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Adapted statistical experiments
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(Presented by S. Makhno)

Abstract. We study statistical experiments with random change of
time, which transforms a discrete stochastic basis in a continuous one.
The adapted stochastic experiments are studied in continuous stochastic
basis in the series scheme. The transition to limit by the series param-
eter generates an approximation of adapted statistical experiments by a
diffusion process with evolution.
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Introduction

Statistical experiments (CE) are defined as averaged sums of random
variables with a finite number of possible values. In particular, only
two possible values mean that the sample values indexes the presence or
absence of a certain feature.

Statistical experiments are defined in a discrete stochastic basis

%N = (Qa ga (glm ke N)? 7))

with filtration (g, ¥ € N=1{0,1,...}) on a probability space (2, §, P).

This paper deals with adapted statistical experiments defined by a
random change of time [1, Ch. 1|, which transforms a discrete stochastic
basis By in a continuous one:

Br = (2, 6, (&, teRy), P).

The adapted statistical experiments in continuous stochastic basis
B is considering in series scheme with a small series parameter ¢ — 0,
€ > 0. The limit passage, by € — 0, generates approximation of adapted
statistical experiments by a diffusion process with evolution [2, Ch. I].
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1. Statistical experiments and evolutionary processes

Statistical experiments in a discrete stochastic basis By are defined as
averaged sums of the sample random variables (6,(k), 1 <n < N), k>0,
identically distributed and jointly independent by different n € [1, N], for
a fixed k£ > 0, with two possible values +1.

1 N
zﬁzfsn(k), k> 0. (1)
n=1

The discrete parameter & € N defines evolution by growing the discrete
time k (called also stage).

Statistical experiment (1) is defined by the difference of the positive
frequencies:

Sn(k) = Sf(k) — Sy(k) . k>0,

Sk = - SO0 (R) S 6E(k) = T{B,(k) = 1},
The predictable component of binary and of frequency statistical experi-
ments are defined by the corresponding conditional expectations:

C(k+1):=E[0,(k+1)|Sn(k) =C(k)], 1<n<N, k>0,
Pi(k+1):= E[6E(k+1)|S5(k) = Pe(k)], 1<n<N, k>0

and does not depend on the sample size N.
The dynamics, by k of the predictable components of statistical ex-
periment Sy (k) and Sy (k) are determined by evolutionary processes:

Ck+1)=E[Sn(k+1)|Sn(k)=C(k)], k>0, (2)
Pi(k+1) = E[SE(k+1)| S (k) = Pe(k)], k>0. (3)
The following obvious identities take place:
C(k) =Py(k)—P_(k), Pr(k)+P-(k)=1, kE>0.
Hence the relations

Pi(k)=-[1x£C(k)], k>0,

l\D\P—‘

define the relationship between evolutionary processes (2) and (3).
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The predictable components evolution is given for increments as fol-
lows:

AC(k+1) :=C(k+1) — C(k) = E[ASx(k 4+ 1)| Sn (k) = C(k)),
APy(k+1) := Pe(k +1) — Pe(k) = E[ASE(k +1)| SE (k) = Pe(k)).

The form of regression functions of increments are postulated on the
principle of “stimulation and deterrence”:

Vop+,p-) ==psp—(Vipy —Vopo), =1 <V < +1. (4)

The basic assumption 1. The dynamics of evolutionary processes
(2)-(3) is given by the difference evolution equations with regression func-
tion (4):

AC(k+ 1) = —2Vo(Py(k), P_(k)) , k>0,
APy (k+ 1) = FVo(Py (k), P_()).

The equilibrium is determined by the balance of evolutionary pro-
cesses increments.

p=V/V, K V:i=V_ -V, K V:i=V_+V,,
p=p+—p-, pr=Vg/V.

So the evolution of statistical experiments (1) is determined by the
regression function of increments

Voe) = V- A)e—p) lel <1, o)

Vi (p1) = Vpip—(ps — ps)

given by cubic parabola with three equilibria: +1, p (|p| < 1).

Now the regression function of increments is convenient to express in
terms of fluctuations, that is, through the deviations of the statistical
experiment values from the equilibrium.

The basic assumption (conclusion). The evolution of statistical
experiments (1) is given by the difference evolution equations

AC(k+1) = —Vo(C(k)) , k>0, (6)

APL(k+1) = —ViE(Pe(k)) , k>0.
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2. Stochastic dynamics of statistical experiments

The stochastic component is expressed by martingale-differences
Apn(k+1) := ASy(k+1) — E[ASn(k+1)| Sy(K)], k>0. (7)

Given the difference evolution equation (6), the martingale-differences (7)
have the following representation

Apn(k+1) = ASy(k+1) +Vo(Sn(k)) , k=0 (8)

Conclusion 1. The SE increments are determined by the sum two
components

ASy(Ek+1) = —Vo(Sn(k)) + Apn(k+1), k> 0. 9)

The predictable component Vy(Sn(k)), k > 0, is given by the regression
function of increments (5).

The martingale-differences (7) are characterized by the first two mo-
ments

EApy(k+1) =0, E[(Aun(k +1))*| Sx (k)] = o*(Sn(k))/N, k > 0.
(10)
The dispersion of the stochastic components has explicit form [3]:

o2(c)=1-V?), V(c)=c—Vole), |¢| <1. (11)

The stochastic dynamics of SE Sy (k), k > 0, is specified by the stochastic
difference equation (9)—(11).
The properties of the stochastic component allow specifications.

Lemma 1. The stochastic component, defined by martingale-differences
(8), has the following representation:

N
Apn(k+1) Z (k+1), k>0. (12)

The sample variables fp(k+1), 0 <n < N, k >0, take two values:
Bu(k+1) = {il —V(C(k)), with probability Pw(k+ 1)}, k>0, (13)

where

Pik+1)=-[1+C(k+1)] ==[1+£V(C(k))].

| =
[\3\*—‘
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The latter equality provides the predictability of evolutionary process
C(k), k>0.

Conclusion 2. The stochastic component (12) has Bernuolli distri-
bution:

Bn(v; V(C(F))) = P{Apn(k+1) =v = V(C(k)) [ Sy (k) = C(k)}
N (ke + 1), (14)
where 1
Ni/Nzi[liz/] , v=vy—v_, vy =Ni/N,

with the first two moments:

BBk +1) | Sx(k)] =0, ¥k >0,

E[By(k+1) | S (k)] = o*(Sn(k)) = 1 = VZ(Sn (k).

Now the SE dynamics has two interpretations.

e The increments ASy (k) are defined by difference equation (9), in
which the stochastic component has Bernoulli distribution (14).

e The probabilities (13) are defined by the Bernoulli distribution (14)
of the stochastic component at a fixed k-th stage.

3. Adapted statistical experiments

The transition from discrete stochastic basis By = (2, §, (S, k €
N), P) to continuous stochastic basis Br = (Q, &, (&, t € Ry), P) is
implemented by a random change of time

v(t),t >0, v(0)=0.

The growing process v(t), t > 0, that is everywhere right-continuous
and has left limits everywhere, is determined by Markov jumping points:

1, = 1inf{t : v(t) >k}, keN.
The regularity of v(t), ¢t > 0 is provided by the following condition:
P{m, < +o0}, Vk>0. (15)

The counting process of recovery v(t), t > 0, is considered, for simplic-
ity, as a stationary Poisson process with with exponentially distributed
intervals of recovery 041 := 7511 — Tk, kK > 0:

P{0gs1 >t} =exp(—qt), 0<g<+4oo, t>0.
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It is known that the compensator of Poisson process v(t), t > 0, is given
by the formula:
Ev(t)=qt, t>0.

Definition 1. A random change of time in discrete basis By is given by
the filtration:
&, = Sy(t) , t>0. (16)

According to Lemma 3.8 [2, I1:3b], there has place the following prop-
erties: 79 = 0, &g = Fo, as well as &;, = Fj, on the set 7, < oo, where
Sk-1=6,_,k>0.

For example, if v(t) = [t] be an integer part of a positive number
t > 0, then the basis B coincides with the basis By.

Definition 2. The adapted statistical experiments with random change
of time (16) is determined by the relation

an(t) = Sy(v(t)), t>0,
or equivalently:
aN(t) = SN(k) , TE<StT<Tgp1, t2= 0.
Conclusion 3. An adapted statistical experiment is s special semi-
martingale |2, I:4c, p. 84|, defined by two components:

e the predictable component defined by the regression function of
increments V' (c), |c¢| < 1;

e the stochastic component defined by the Bernoulli distribution (14)
of increments Aun(k + 1), k> 0.

Namely, there is a presentation (compare with (9)):
an(t) = an(0) + Un(t) + Mn(t) , t >0,

v(t) v(t)

V() :=—> Volan(m)), My(t):=>_ Apn(k+1).
k=0 k=0

4. Adapted statistical experiments in series scheme

The adapted statistical experimens in series scheme with small pa-
rameter € — 0, (¢ > 0) is defined by the random change of time:

ve(t) == v(t/e?) , t>0, (17)

and by normalization of the increments (9) by the series parameter £2.
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Definition 3. Adapted statistical experimens random change of time
(17) in series scheme

af(t) :== Sy (ve(t)), e2=1/N, t>0,
are defined by the following predictable characteristics [2, Ch. 2]:
e cvolutionary component

ve (t)
U; ="y Vola® (), t>0; (18)
k=0

e dispersion of stochastic component

ve(t)
of 1= ¢? Z o?(af(15)), o*(c):=1-V?*(@), t>0, (19)
k=0

e compensating measure of jumps

ve(t)

[i(g) =< ) Elg(a’(141)) | G5] . g €Ci(R), t20. (20)
k=0

Here the filtration &5 := 3j€(t), t>0.

The predictable characteristics of adapted statistical experimens (18)—
(20) depend on the current value of the adapted statistical experiment
a®(17), k > 0 in the jumping points 7, = e27,, k > 0 of the random
change of time v.(t), t > 0. So the study of convergence of adapted sta-
tistical experiments in the series scheme by ¢ — 0 has to be implemented
in two stages (see [5]).

Stage 1. One define the terms of compactness of adapted statistical
experimens o°(t), 0 <t < T, e > 0.

Stage 2. By additional conditions at the predictable characteristics:
the functions Vg(c), 02(c), |¢| < 1 identify the limiting process, defined
by the limit predictable characteristics.

At the first stage the approach proposed in [5] is used (see also [6]).
That is the compact embedding condition be firstly established.

Lemma 2. By the condition of the initial values boundness E|a®(0)] < co
with a constant with a constant, independent of €, there takes place the
compact embedding condition [4, 4:5]:

lim sup P{ sup |a°(t)| > c} =0. (21)
€70 g0  0<t<T
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Proof. One used semimartingale representation of the adapted statistical
experimens:
a(t) =a(0) +U; + My, t>0. (22)

The evolutionary component U5, ¢ > 0 is given by the sum (18), and
the stochastic component is characterized by a modified component oy,
according to the formula (19).

Convergence of the random change of time (17) and regularity of the
process (15) provide the boundedness of the components

sup \Q?ﬂz <Cy, sup \Uf]Q < C.
0<t<T 0<t<T

Consequently, by the boundedness of the initial values, the following
inequality takes place:

E swp |of(t)2<C
0<t<T
with a constant C, independent from e¢.
Now the Kolmogorov’s inequality for the adapted statistical exper-

imens af(t), 0 < t < T, ¢ > 0, establishes the condition of compact
embedding (21). O

Remark 1. Other approach of establishment the compact embedding
condition (21) are presented in the monograph [4, 4:5].

Conclusion 1. Under the conditions of Lemma 2 the following esti-
mate takes place:

Elof(t) —af(t)? < Crlt—t|, 0< t, t' <T. (23)

Under the conditions (21) and (23), the compactness of process a®(t),
0<t<T,e>0, takes place.

At the second stage, under the compactness condition of the adapted
statistical experimens in the series scheme af(t), 0 <t < T, € > 0, the
verification of the limiting process boils down to the study of convergence
(as € — 0) of the predictable characteristics (18)—(20).

First one established the convergence of the compensating measures
of jumps (20):

D

sup I'{(g) =0, —0,
0<t<T

provided by Lindeberg condition:

N
S EBL(k+ 1P I(Bu(k + 1)|) = h/e|Sy(k) =] -0, =0,

n=1
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for sampling sums

N
Apf(k+1):=e> Bk +1),

n=1
with dispersion
D3 = E[(Ap(k +1))? | Sn (k) = ] = 0*(0).

Next be established the convergences of the evolutionary component
and of the stochastic component dispersion for semimartingale oc(t),
t>0.

Lemma 3. In the conditions of Lemma 2 there are convergence in dis-
tribution, as € — 0:

qt
v: 2 0 = —/ Vo(a®(s))ds, 0<t<T,
0

qt
oy D60 = / o?(a’(s))ds, 0<t<T,
0
o?(c) =1—V?(c).

Here the limit process a°(t), t > 0, is determined by the condition of
compactness (see Lemma 2):

a(t) EEN At), =0, r— oo

Proof of Lemma 3. Since both predictable characteristics (18) and (19)
have the same structure of the integral functional on the process a®(t),
t > 0, there enough to explore the convergence of one of them, for exam-
ple, the evolutionary component (18).

It is used martingale characterization

t
i = o)~ [ LipVidu, t>0.
The generator of integral functional (18):

vole) = e 2qlp(c — e2Vo(e) — w(e)] , wl(c) € C*(R),
admits the asymptotic representation at the class of test functions p(c) €
C?*(R):
Vele) = Lyg(e) + Rep(c) , (c) € C*(R),
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with neglecting term:
Rop(c) -0, e =0, o(c) € C*R).
The limit operator L?/ defines the evolution:

Lyp(e) = —qVo(e)¢'(¢) , ¢(c) € C*(R).
The limit evolution is given by the following relation:

qt
V0 =— Vo(a®(u))du , t>0.
0

Hence the compactness of the adapted statistical experiments (22),
established by Lemma 2, provides the convergence of martingales

t
ui@u?mp(‘éo)—/L%sO(Vz?)du, 0<t<T, e—0.
0

Similarly one established the quadratic characteristic convergence
(19) using the martingale characterization:

t
i =€)~ [ LopVidu, 20,
0
with generator

Lip(c) = e 2qlp(c +€%03(c)) — w(e)] , @(c) € C*(R),

which allows asymptotic representation for the class of test functions

¢(c) € C*(R):
Lyp(e) = qoj(e)'(¢) + Replc) , ¢(c) € C*(R),
with neglecting term:
Rop(c) -0, e =0, o(c) € C*R).

So the limit quadratic characteristic has the following representation:
qt
o) = / o2(ap(u))du , t>0, o(c)=1-V?(c).
0

At the final stage one use the uniqueness condition for semimartingale
characterization of diffusion Markov process with evolution a®(t), t > 0,
given by the generator [2, Ch. IX]:

1

Lyp(e) = =Vo(o)#' () + 50%(0)¢"(e) » (c) € C*(R).
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Theorem 1. Adapted statistical experimens af(t), t > 0 in series scheme
with small series parameter e — 0, (€ > 0), determined by the predictable
characteristics (18)—(20) with additional condition of convergence of ini-
tial values:

a®(0) KL , Ea®(0) - Fag, € —0,

converges, in distribution, to the diffusion process with evolution with the
following time scaling

(1) 2 a(t), 0<t<T, e—0.

The predictable characteristics of the limiting process a®(t), t > 0, has
the following representation:

qt qt
V= [ Vo@whdu . of = [T atwydu, 0<t<T
0 0

and the compensating measure of jumps is absent:

Bi(g) >0, €¢—=0, g(c) e Ci(R).

Conclusion 1. The limit diffusion process with evolution a°(#), t >
0, is given by the statistical differential equation

da(t) = =Vp(a(t))dt + o(a(t)dW, , t >0,
with the following time scaling:

A(t) = a(qt), t>0.
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