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EXISTENCE OF NONNEGATIVE SOLUTIONS
FOR A FRACTIONAL PARABOLIC EQUATION IN THE WHOLE SPACE

ICHYBAHHA HEBII’€EMHUX PO3B’A3KIB
JAPOBOBOI'O ITAPABOJIITYHOI'O PIBHAHHSA B YCBbOMY ITPOCTOPI

We study existence of nonnegative solutions for a parabolic problem % = —(=A)Zu+ ﬁu in R x (0, 7). Here

0 < o < min(2,d), (—A)?% is the fractional Laplacian on R? and uo € L*(R?).

Ns)

c
u+ ——u Ha R? x

. . . . . Ju
BuBuaeThes 3a1a9a iCHYBaHHS HEBil €MHHX PO3B’s3KiB mapabonivHoro piBHsHHI — = —(—A) G
xr

ot
x (0,T). Tyr 0 < a < min(2,d), (—A)2 — apoGosuii nanmacian va R? it uo € L*(RY).

1. Introduction. The purpose of the present paper is to verify that a similar critical behavior of the

o

Cauchy problem holds when the classical Laplacian is replaced by the fractional Laplacian —(—A\)2
with 0 < a < min(2,d). So we give some existence results of positive solutions for negatively
perturbed Dirichlet fractional Laplacian on R¢.

For every 0 < o < min(2,d), we designate by Lo := (—A)=. Let us consider the parabolic
perturbed problem

ot (1

u(z,0) = ug(x) forae. zeR?

where ug € L2(R?), ug > 0 is a Borel measurable function and V' is nonnegative potential in

LL ().
par? (d + oz)
. 4
Although we shall focus on the very special case V. = i, O0<c<cti=——F——4.
||« 2 d—o
4

The present paper addresses several important problems of the potential theory of fractional

Laplacian. One of the results is the existence of nonnegative solution for a parabolic problem per-
turbed by potential. Its main results were motivated by the result of J. A. Goldstein and Q. S. Zhang
[12] for the Laplacian perturbed by a singular potential.

By using the idea in [5, 10, 12], where the problem was addressed and solved for the Dirichlet
Laplacian (i.e., & = 2), Ali Ben Amor and T. Kenzizi [1] established conditions ensuring existence
of nonnegative solutions for a nonlocal case, they proved that for bounded €2 and for 0 < ¢ <

gaT? (d + a>
< ¢ = 2d—4a equation (1) has a nonnegative solution, whereas for ¢ > ¢* and () a

(=
4

bounded Lipschitz domain then no nonnegative solutions occur.
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The inspiring point for us was the papers of Baras, Goldstein [5, 6] and Goldstein, Zhang [12]
where the problem was addressed and solved for the Lapacian operator (i.e., « = 2). In the latter
cited papers, the authors in [12] generalize the result of existence of nonnegative solutions in [5] to
equations with variable coefficients in the principal part and to a degenerate equations, one of the
most important degenerate equations is the heat equation on the Heisenberg group. However, there
is a substantial difference between the Laplacian and the fractional Laplacian. Whereas it is known
that the first one is local and therefore suitable for describing diffusions, the second one is nonlocal
and commonly used for describing superdiffusions (Lévy flights). These differences are reflected in
the way of computing for both operators (Green formula, integration by part, Leibniz formula, etc.).
The fractional operator appears in numerous fields of mathematical physics, mathematical biology
and mathematical finance and has attracted a lot of attention recently. Nonetheless, we shall show
that the method used in [5, 12] still apply in our setting.

2. Preliminaries and preparing results. To state our main results, it is convenient to introduce
the following notations and definitions. In what follows, R¢ denotes the Euclidean space of dimen-
sion d > 1, dy is the Lebesgue measure on R?. We shall write / ... as a shorthand form

Rd
Throughout this paper, letter k, C, ¢, C’,... will denote generic positive constants which may

vary in value from line to line. ‘A(m, r)’ will denote the volume of the ball A centred at = and of
radius 7, (a A b) := min(a,b) and (a V b) := max(a, b). Consider the bilinear symmetric form ¢
defined in L? by

£9(}.q) = %A(d’ a)// (f(z) = f(y)) (g(x) —g(y))dxd%

|l’ _ y|d+a

D(E*) =W22ARY) == {f € L*: E[f]: E(f, f) < o0},

s

21erir (1- )
2
and I is the Gamma function. It is well known that £ is a transient Dirichlet form and is related (via
Kato representation theorem) to the self-adjoint operator commonly named the fractional Laplacian
on R?, and which we shall denote by (—/\)2. We note that the domain of (—A)? is the fractional
Sobolev space W%’Z(Rd). For smooth compactly supported function ¢ € C°(R?), the fractional
Laplacian is defined as the L?(R%)-closure of the operator

where

A2¢(z) = lim [ [d(z+y)—d(x)]v(y)dy, zeR?

e—0
ly|>e

where v is the Lévy measure given by the density function
20T ( d ; O‘)
T 7=aN] ly| =
"(3)
2

v(y) = ;
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1066 T. KENZIZI1

This definition is important for applications to probability. Its Fourier symbol is given by

—

A%H(€) = —I€[*(e).
If ¢ is regular enough and a € (0,2), (—A)2¢(x) can be computed by the formula

L=

where cq , is a constant depending only on d and «. The inverse of the % power of the Laplacian

M\Q

(—A)

is the —% power of the Laplacian (—A)~2. For 0 < a < min(2,d), there is an integral formula

which says that (—A)_%u is the convolution of the function u with the Riesz potential

(=87 hoe) = e [ Sl

which holds a long as ¢ is integrable enough for the right-hand side to make sense.
Let r > 0 and ¢, (x) = ¢(rx), then we obtain

A2 ¢p(x) = A2 ¢(rz), ze€RL

We let p; the fractional heat kernel which is the fundamental solution to the heat equation

with Fourier transform
pe(§) = /pt(:c)emédx = e Hel", t>0, zeR% (2)

yield the following identity:

pe(x) = (27r)_d/e_t|§ae_ix§d§, z € R%
Consequently, we get the scaling property
pi(x) = t_%pl(t_éx), t>0, zeR%

It is well-known (see [4]) that p;(2) ~ 1 A |z|~%~?, hence the following inequalities holds for some
constant C':

t d t
—1 —= d
C ( a/\|’d+a>§pt(l’)§0<t a/\w|d+a>’ t>0, I‘ER

(),
(3)
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The semigroup Pip(x) = / pt(x,y)P(y) dy has the fractional Laplacian as generator (see [2, 8,
13]). In particular, for ¢ € C°(RY) and = € R?, we have

Pz +y) — ¢(z) dy.

|y|d+a

(~2)%6(z) = Tim_S(Pigla) — 9(x)) = lim

t—0t ¢ e—0% Jiy|>e

Using (2) one proves that p is the heat kernel of the fractional Laplacian

// —5,2,2)[0ud(u, 2) + A2 (u, 2)]dzdu = —¢(s, z),

where p(t,z,y) = pi(y —z), s €R, x € R? and ¢ € C°(R x RY).
Let D C R¢ be an open set. We denote by pp the heat kernel of the Dirichlet fractional Laplacian
on D. Also pp is jointly continuous when ¢ # 0, and we have

OSPD(tvmay) :pD(tayvx) Sp(tvxay)v t>07 {E,yGRd.

In particular,

/pD(t,x,y) <L

We define the Green function for A2 on D by

o0

Gp(z,y) = /pD(t,m,y)dt,

0

and the scaling property of pp yields the following scaling of Gp:
Grp(rz,ry) = r*Gp(z,y), r>0, x,yecR

Definition 2.1. Ler 0 < T < oo. A Borel measurable function w: [0,T) x R — R is a
solution of problem (1) if "

1) we L (R x(0,T)),

2) u < Eloc([o T] LIQOC(Rd))7

3) for every 0 <t < T, every Q C R? and every ¢ € C°([0,T)] x ), the following identity
holds true:

[(@t.2) —wo@o.0) do+ [ [ us,)(~ou(500) + Los(s,)) =
Q 0 Q

/t/usx (s, 2)V (z) dz ds.
0

Q
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1068 T. KENZIZI1

From now, we set Vi, := V A k and denote by (Fj) the heat equation corresponding to the
Dirichlet fractional Laplacian perturbed by —V}, instead of —V:

ou

—— =Lou—Viu in R%x (0,400),
(P q ot " (02

u(z,0) = ugp forae. x € RY

Denote by Hj, the self-adjoint operator associated to the quadratic form V% := £ — V}, defined by

(e}
92

EVe: D(EVR) = W2 "(RY),  EVe[u] =€ — /UQdex
R4

and, by [11, p. 492] (Remark 1.22), we conclude that

u(t) = e My = /pt,k:UO(y) dy, t>0, 3)
Rd

is the solution of (P), where p; j is the nonnegative heat kernel of e tHk,

Remark2.1. Let ), be a nondecreasing sequence in R? such that Q C U Qy, and let ¢ €
k>0
€ C°([0,T] x R?) such that supp¢ C Q. If V is bounded, the solution of (1) is given by the
integral expression

u(z,t) = e oy (z) + Gi—s(z, y)u(s,y)V(y) dy ds,
/]

where ¢; is the heat kernel of the operator e *L0, ¢t > 0.
By the end of this section, we give some spectral properties of Ly = (—A)% that will be needed
in the proof of the existence part.

Definition 2.2 [9]. The essential spectrum of a bounded self-adjoint operator A on a Hilbert
space, usually denoted oess(A), is a subset of the spectrum o, and its complement is called the
discrete spectrum, so

Odisc(A) = 0(A)\Tess(A).

For bounded domain Q and for fixed o € (0, min(2,d)], the spectrum of the (—A)2 |q is
discrete and consists of a sequence {A,(a)}p2, of eigenvalues (with finite multiplicity) written in
increasing order according to their multiplicity (see, for example, [7])

0<)\1(a)<)\2(a)§...§)\k(a).../‘—|—oo.

3. Existence of nonnegative solutions.

Theorem 3.1. Assume that ¢ < c¢*. Then the heat equation (1) has at least one nonnegative
solution. Here c* is an universal constant ( see, for example, [1, 3]).
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Proof. The idea of studying existence is based on studying the solution (uy) of the approach
problem (Pj), where V is replaced by the trancated potential Vi, = V A k. Considering first the
radial function ®(x) = |x|~? for 8 € [0,d — ] (B denotes the smaller root of (d — a — )8 = c).

Let p € C?(R) be a convex function satisfying p(0) = p/(0) = 0, such that its derivative is
locally Lipschitz.

First, we will prove that for all u; € D(E%) and all ® € W22(R%) N L®(R?), we have
P (u)® € D(EY).

Since ® is bounded in D(E?), we need only to prove that p/(ug) € D(E?).

Note that p’ is locally Lipschitz, i.e., there exists M > 0 such that

P (ur (@) — P (un(y))] < Mur(z) — ur(y)|.

Thereby we derive
& [p'(uk)] < 00.

Taking now p'(ux)® as a test function, we obtain

t t t
0
//;tk XP/(Uk)q’+//P/(Uk)‘I>LOUk //szukp u)P.
5 5 5

Thus, we get

[ vl ¢+j/p )@ Louy = //%wmwm+/mW@@.
4 1)

Since the function p is convex, we have

P (ue(2)) (ue(z) — ur(y)) = (p(ur) (@) — p(ur)(y))-

Therefore,
/?wmmmmmwmm%:
- CnsPV// (un(@ . _( ’Z(m) — ) g s
= Cn SPV// yxz ,ﬁi’”(”) dy dz =
= /‘I)(x)Lop(uk(x))d:c.
Hence,

/ up(t <I>+// x)Lop(ug(z, s)) dxds <
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1070 T. KENZIZI1

< /t/Vkukp/(Uk)(I’+/P(Uk(5))q’-
5

Replace p(r) by a sequence p,,,(r) satisfying the hypotheses, for p and converging to |r| as m —
— o0o. Note that p'(r) = ik
T

¢
// () Lopm (ug dmds—//@ )Lo(ug) dx ds| <
J

t
<119l [ [ |Eopm(u) — ol ds <
é

First, we see that

<@l oo | Lopm (ur) — Lo(uz)|| ) —0 as m — +oo,

L (Rx[s.4]

and consequently, we obtain the limiting inequality

/uk ‘IDdac—l—// ).Lo(ug) deds <

t
< //Vk(x)uk(s)Q)dxds+/uk(5)<l>d:z:. 4)
1)
We want to let 6 — 0. First we claim that
/uk(5)<1>dx — /uo(x)tl)da:.

Since the operator (—A\)?2 is self-adjoint on D((—A)%), so, by using the Trotter — Kato theorem
and the spectral theorem, we have

_ _ . Lo _
e 0o Vk)uo = lim (e m e( Wk) ug < eMe 6L0u0,
m——+00

then ||Vi||oo < A by the positivity preserving property of {e~?%0}. It follows that

e Moug(z) < ug(8) = e 0 FoVilyg(z) = e 00 eVeyq(z).

/(65L0u0)‘1) < /Uk(5)<l> = /65(L0Vk)uO(I) < e /(eéLOUO)(I%
/(e_(SLOuO)(I) — /(e—éLoq))uO — /CI)UO
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Letting 6 — 0 in (4), we deduce

/uk (I)dl'—l-// L() uk d$d8<

§/t/Vk(x)uk(s)éda:ds—&—/uo(x)CDdx. 5)
0

Our aim now is to estimate the LHS of (5). By using [3] (Lemma 2.2), we recall that ®(z) = |z|~#
is the unique solution for the equation

Lo®(z) = c|z|~%|z|™® = ¢|z|~*®(z) in the sense of distributions,
r(¢ + 8 r d—p
g0 2 2
d—(a+p) B\’
()G

Lo®(z) = c|z|*®(x) > Vi(z)P(x).

where

CcC =

which implies

Therefore,
/ upLo® dx > / Vi(z)ur®dr in the sense of distributions,

and consequently, from (4) we deduce

/uk @dm+//Vkuk<I>dxds</uk (I)d$+// LO uk d:cds<
¢
S//Vkukédxds+/uo(az)¢d:z.
0
/uk(t)CDdx < /uo(x)<I>da:.

vg(t) = ug()P.

Thereby we derive that

Let

Therefore, if
/uo(ac)fb(x) dx < 00,

we have
”UkHLl(Rd) <M forall k.

Then (v) is bounded in L' and by the weak compactness in L', there exists a subsequence still
called (v) such that (v;,) converge weakly to v € L'(Q2) V2 C R? and, consequently, a subsequence
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(u) converging to a function @ in L'(2) and for, every Q C RY, we have

Hen

Hkak — ’UV”LI = Hkak — vV + v,V — UVHLl <
< [Jow (Ve = V)| 12 + [0k =)V 11

ce,
HukaCD —ﬂVCDHLl — 0 as k— 4oo.

On the other hand, by hypothesis (cf. (3)), (ux) is an increasing sequence, thus (uy) increases to

u(x,

t), and @ is a solution of (1) in the sense of distributions.
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