2

2 -2
‘ w1 — w2

w1 — W3 ~ Z1 — %3 _<’w1—w3

where 0 < rg < 1 is constants, depending on G.
Corollary 2.1. Under the assumptions of Lemma 2.1, for z3 € L,,,

lwy — w2\K2 = |21 — 2| 2wy — w2!K72 .
Corollary 2.2. If L € Cy, then, for all € > 0,

lwy — w2|1+5 = |z — 22| = |wy — w2|1_5.

1
For 0 < 0; < d¢ := Zmin{|z1 — 29|}, we put Q(z;,0;) == QN {z: |z — 2z <}, § =
= mim<jem ), Q0) = (JT_ 0z, 8), Q= Q). Additionally, let A; = B((z;, ),
A(S) := Uj:1 (Q(zj, 9)), A>9) := A\A(Y).

ISSN 1027-3190.  Vkp. mam. ocypn., 2018, m. 70, Ne 3



POLYNOMIAL INEQUALITIES IN REGIONS WITH INTERIOR ZERO ANGLES IN THE BERGMAN SPACE 323

The following lemma is a consequence of the results given in [17, 19, 27], and of estimate for
the |¥’| (see, for example, [13], Theorem 2.8) for 0 < \; < 2, j =1, m:

AW (1), 1)

|\I/ ('r)‘x =1

(2.1)

Lemma 2.2 [27]. Let G € Cy(A1,..., \n),0 < Xj <2, j =1, m. Then, for all € > 0:

i) for any w € Aj, |w — w;|NtE < | W(w) — U(w;)| =2 |Jw — w;]NE, Jw — wi|NTITE <
<0 ()] < — w1,

i) for any w € A\A;, (Jul - 1)1 = d(W(w), D] 2 (fw] — 1)V, (w] - 1 2 [¥'(w)] <
< (ol = 1)

Let {z; };n:l be a fixed system of the points on L and the weight function h (z) be defined as
in (1.1).

Lemma 2.3 [5]. Let L be a K-quasiconformal curve, h(z) is defined in (1.1). Then, for arbi-
trary Py(2) € pp, any R > 1and n=1,2,..., we have

~ptl
1Pall o,y = B 7 [Pallayncy» P >0, 22)

where R =1+ ¢(R — 1) and ¢ is independent of n and R.
Lemma 24. Let G € Co(Ai, ..., m), 0 < Xj <2, j =1, m. Then, for arbitrary P,(z) € o,
and any p > 0, we obtain

Proof. For 0 < \j < 2, j =1, m, this follows from Lemma 2.4 and Corollary 1.1 and from the
fact, that according to the ,three-point” criterion [18, p. 100], any piecewise smooth curve without
cusps is a quasiconformal. If A\; = 2, for all j = I,m, then the region G have exterior 27 angles
(i.e., interior cusps) at the every point z;, j = 1, m. Then in the neighborhood of the this points the
region G have a boundary with outside wedge. Therefore, as well known from theory of conformal
mappings, the distance from the corner point to the level curve Ly is less than of such distance from
the other points. Furthermore, the area between boundary L and level curve Lg in the neighborhood
of the such corners will be smaller than such in the case of without angles.

3. Proof of theorems. 3.1. Proof of Theorems 1.1 and 1.2. Suppose that G € Cy(\1;2), for
some 0 < A\; < 2 and h(z) be defined as in (1.1). Let {¢;}, 1 < j < m < n, be the zeros (if any
exist) of P,(z) lying on . Lets define the function Blaschke with respect to the zeros {{;} of the
polynomial P,(z) :

= . 2(2) —9(§) ~
Bj(z) : - 3E)0() , 2€8), (3.1)
and let
Bn(2) =[] Bi(z), zeq. (3.2)
7j=1
It is easy that the
B, (&) =0, |B(2)| =1, z¢€L; |Bn(2)| <1, zeq. (3.3)
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Then, for each €1, 0 < g7 < 1, there exists circle {w: |lw| =Ry :=1+¢2,0<e3< 5—1} such that
n
for any j = 1, 2, the following is holds:

‘EJ(C)‘ >1—¢e2, (€ Lg.
So, from (3.2), we get
|IBim(Q)] > (1 —e3)™ =1, (€ Lp,. (3.4)

For any p > 0 and z € (2 let us set

P, (z p/2
Q)= | | 6.5)

The function @, (2) is analytic in €2, continuous on Q, @, (c0) = 0 and does not have zeros in

2. We take an arbitrary continuous branch of the (), , () and for this branch, we maintain the same
designation. According to Cauchy integral representation for the unbounded region 2, we have

Qnp (2) = 5 / Qup ()22 ze (.6

According to (3.1)—(3.5), we get

n p/2 p/2
p/2 _ ‘B q) i } /
d
<l [, <<>|WK’_C‘Z,. 6

Lg,

Multiplying the numerator and the denominator of the last integrand by h'/2(¢), replacing the
variable w = ®(z) and applying the Holder inequality, we obtain

2

/ 1P (O Jd¢| | < / B(W () [P () |9 (1)|* |t / h(\If(t))!\I/'?f)’—\If(w)\zg

[t|=R1 |t|=R1
/ 2 ‘dt| B
_/ BCU(0) P (B ()7 [0 _/ L —
[t|=R1 |t|=R1
|
- P "ld = AnDn w), 3.8
|ﬂ/Rl Faalt) Mﬁ/m T G (w 65)

where f(t) 1= RYP(W()) P (U () (W' (£))2/P, |t| = Ry.

. . . ) 2R
To estimate integral A,,, we separate the circle |[¢| = R; to n equal parts ¢,, with mes d,, = !

n

and by applying the mean value theorem, we get
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— [ Vo)1 10t =

[t|=FRa

:Z/|fnp |p|dt|—Z|fnptk mes O, ) € Op.
k=1

Ok

On the other hand, by applying mean value estimation
}fn,p (t?{:)’p_ (}t/‘ 71 // ‘fn,p | do_f’
|§ AN AR
we obtain

" esd
(A2 =3 80k // Fu ()P doe, ) € 6.

k=1 T (‘t/ ‘ B 1) ’
|e=til <[t
Taking into account that at most two of the discs with center ¢} are intersecting, we have
mes 51 P
|t’\ _ 1 | frp (I dog = n | fnp (I doe.
1<|¢|<R 1<|¢|<R
According to Lemma 2.4, for A, we get
A, < n// (O doc <n|[Ba]?. (3.9)
Gr\G

To estimate the integral D, (w), denote by w; := ®(2;), ¢; := argwj, for any fixed p > 1, we
introduce

: + +
Al(p)::{t:rew:r>p, 9002901 §9<S012S02},

(3.10)

Ao (p) = {t:rew:r>p, 901‘;%72 <6< ¢1;—¢0},

Aji=A(1),  Q=0(4), Q) =T(4(p),
. o . o S 1 9. _ 71 1 _ 71 2
L7 :=LNQ, L, :=L,N&, j=12; L=L"UL", L,=L,UL,.
Under these notations, from (3.8) for the D,,(w), we get

) a
Dy = | WU () [0(E) — ()P

|t|=F1

i / ] _

ity 1Ly 190 = W) [90) — ()P
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2
= |dt| _. Do (w 1
2 / | (t) — W)V [9(t) - ¥(w)[? 2 Dnj(w). (.11

j=1 .
B(L},)

since the points {z; };n:l € L are distinct. So, we need to evaluate the D,, j(w). For this, we take
z € Lg and introduce the notations:

2 2 3
®(Lp,) = U Ly, | = ek = U UK (R, (3.12)
j=1 j=1i=1
where
. A o
Ki(Ry) = {t € D(LY): |t —wy| < Z}’
Ki(Ry) = {t € B(Lh, ): % <|t—wj| < CQ} :
Ki(Ry) == {t € B(L},): e2 < |t — wj| < 3 < diam é}, j=1,2.
Analogously,
) 3
eLr)=¢| JLr | =Uewn =UUK ®),
7=1 7=1 Jj=1li=1
where

Ké(R) = {7‘ € @(Lﬁ): c2 < |1 —wj| < 3 < diam @}, j=12.

Then, after these definitions, taking arbitrary fixed w = ®(z) € ®(Lp), the quantity D,, ;(w)
can be written as follows:

|dt| B 3 .
Z / )‘% W (t) (w)’2 = i_len,j(w)- (3.13)

1
= Ki(Ry)

The quantity Dviw‘ (w) we will estimate for each i = 1,2,3 and j = 1, 2 separately, depending of
location of the w € ®(Lg). Let € > 0 be an arbitrary small fixed number.
Case 1. Letw € ®(L}).

According to the above notations, we will make evaluations for case w € K} (R) for each
1=1,2,3.
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1.1. Let w € K{(R). In this case, we will estimate the quantity
Dos(w) =3 ] SO G
n1(w) = = 1w .
ilel(R ) |\Ij(t) - \Ij(wl)ryl |\Ij(t) - \Ij(w)|2 i=1 "
i 1

for v; > 0 and ; < 0 separately.
For each i = 1,2,3 and j = 1,2 we put K/,(R1) := {t €O(Ly ): [t —wj| > |t—w|},

Ky (Ry) = KJ(R)\ Ki, (Ry).
1.1.1. If 7 > 0, then

/ |dt|
[W(t) = W (wn) " [U(t) — ¥ (w)]*

K{(R1)

D}L,l(w) =

- . at _
W (0) = W(w) P [ (0) = W ()7

Kll,l(Rl) K11,2(R1)

=: D1 (w) + Dyt (w) (3.15)

and so Lemma 2.2 yields

n(2+71))‘1_1+5, it 24+m)A\ >1—c¢,

1,1 |dt| .
Dy (w) = / PR < {Inn, if (24y)A>1-¢ (3.16)
K1) 1, i 2+ <1-¢

and
nCrmN=Ite g (2 p ) A\ > 1 -,

1,2 |dt| .
D (w) = / i w1|(2+“)(’\1+5) =4 Inn, if 24+ym)M=1—-¢, @.17)
K{ 5(R1)

1, if 2+ym)A<l—c
If v1 < 0, then

Dl (w) = / (1) — W) T ]

n,1
1 () — W(w)?
K1 (Rl)
It — wﬂ(-“ﬂ)(h—é) |dt| 1\ e |dt|
< (= S bl IR
/ ]t—w|2()‘1+€) - (n> / ]t—w|2()‘1+5) —
K} (Ry) K}(R1)
aFe)=l e 2 > 1 —
I\ Cmo-a | C AT
= <n> Inn, if 2\ >1-—¢ =

1, if 2\ <1—¢,
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1

n@tydi—lte e N > = g
< % (3.18)
1, it A< -e

1.1.2. If 71 > 0, then

|

D? [(w) = N

n,l( ) 1/ W(t) — \I/(wl)rn |W(t) — \Il(w)|2
KQ(RI)

= / |dt| n / |dt| _
W (t) — W (w)* (1) — W (wr) 2T

K3 1(R1) K3 5(R1)
=: D2} (w) + D2} (w) (3.19)

and, so from Lemma 2.2, we get

dt
Dirtw) 2 / [ y<|2+vl><xl+g> < @M mes 163 1 (Ry) X nEFIMTIE T (3.20)
—w
K%,l(Rl)
and
pZmM—lte e (244 A > 1 —¢,
2,2 |di| .
Dyi(w) = / PESWIEE e < {Inn, if 2+y)M=1—¢e (321
K3 5(R1) 1, if 2+7)M <l-—c

Therefore, from (3.19)—(3.21) for 7, > 0, we have
nCrmN=lte g (2 p )\ > 1 -,
D (w) X ¢ Inn, if 24+y)M=1-—¢, (3.22)
1, if 2+m)M<1l—e
According to well known inequality
(a+0b)° <c(e)(a® +b%), a,b>0, >0, (3.23)
and using estimations

1
\t—wl\g\t—w[+|w—w1\j\t—wl+ﬁ

and consequently,

1 (=711)(A1—2)
It — wll(—"fl)(h—s) < |t— w|(—71)(>\1—5) + (n> ’

for v; < 0, from (3.14), we get
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2 () — B (w)] "7 |dt]
pha= |
K2(R1)

L Oy
— ’t _ w|2()\1+6) —

K3(R1)

v1 (A1 —¢) ’dt| |dt| (24+v1)A1 —1+4¢
=" / PENECEEN = e =" '

K3 (R1) K} (R1)

1.1.3. If 7 > 0, then Lemma 2.2 implies

|dt|

D3 (w) =

1 (W) 1/ U (t) — U (wy)|" |W(t) — \I/(w)|2 =
K3 (R1)

—m |dt| 2A1 —14e
26 / it — WPt =n ,

K3(R1)

and for y; < 0, also Lemma 2.4 yields

_ |dt‘ 2N —14¢
Di,l(w) =c " / It — w’2>\1+a - 1 )
K3(R1)
1.2. Let w € K(R).
1.2.1. For any v > —2
dt| |dt]
D! (w) = / | + / .
) W) — W (w)[ (1) — W)
Ki 1 (R1) Ki ,(R1)
1,1 1,2
= Dn,l(w) + Dn,l(w)’

and so, according to Lemmas 2.1 and 2.2, we obtain

1,1 |dt| r ds
Dila(w) 3 / £ [T / SETmOe
Kll,l(Rl) 1/n

n(2+71)’\1_1+5, it 24+ym)A >1—c¢,

= { Inn, it 2+m)A=1—c¢,
1, if (2—{—’}/1))\1<1—€,
and
Diaw) 2 / | |(|;lil>(m+s> <l mes 1 5 (Ry) < nHmhmee,
' t— w1 '

K{5(R1)
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(3.25)

(3.26)

(3.27)

(3.28)
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1.2.2. For any y; > —2, according to Lemmas 2.1 and 2.2, we have

dt| |dt|
D2, (w) < / | + /
alw) = (W(t) — W(w) > [W(t) — U (wy) [~
K3, (R1) K3 5(R1)

< |dt| |dt| .
B |t — w|TOte) - 1t — w|EF0Ee) =
K31 (R1) K3 5(R1)

Cc1 c2

~ ds ds -
= | sertire T sEentare -

1/n 1/n
nryM—lte e (2 4y )N > 1 — ¢,
<< 1Inn, it 24+m)M>1-—¢,
1, if 24+m)<l-—e
1.2.3. For any v; > —2, according to Lemmas 2.1 and 2.2, we get

dt| \dt|

D3 (w) < / ’—< / /<

ma) 3 [T(t) — T(w)” ~ |t — w[*Pr ) T
K1 (R1) K1(R1)

o pPhimlte qf 9N > 1 —¢,
< ds < 1
) m_ lnn, if 2)\1:1—€,

1/n 1 if 2\ <1—e.

)

1.3. Let w € Ki(R).
1.3.1. If v; > 0, from Lemmas 2.1 and 2.2, we have

dt| |dt|
D} < | < / — = <
b= LIORETOY R IR
K1(R1) Kj(R1)

< n1 Nt mes KTH(Ry) < niite)—1

and, for v; < 0,

n

(=71)(A\1—e¢)
DL (w) < / £ — g | OO g < <1)
K} (R1)

1 (=71)(A1—e)+1
< <> <1

n i

1.3.2. In this case for any v; > —2, according to Lemmas 2.1 and 2.2, we obtain

mes K (R;) <

S. BALCI, M. IMASH KYZY, F. G. ABDULLAYEV

(3.30)

(3.31)

(3.32)
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dt| |dt|

Di w) X / ‘ + / <

alw) = () — W(w) 7 W (t) — W (wy) 2~
K3, (R1) K3 5(R1)

|dt| |dt|

= / It — w’(2+~/1)(/\1+8) . / It — w|(2+71)(/\1+€) =
K3 1 (R1) K3 5(R1)

Cc1 c2

~ ds ds -
= | e T sermonte

1/n 1/n

pEmM—lte e (24 ) A > 1 —e,
<< Inn, it (247) M >1—¢, (3.33)

1, if (2—1—’)/1))\1<1—5.

1.3.3. Analogously, for any v; > —2,

dt| dt] .

D3 (w) < / S L / S L 334

71( )— |\Ij(t) 7\11(w)‘2 — ]t—w\z(/\1+5) - ( )
K3(R1) K3(R1)

Combining estimates (3.14)—(3.34), for w € ®(Lg), we have

DM e (24 ) A > 1 -,

Dp1 =< {Inn, it (2+7) A >1—¢, (3.35)

1, it 2+ A <1-—¢,

where 77 := max {0;71 }, A= max {1; A1} .

Case 2. Letw € ®(L%).

Analogously to the case 1, in this case we will obtain estimates for w € K?(R), w € K3(R)
and w € K3(R).

2.1. Let w € K#(R) U K3(R). We will estimate the quantity

Dpa(w) =Y / dt] :ZS:Di (w) (3.36)
R~ I O TS IO T~ R |

for v; > 0 and ; < 0 separately.
According to the estimation [24, p. 181] for arbitrary continuum with simple connected comple-
mentary, the following holds:

T (t) — T (ws)] &= [t — wol*. (3.37)
We will use this fact in evaluations in this section instead of Lemma 2.2.
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2.1.1. For each ¢ = 1,2, we obtain

iDi 2(w) = i / & =
- i=1 W(wa) 2 W (t) — U(w)[* ~
) / / |dt| N / / ] <
: [(t) — () (1) = W) P2
K%l R1) K2 ) Rl K%Z Rl 2 Q(Rl
|dt| 2(2+72) -1
< = 72)
= / / t—wP =" | o
1 1(R1) K3 1(R1)
if v > 0, and
2 2
S Disw =Y, [ BOZMTT (3:39)
i=1 =19 ) = W(w )‘
K7 (R
if 79 < 0.

|
D3 ,(w) =
o </R () — W) [ (1) W)

K2(Ry
=< cy / % < / ‘diﬂz < nite, (3.40)
(W (t) — W(w)| |t —w]*
K3 (Ry) K3 (Ry)
if v9 > 0, and
D} 5(w) < n'*e, (3.41)
if v9 < 0.
2.2. Let w € K3(R). For each 72 > —2, analogously to subcase 2.1.1, we obtain
2 2
4 dt
> Dhalw) =Y o ; =
i=1 i=1 .5 [W(t) — W(wa)[™ [¥(t) — ¥(w)]
K7 (R1)
- / / |dt| n / / |dt| -
a | (t) = W (w)[*F2 | (t) = W(wy) 772
K%1(R1) K21 Ry) K%z Ry) 22(R1)
- |dt| |dt| -
a It — w|?2T2) " It — wo|23172) —
K121(R1 K221 Ry) K%2 Ry) 22(R1
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n2CH)=1 0 if 2(24 ) > 1,
=4 Inn, if 2(24+v)=1, (3.42)
1, if 2(247) <1

2.2.2. For each 72 > —2, we have

5 o |dt|
Dn,g( ) 2/ (L) — W(ws)|™ |W(t) — \I’(w)|2 =
Kg(Rl)

< / |dt| 5 < / |dt|2+ jn1+€. (343)
(W (1) — ¥ (w)] [t —w]™

K2(Ry) K2(Ry)

Combining (3.36)—(3.43), we obtain
2271 2 (24 70) > 1,
Dpa(w) < 4 Inn, if 2(2+7) =1, (3.44)
1, if 2(2472) <1,

where Y2 := max {0; 72} .
Therefore, comparing relations (3.11), (3.13), (3.35) and (3.44), we get

nCHNE i 24 ) A > e, (0227 2(2492) > 1,
Dy (w) < < Inn, it 24+9)M >1—¢, +<Inn, if 2(2+47) =1,
1, it 2+y)M<1l-6 |1, if 2(2+7) <1,

and consequently, from (3.7), (3.8) and (3.9), we completed the proof of Theorems 1.1 and 1.2 for
any z € Lg. So, it also true for z € GG, and we completed the proofs.

3.2. Proof of Theorem 1.3. Suppose that G € Cy(A1;2), for some 0 < A\; < 2; h(z) be defined
as in (1.1). For each R > 1, let w = pg(z) denotes be a univalent conformal mapping G r onto the
B, normalized by pr(0) =0, ¢/z(0) > 0, and let {(;}, 1 < j < m < n, be a zeros of P,(z) (if
any exist) lying on Gp. Let

b (2) 1= mBj 2 = T 28— enlG) 3.45
R(2) E R(2) jf:[ll_w@w(z) (3.45)

denotes a Blaschke function with respect to zeros {(;}, 1 < j <m < n, of P,(z) [26]. Clearly,
lbm.r(2)| =1, z € Lg, and lbm.r(2)] <1, z€Gpg. (3.46)

For any p > 0 and z € G, let us set

(3.47)
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The function 7T}, ,, (2) is analytic in G, continuous on G and does not have zeros in Gr. We take
an arbitrary continuous branch of the 75, ,, (2) and for this branch we maintain the same designation.
Then, the Cauchy integral representation for the T}, , (2) at the z = z;, j = 1,2, gives

1 d
Thp (21) = /Tn,p (C) CC

27 — 2’1.
Lgr

Then, according to (3.46), we obtain

vz |bm.r(z1)[P? P (¢)
1P (ay)* < P2 ’bm,R@

p/2

a6l
I — 2] —

Lgr
< [p,(OF" el 3.48
_L[\ O g (3.48)

Multiplying the numerator and the denominator of the last integrand by h'/ 2(¢), replacing the vari-
able w = ®(z) and applying the Holder inequality, we get

p d
JAEGL ]
Lr

2

[
(T P (W) |0 214 |dt| _
. /R (FODIP EOF IO ) /R O
|
_ p(DIP |d , 3.49
MZ/R () 't‘ltZR W0 [ () — W) G4

where fp,,(t) has been defined as in (3.8). Since R > 1 is arbitrary, then (3.49) holds also for
R=R, =1+ 0<e <1. So, we have
n

2

e |dd]|
G
Lg,
|dt|
< | frp ()" |dt| 2
|t|:/R1 t|:/Rl h(W (1)) [V (t) — W (w;)|
=: A, Dy (wj), (3.50)

and, A,, and Dn(wj) has been defined as in (3.8) for R = R;. Therefore, from (3.48) and (3.50),
we obtain

| P (21)] 2 ApDp(w;), (3.51)

ISSN 1027-3190.  Vkp. mam. ocypn., 2018, m. 70, Ne 3



POLYNOMIAL INEQUALITIES IN REGIONS WITH INTERIOR ZERO ANGLES IN THE BERGMAN SPACE 335

where, according to (3.9), the estimate
Ap 2 n|P, n”g

is satisfied. For the estimate of the quantity D, (w;) we use the notations at the estimation of the
Dy (w) as in (3.11)—(3.13). Therefore, under these notations, for the D,,(w;), we get

. |dt|
D) =3 [ g

2 d] 2 3.
jzz / W(t) — O (w;)[PH =) > Dhjwy), (3.52)

j=1i=1

since the points {Zj};n:1 € L are distinct. So, we need to evaluate the Dfm(wj) for each j = 1,2
and 1 =1,2,3.

Casel. j=1:
dt|
DL (w) + D2 | (un) = / | 5
! ! i W () — W(wy) >N
K}(Lr,)UK}(LR,)
n(2+v1)>\1—1+s’ if (2 + 71) A >1— e,
|dt| _
: 1t — | ETOF) = Inn, if 24+ym)h=1-¢ (353
Kb O ) 1, it 2+m)M<l-g
and
dt| 1
D, (w) = / | < / dt| < 1. 3.54
alen) (W (t) — T (wy) PP — &7 jdt] = (3.54)
K?(LRl) K?(LRI)
Case2. j=2:
dt|
Dhsfuz) + Diplwn) = [ | y
? ’ W (L) — U (wy)|*t7

n2EH)=l i 2(2 4 99) > 1,

dt
< / \t||2|(2+72) = qlnn, if 2(247) =1, (3.55)
— w2
K3}(Lr,)UK3(LR,) 1, if 2(2+v) <1,
and
dt| 1
Diawn= [ | < JCES (3.56)
? W (t) — W(wa) 2 T 5T
K3(Ln,) K3 (L)

Combining relations (3.51)-(3.56), we complete the proof.
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