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The planar-planar director reorientation in a nematic liquid crystal (NLC) cell by an external
static electric field has been studied. The gliding of the NLC director easy axis over the polymer
substrate due to the interaction between the easy axis and the electric field is taken into account.
The contribution of this interaction to the surface free energy of the system is assumed to be
linear in the electric field, if the elastic fragments of substrate polymer molecules possess their
own dipole moments. If the dipole moments of the elastic fragments of polymer molecules are
induced by the electric field, the corresponding contribution is taken to be quadratic in the
electric field. Depending on the character of the interaction between the easy axis and the
electric field, the orientation instability of the director is shown to either have a threshold or
not. In both cases, the dynamics of the director and the easy axis has been analyzed, by starting
from the field switching-on time moment, during the transition of the system to a stationary
state, and until the field is switched-off and the system returns to the initial homogeneous state.
K e yw o r d s: nematic liquid crystal, orientational instability, easy axis gliding, director evo-
lution, switching-on/off time, Fréedericksz transition threshold.

1. Introduction

Within the last decades, liquid crystals (LCs) have
found a wide application as an element base for a
series of information displays owing to their unique
magneto- and electro-optical properties. The latter
are closely connected with the orientational ordering
in the mesophase.

The orientational ordering of LC in the cell vol-
ume depends on the conditions at the cell substrates,
namely, the anchoring energy, direction of the axis of
easy director orientation, and so forth. Polymer films
are widely applied in liquid crystal cells as substrates,
in which the orientational anisotropy (easy orienta-
tion axis) can be induced by illuminating them with
polarized light (so-called photo-alignment) [1, 2]. It
was found that the easy director axis induced in
this way at the polymer surface can change its ori-
entation (gliding) in an external light or dc elect-
ric/magnetic field. This phenomenon affects the equi-
librium configuration of the director field in the
LC cell and opens possibilities for the creation of
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such conditions for the director at the orienting sur-
face that can be controlled with the use of external
fields.

The easy axis gliding in the surface plane of a pho-
to-aligned polymer was observed experimentally in a
nematic liquid crystal (NLC) cell in the presence of
an electric [3–5] or magnetic [5–7] field. In the opinion
of the cited authors [3,6], the easy axis gliding is pos-
sible due to the interaction between NLC molecules
and elastic fragments of polymer molecules. At low
anchoring energies between the NLC and the sub-
strate, the rotation of the near-surface nematic layer
under the action of an external field gives rise to
the easy axis reorientation. In works [4, 5], the ex-
planation of the easy axis reorientation was based
on the adsorption of NLC molecules on the surface
of a polymer substrate. The mechanical moment pro-
duced by the external field is transferred from the
NLC volume to the nematic molecules adsorbed on
the surface and, thus, stimulates the easy axis to
shift. Fields, in which the easy axis gliding was ob-
served, were found to be by 1 to 2 orders of magnitude
stronger, if NLC molecules were absorbed on the sub-
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strate surface than if not. The both mentioned mech-
anisms governing the rotation of the easy orientation
axis of the NLC director at the substrate surface were
considered in work [7].

The processes of NLC director and easy axis reori-
entations in the polymer substrate plane in a strong
ac electric field and the relaxation of a system af-
ter the field switching-off were studied experimentally
and theoretically in work [8]. The simultaneous ac-
tion of the ac electric field and polarized light on the
NLC director dynamics near the polymer surface pre-
liminarily illuminated with ultraviolet was studied in
works [9,10]. In works [8–10], the easy axis reorienta-
tion was explained in the framework of a scenario that
is based on the adsorption of NLC molecules on the
substrate surface. The phenomenological model of the
phenomenon, which was proposed in those works, in-
volves the influence of the nematic volume on the easy
axis motion, decelerating action of polymer, and vis-
cosity of the easy axis motion. However, in work [11],
using the NLC 5CB, it was experimentally revealed
that a dc electric field can also induce an orienta-
tional anisotropy at the electrosensitive azopolymer
surface. The origin of this phenomenon was assumed
to be the reorientation of elastic hydrocarbon chains
of azopolymer molecules, which is associated with the
interaction between their own or induced dipole mo-
ments and the external electric field [12].

In this work, the orientational instability of the di-
rector in an NLC cell with planar alignment and em-
bedded into a dc electric field will be studied. The
latter is oriented along the cell surface and perpen-
dicularly to the initial uniform director orientation. A
possibility for the axis of easy director orientation to
glide in the plane of either of the cell polymer sub-
strates is assumed. The motion of the easy axis is
supposed to be governed by its interaction with the
electric field. The contribution of this interaction to
the surface free-energy density of the NLC cell is con-
sidered to be linear or quadratic for the electric field
strength depending on whether the dipole moments
of the elastic segments of polymer substrate molecules
are their own or are induced by the electric field.

It is found that the orientational instability of NLC
has no threshold in the former case and has a thresh-
old in the latter one. The time dependences of the
director and moving easy axis deviation angles are
calculated and analyzed from the time moment, when
the electric field is switched-on, then when the system

transits into a stationary state, and until the field is
switched-off and the system returns into the initial
homogeneous state.

2. NLC Free Energy
and Equation for the Director

Let a plane-parallel NCL cell be confined by the
planes 𝑧 = 0 and 𝑧 = 𝐿 and have a uniform initial
orientation of the director along the axis 𝑂𝑥. The cell
is embedded into an external uniform dc electric field
with the strength vector directed along the axis 𝑂𝑦,
E = (0, 𝐸, 0). We assume that the axis of easy di-
rector orientation e interacts with the electric field
E at the upper (𝑧 = 𝐿) polymer substrate of the
cell. As a result of this interaction, the easy axis e
can glide in the substrate plane. The NLC anchor-
ing with the lower (𝑧 = 0) substrate is uniform and
infinitely strong.

The free energy of the NLC cell can be written in
the form

𝐹 = 𝐹el + 𝐹𝐸 + 𝐹𝑆 + 𝐹𝑆𝐸 , (1)

where

𝐹el=
1

2

∫︁
𝑉

{︁
𝐾1(divn)

2+𝐾2(n·rotn)2+𝐾3[n×rotn]2
}︁
𝑑𝑉,

𝐹𝐸 = − 1

8𝜋

∫︁
𝑉

ED 𝑑𝑉,

𝐹𝑆 = −𝑊
2

∫︁
𝑆

(en)2 𝑑𝑆,

𝐹𝑆𝐸 = − 𝛼

𝑚

∫︁
𝑆

(︀
eE

)︀𝑚
𝑑𝑆.

Here, 𝐹el is the NLC elastic energy; 𝐹𝐸 the
anisotropic contribution of the electric field to the
free energy; 𝐹𝑆 the surface free energy written in the
form of Rapini potential; 𝐹𝑆𝐸 the contribution to the
surface free energy from the interaction between the
moving axis of easy director orientation and the elec-
tric field at the upper (𝑧 = 𝐿) polymer substrate;
𝐾1, 𝐾2, and 𝐾3 are the NLC elastic constants; n is
the director; D = 𝜖E is the electric induction vector;
𝜖 = 𝜖⊥1̂+𝜖𝑎n⊗n and 𝜖𝑎 = 𝜖‖−𝜖⊥ > 0 are the tensor
and the anisotropy, respectively, of the static dielec-
tric permittivity of NLC; 𝑊 is the azimuthal energy
of NLC anchoring at the upper (𝑧 = 𝐿) substrate of
the cell, which is associated with the director devia-
tions in the plane 𝑥𝑂𝑦. The parameter 𝑚 is put equal
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to 1 or 2, depending on whether the molecules of a
polymer orientant have their own or induced dipole
moments, respectively.

Owing to the homogeneous character of the system
in the plane 𝑥𝑂𝑦, the director n in the cell bulk and
the easy axis e at the upper substrate of the cell can
be described by the relations
n = i · cos𝜙(𝑧, 𝑡) + j · sin𝜙(𝑧, 𝑡),
e = i · cos𝜓(𝑡) + j · sin𝜓(𝑡), (2)

where i and j are the orts of the Cartesian coordinate
system.

The free energy (1) per unit area of the cell surface
reads

𝐹 =
𝐾2

2

𝐿∫︁
0

[︃(︂
𝜕𝜙

𝜕𝑧

)︂2
− 𝐸2

4𝜋𝐾2

(︀
𝜖⊥ + 𝜖𝑎 sin

2 𝜙
)︀]︃
𝑑𝑧−

− 𝑊

2
cos2(𝜙𝐿 − 𝜓)− 𝛼

𝑚

(︀
𝐸 sin𝜓

)︀𝑚
, (3)

where 𝜙𝐿 = 𝜙(𝑧 = 𝐿) is the director rotation angle
at the upper substrate of the cell. Expression (3) in-
volves the solution of electrostatic equations for the
electric field E in the NLC bulk.

By minimizing the free energy (3) with respect to
the angles 𝜙 and 𝜓, we obtain the equation

𝜙′′
𝑧𝑧 +

𝜀𝑎𝐸
2

4𝜋𝐾2
sin𝜙 cos𝜙 = 𝜂1𝜙

′
𝑡, (4)

as well as the corresponding boundary conditions
𝜙
⃒⃒
𝑧=0

= 0, (5)

𝐾2 𝜙
′
𝑧

⃒⃒
𝑧=𝐿

+𝑊 sin(𝜙𝐿 − 𝜓) cos(𝜙𝐿 − 𝜓) = 0, (6)[︀
𝑊 sin(𝜙− 𝜓) cos(𝜙− 𝜓)+

+𝛼𝐸𝑚 cos𝜓 sin𝑚−1 𝜓
]︀
𝑧=𝐿

= 𝜂2𝜓
′
𝑡. (7)

Here, the primed functions 𝜙 and 𝜓 mean the deriva-
tives with respect to the corresponding arguments.
The right-hand side of Eq. (4) involves, as was done
in works [1, 13], dissipative processes in the NLC
bulk, when the director rotates, in the approxima-
tion where the director coupling with hydrodynamic
motions of the nematic is neglected; 𝜂1 is the coeffi-
cient of NLC bulk viscosity. The easy axis gliding in
the plane 𝑧 = 𝐿 of the upper substrate of the cell is
described, as was done in works [8–10], by the right-
hand side of condition (7), where 𝜂2 is the coefficient
of viscosity for the easy axis. In the general case, the
solution of Eq. (4) that satisfies the boundary condi-
tions (5)–(7) can be determined only numerically.

3. Linear Interaction
between the Easy Axis and the Electric Field

3.1. Dynamics of the director
and the moving easy axis

Let the contribution of the interaction between the
moving axis of easy director orientation e and the
electric field E at the upper (𝑧 = 𝐿) substrate of
the cell to the NLC surface free energy be linear
in the field strength (the parameter 𝑚 = 1 in ex-
pression (1) for 𝐹𝑆𝐸). We assume the electric field
strength E to be small in comparison with the thresh-
old 𝐸∞

th = 𝜋
𝐿

√︁
4𝜋𝐾2

𝜖𝑎
for the Fréedericksz transition at

the infinitely strong NLC anchoring at the cell sub-
strates and in the absence of easy axis gliding. Then,
assuming the angles 𝜙 and 𝜓 to be small, let us con-
fine the consideration to Eq. (4) linearized in 𝜙 and 𝜓,

𝜙′′
𝜉𝜉 + 𝑒2𝜙 = 𝜙′

𝜏 (8)

and to the boundary conditions (5)–(7) also linearized
in 𝜙 and 𝜓,

𝜙
⃒⃒
𝜉=0

= 0, (9)

𝜙′
𝜉

⃒⃒
𝜉=1

+ 𝜀(𝜙𝐿 − 𝜓) = 0, (10)

𝜀(𝜙𝐿 − 𝜓) + �̃�𝑒 = 𝛾𝜓′
𝜏 . (11)

Here, the following dimensionless parameters are
used: the coordinate 𝜉 = 𝑧/𝐿, time 𝜏 = 𝑡𝐾2/(𝜂1𝐿

2),
viscosity coefficient 𝛾 = 𝜂2/(𝜂1𝐿), anchoring energy
𝜀 =𝑊𝐿/𝐾2, electric field strength 𝑒 = 𝜋𝐸/𝐸∞

th , and
interaction parameter �̃� = 𝛼

√︀
4𝜋/(𝜖𝑎𝐾2).

In view of Eq. (11), the boundary condition (10)
reads 𝜙′

𝜉

⃒⃒
𝜉=1

= �̃�𝑒 − 𝛾𝜓′
𝜏 . Then let us construct the

function

𝑢(𝜉, 𝜏) = 𝜙(𝜉, 𝜏)− 𝜉(�̃�𝑒− 𝛾𝜓′
𝜏 ). (12)

As follows from Eqs. (8)–(10), it satisfies the equation

𝑢′′𝜉𝜉 + 𝑒2𝑢 = 𝑢′𝜏 − 𝜉
(︀
𝛾𝜓′′

𝜏𝜏 − 𝛾𝑒2𝜓′
𝜏 + �̃�𝑒3

)︀
(13)

and the homogeneous boundary conditions

𝑢
⃒⃒
𝜉=0

= 𝑢′𝜉
⃒⃒
𝜉=1

= 0. (14)

The solution of Eq. (13) that satisfies the boundary
conditions (14) is sought as a series

𝑢(𝜉, 𝜏) =

∞∑︁
𝑛=0

𝑢𝑛(𝜏) sin
[︀
𝜋(𝑛+ 1/2)𝜉

]︀
, (15)
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where 𝑢𝑛 are the unknown expansion coefficients.
Substituting expression (15) into Eq. (13) and taking
advantage of the linear independence of the functions
sin [𝜋(𝑛+ 1/2)𝜉] within the interval [0, 1], we obtain
the following equation for the coefficients 𝑢𝑛:

𝑢′𝑛 +
(︀
𝜋2(𝑛+ 1/2)2 − 𝑒2

)︀
𝑢𝑛 =

=
2(−1)𝑛

𝜋2(𝑛+ 1/2)2
(︀
𝛾𝜓′′

𝜏𝜏 − 𝛾𝑒2𝜓′
𝜏 + �̃�𝑒3

)︀
, (16)

where 𝑛 = 0, 1, 2, ... .
If the electric field is low in comparison with the

critical one 𝐸∞
th , the higher harmonics in expansion

(15) can be regarded as small and neglected. As a
solution of Eq. (13), we take only the first term in
expansion (15),

𝑢(𝜉, 𝜏) = 𝑢0(𝜏) sin(𝜋𝜉/2). (17)

The substitution of expression (17) into the boundary
condition (11) written for the function 𝑢(𝜉, 𝜏) brings
about

𝑢0 = 𝜓 + (1 + 1/𝜀)(𝛾𝜓′
𝜏 − �̃�𝑒). (18)

With regard for expression (18) for 𝑢0 in Eq. (16), we
arrive at the equation for the function 𝜓(𝜏),

𝑎𝜓′′ + 𝑏𝜓′ + 𝑐𝜓 = 𝑑, (19)

where

𝑎 = 𝛾
[︀
1 +

(︀
1− 8/𝜋2

)︀
𝜀
]︀
,

𝑏 = 𝛾
[︀
8𝜀𝑒2/𝜋2 + 𝜀/𝛾 + (𝜀+ 1)

(︀
𝜋2/4− 𝑒2

)︀]︀
,

𝑐 = 𝜀
(︀
𝜋2/4− 𝑒2

)︀
,

𝑑 = �̃�𝑒
[︀
8𝜀𝑒2/𝜋2 + (𝜀+ 1)

(︀
𝜋2/4− 𝑒2

)︀]︀
.

The solution of Eq. (19) gives us the time depen-
dence of the rotation angle of the moving easy axis at
the cell surface 𝑧 = 𝐿 in the form

𝜓(𝜏) =
𝑘2𝑑/𝑐− �̃�𝑒/𝛾

𝑘1 − 𝑘2
𝑒−𝑘1𝜏− 𝑘1𝑑/𝑐− �̃�𝑒/𝛾

𝑘1 − 𝑘2
𝑒−𝑘2𝜏+

𝑑

𝑐
,

(20)

where 𝑘1,2 = (𝑏 ±
√
𝑏2 − 4𝑎𝑐)/(2𝑎) > 0. The coeffi-

cients of 𝑒−𝑘1,2𝜏 in Eq. (20) are obtained from the ini-
tial conditions 𝜓(𝜏 = 0) = 0 and 𝜓′

𝜏 (𝜏 = 0) = �̃�𝑒/𝛾.
The latter follows from Eq. (11) as a consequence of
𝜙(𝜉, 𝜏 = 0) = 0. The substitution of 𝜓(𝜏)-dependence

(20) into Eq. (18) gives the value of 𝑢0(𝜏) and, accord-
ingly, the function 𝑢(𝜉, 𝜏) (17). Taking the latter and
the 𝜓(𝜏)-value (20) into account, relation (12) yields
the dependence 𝜙(𝜉, 𝜏) for the director rotation angle
in the NLC bulk. The 𝜙(𝜉, 𝜏)-expression is cumber-
some and is not presented here.

However, if we confine the consideration to the
quantities of the first order of smallness with respect
to 1/𝛾, the time dependences of the deviation angles
for the director and the easy axis in the approxima-
tion 𝛾 ≫ 1 (𝜂2 ≫ 𝜂1𝐿) [8] read

𝜙(𝜉, 𝜏) ≈ �̃�𝑒

(︂
32𝑒2

𝜋4
sin

𝜋𝜉

2
+ 𝜉

)︂
×

×
[︂
1− exp

(︂
− 𝜀𝜏

𝛾(1 + 𝜀)

)︂]︂
,

𝜓(𝜏) ≈ �̃�𝑒
1 + 𝜀

𝜀

[︂
1− exp

(︂
− 𝜀𝜏

𝛾(1 + 𝜀)

)︂]︂
.

(21)

As one can see from Eq. (21), the director field is
deformed, and the moving easy axis deviates from
the initial direction even in an infinitesimally weak
electric field. Therefore, the orientational instability
of NLC in the electric field has no threshold.

The characteristic switching-on time is equal to

𝑡on =
𝜂2𝐿(1 + 𝜀)

𝜀𝐾2
. (22)

As the anchoring energy 𝜀 grows, the time 𝑡on de-
creases and approaches the value 𝜂2𝐿/𝐾2 in the case
of infinitely strong NLC anchoring with the upper
(𝑧 = 𝐿) substrate of the cell. The time 𝑡on does not
depend on the interaction parameter 𝛼 and the coef-
ficient of NLC bulk viscosity 𝜂1.

In general, the dynamics of the director n and the
moving easy axis e after the electric field is switched-
on, but before the system reaches a stationary state,
is governed by the field strength 𝐸 and the NLC cell
parameters. In Fig. 1, the time dependences of the de-
viation angles of the director, 𝜙𝐿, and the easy axis,
𝜓, at the cell surface 𝑧 = 𝐿 are plotted for various val-
ues of the electric field strength 𝐸. The dependences
𝜙𝐿(𝑡) and 𝜓(𝑡) were calculated, by numerically solv-
ing Eq. (4) with the boundary conditions (5)–(7) for
nematic 5CB of the thickness 𝐿 = 10 𝜇m. The co-
efficients of NLC bulk viscosity and easy axis vis-
cosity were put equal to 𝜂1 = 0.5 P [14] and 𝜂2 =
= 0.01 P× cm [11, 12], respectively.
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Fig. 1. Time dependences of the director (𝜙𝐿, solid curves)
and moving easy axis (𝜓, dashed curves) deviation angles at
the cell surface in the case of linear interaction between the
easy axis and the electric field. 𝜀 = 10, �̃� = 1. 𝐸 = 0.5𝐸∞

th (1 )
and 1.5𝐸∞

th (2 )

Fig. 2. Dynamics of the director deviation angle across the
cell thickness from the time moment of electric field switching-
on (𝑡 = 0 s) to the transition into the stationary state (𝑡 = 10 s)
with a step of 0.1 s in the case of linear interaction between the
easy axis and the electric field. 𝜀 = 10, �̃� = 1, and 𝐸 = 1.5𝐸∞

th

Let the electric field strength 𝐸 be lower than
0.5 𝐸∞

th (𝐸∞
th is the Fréedericksz transition thresh-

old) in the absence of NLC anchoring at the upper
(𝑧 = 𝐿) substrate of the cell, i.e. 𝜀 = 0. In this case,
after the electric field has been switched-on and until

the system reaches the stationary state, the moving
easy axis deviates faster owing to its interaction with
the electric field. The director in the NLC bulk ro-
tates following the easy axis, so that 𝜙𝐿 6 𝜓 (see
Fig. 1). The deformations of the director field are
the largest at the surface 𝑧 = 𝐿 with the moving
easy axis, 𝜙(𝑧, 𝑡) 6 𝜙𝐿(𝑡), unlike the case of fixed
easy axis positions at both cell substrates where the
largest deviation of the director is reached only in the
NLC bulk.

When the system transits into a stationary state
in the electric field 𝐸 > 0.5𝐸∞

th , the director, as a
whole, deviates and draws the moving easy axis af-
ter itself, so that 𝜙𝐿 > 𝜓 (see Fig. 1). Now, the
director deviation reaches a maximum in the NLC
bulk. As the system approaches the stationary state,
the maximum deformations of the director field be-
come shifted from the NLC bulk toward the surface
with the moving easy axis. The distributions of the
director deviation angle over the cell thickness cal-
culated for various time moments before the system
reaches the stationary state are depicted in Fig. 2. In
the stationary state, 𝜓 > 𝜙𝐿 at any time, irrespec-
tive of the electric field strength. We emphasize that
if the NLC bulk viscosity and the easy axis viscos-
ity increase, the time dependences 𝜙(𝑧, 𝑡) and 𝜓(𝑡)
saturate more slowly.

In the stationary state, 𝜙′
𝑡 = 𝜓′

𝑡 = 0, and, in accor-
dance with the boundary conditions (6) and (7), we
have 𝜙′

𝑧

⃒⃒
𝑧=𝐿

> 0 at the upper surface of a cell. Ev-
idently, 𝜙′

𝑧 > 0 in the NLC bulk as well. Therefore,
the maximum deviation of the director is reached at
the surface 𝑧 = 𝐿. By twice integrating Eqs. (4) over
𝑧 and taking the boundary conditions (5)–(7) into
account, we obtain the equation

𝐾2

𝐸

𝜙∫︁
0

𝑑𝜙[︂
𝜀𝑎𝐾2

4𝜋
(sin2 𝜙𝐿 − sin2 𝜙) + 𝛼2 cos2 𝜓

]︂1/2 = 𝑧.

(23)

From this equation taken at 𝑧 = 𝐿 and making al-
lowance for condition (7), we find the deviation angles
for the director, 𝜙𝐿, and the easy axis, 𝜓, at the cell
surface. Substituting the obtained 𝜙𝐿- and 𝜓-values
into Eq. (23), we obtain the distribution of the di-
rector rotation angle 𝜙 over the cell thickness for the
given electric field strength 𝐸.
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The dependences 𝜙(𝑧) calculated for various values
of field strength 𝐸 and interaction parameter 𝛼 are
depicted in Fig. 3. As the anchoring energy 𝜀 and the
parameter 𝛼 increase, the deformations of the NLC
director field grow and reach the maximum at the
surface 𝑧 = 𝐿. If the field strength 𝐸 grows, the de-
viation angles of the director, 𝜙𝐿, and the easy axis,
𝜓, monotonically increase in such a way that 𝜙𝐿 6 𝜓
and reach the maximum possible value (𝜋/2) already
at 𝐸 & 2𝐸∞

th .
Let us consider the relaxation of the system from

the stationary state into the initial homogeneous
state, when the electric field is switched-off, 𝐸 = 0.
By linearizing 𝜙 and 𝜓, we obtain the equation

𝜙′′
𝜉𝜉 = 𝜙′

𝜏 (24)

and the corresponding boundary conditions

𝜙
⃒⃒
𝜉=0

= 0, (25)

𝜙′
𝜉

⃒⃒
𝜉=1

+ 𝜀(𝜙𝐿 − 𝜓) = 0, (26)

𝜀(𝜙𝐿 − 𝜓) = 𝛾𝜓′
𝜏 . (27)

By solving Eqs. (24)–(27) and considering the finite
character of the solution as 𝜏 → +∞, we find the
following expressions for the deviation angles of the
director and the moving easy axis, respectively:

𝜙(𝜉, 𝜏) =

∞∑︁
𝑛=1

𝐴𝑛𝑒
−κ2

𝑛𝜏 sin(κ𝑛𝜉), (28)

𝜓(𝜏) =

∞∑︁
𝑛=1

𝐴𝑛

𝛾κ𝑛
𝑒−κ2

𝑛𝜏 cosκ𝑛, (29)

where 𝐴𝑛 are constants, and κ𝑛 are positive roots of
the equation

tgκ =
1

𝛾κ
− κ
𝜀
. (30)

Note that expression (29) for the angle 𝜓(𝜏) was ob-
tained from the condition 𝜙′

𝜉

⃒⃒
𝜉=1

+ 𝛾𝜓′
𝜏 = 0, which

holds, when both boundary conditions (26) and (27)
are taken into account. As follows from Eqs. (28)
and (29), the characteristic time of relaxation is de-
termined by the slowest damped mode–in particular,
with 𝑛 = 1–and is equal to

𝑡off =
𝜂1𝐿

2

κ2
1𝐾2

. (31)

a

b
Fig. 3. Dependences of the director deviation angle 𝜙 on the
coordinate 𝑧 at 𝜀 = 1. (a) �̃� = 1; 𝐸/𝐸∞

th = 0.2 (1 ), 0.5 (2 ),
1 (3 ), 2 (4 ), and 3 (5 ). (b) 𝐸/𝐸∞

th = 0.5; �̃� = 0.1 (1 ), 0.5 (2 ),
1 (3 ), 2 (4 ), and 10 (5)

The possibility for the easy axis to glide over the
cell substrate 𝑧 = 𝐿 results in the growth of the re-
laxation time 𝑡off in comparison with the case where
the gliding is absent. In particular, if the NLC an-
choring with both cell substrates is infinitely strong,
we obtain 𝑡off = 4𝑡∞off , where 𝑡∞off = 𝜂1𝐿

2

𝜋2𝐾2
is the relax-

ation time of the system in the absence of easy axis
gliding at 𝑊 = ∞. However, the time 𝑡off does not
depend on the interaction parameter 𝛼. The growth
of the anchoring energy 𝜀 leads to a reduction of the
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Fig. 4. Dynamics of the director deviation angle across the
cell thickness from the electric field switching-off (𝑡 = 0 s) to
the return into the initial homogeneous state (𝑡 = 50 s) with a
step of 0.5 s. 𝜀 = 10 and �̃� = 1

Fig. 5. Dependences of the threshold magnitude 𝐸th on the
interaction parameter 𝛼; 𝜀 = 0.1 (1 ), 0.5 (2 ), 1 (3 ), 2 (4 ), and
10 (5 )

time 𝑡off , which is explained by a stronger interaction
between the director and the easy axis.

In Fig. 4, the distributions of the director rotation
angle across the cell thickness calculated for various
time moments after the electric field in the system
that was in the stationary state has been switched-
off are exhibited. As one can see, the maximum de-
formations of the director field are reached at the

surface with the moving easy axis. It is remarkable
that the dependence 𝜙(𝑧, 𝑡) becomes almost linear in
𝑧 rather quickly in comparison with the total time of
the complete relaxation of the system into its initial
homogeneous state. After the electric field has been
switched-off, the director returns back into the initial
homogeneous state more rapidly and draws the easy
axis after itself, so that 𝜙𝐿 6 𝜓.

4. Quadratic Interaction
between the Easy Axis and the Electric Field

Now, let the contribution to the NLC surface free
energy from the interaction between the axis of easy
director orientation and the electric field at the cell
substrate 𝑧 = 𝐿 be quadratic in the field strength
(the parameter 𝑚 = 2 in expression (1) for 𝐹𝑆𝐸). The
minimization of the free energy (3) with respect to the
angles 𝜙 and 𝜓 brings about Eq. (4) and the boundary
conditions (5)–(7) with 𝑚 = 2. In the approximation
of small 𝜙- and 𝜓-angles, the dynamics of the system
is described by the linearized equation (8) with the
boundary conditions (9), (10), and the condition

𝜀(𝜙𝐿 − 𝜓) + �̃�𝑒2𝜓 = 𝛾𝜓′
𝜏 , (32)

where �̃� = 4𝜋𝛼/(𝜖𝑎𝐿).
In the framework of the linearized problem, the de-

viation angles for the director and the easy axis read

𝜙(𝜉, 𝜏) =

∞∑︁
𝑛=1

𝐵𝑛𝑒
𝜆2
𝑛𝜏 sin

(︀√︀
𝑒2 − 𝜆2𝑛 𝜉

)︀
, (33)

𝜓(𝜏) =

∞∑︁
𝑛=1

𝐵𝑛𝑒
𝜆2
𝑛𝜏

(︂
1

𝜀

√︀
𝑒2 − 𝜆2𝑛 cos

√︀
𝑒2 − 𝜆2𝑛 +

+ sin
√︀
𝑒2 − 𝜆2𝑛

)︂
, (34)

where 𝐵𝑛 are constants, and 𝜆𝑛 are the positive roots
of the equation

tg
√︀
𝑒2 − 𝜆2 =

√︀
𝑒2 − 𝜆2

(︂
1

�̃�𝑒2 − 𝛾𝜆2
− 1

𝜀

)︂
. (35)

As one can see from Eqs. (33) and (34), if 𝜆𝑛 > 0,
the spatial perturbation of the type sin

(︀√︀
𝑒2 − 𝜆2𝑛 𝜉

)︀
for the director field grows exponentially. The first
harmonic turns out the strongest. Hence, the orien-
tational instability of NLC in the electric field has a
threshold. The magnitude of Fréedericksz transition
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threshold is given by the least positive root of the
equation(︂

1

�̃�𝑒2
− 1

𝜀

)︂
𝑒 = tg 𝑒, (36)

which is obtained from Eq. (35) by setting 𝜆 = 0.
In Fig. 5, the dependences of the Fréedericksz tran-

sition threshold 𝐸th on the interaction parameter 𝛼,
which were found from Eq. (36) for several values of
the anchoring energy 𝜀, are shown. As the parameter
𝛼 increases and the anchoring energy 𝜀 decreases, the
threshold magnitude 𝐸th diminishes. Note that, irre-
spective of the anchoring energy value in the limiting
case 𝛼→ 0, the Fréedericksz transition threshold ap-
proaches a value of 0.5𝐸∞

th obtained in the absence
of NLC anchoring at the upper (𝑧 = 𝐿) substrate of
the cell.

If the electric field strength 𝐸 only slightly exceeds
the threshold value 𝐸th, the angles 𝜙 and 𝜓 can be
considered small. Since the lowest harmonics are ex-
cited first, the higher harmonics in expansions (33)
and (34) can be neglected. Then the values of angles
𝜙 and 𝜓 are given by the terms with 𝑛 = 1 in expres-
sions (33) and (34), respectively. From whence, we
obtain the characteristic time of switching-on in the
form

𝑡on =
𝜂1𝐿

2

(1− 𝜎)(𝑒2 − 𝑒2th)𝐾2
, (37)

where

𝜎 =
2(𝛾 − �̃�)

�̃�2𝑒th (𝑒th cos−2 𝑒th − tg 𝑒th) + 2𝛾
, 𝑒th =

𝜋𝐸th

𝐸∞
th

.

Unlike the case of linear interaction between the
easy axis and the electric field, the switching-on time
𝑡on decreases with a reduction of the anchoring energy
𝜀, a decrease in the coefficient of nematic bulk viscos-
ity 𝜂1, and the growth of the interaction parameter
𝛼. However, as was in the case of linear interaction
between the easy axis and the electric field, the time
𝑡on decreases together with the viscosity 𝜂2.

The calculations show that the dynamics of the di-
rector and the moving easy axis is qualitatively sim-
ilar to that obtained in the case of linear interac-
tion between the easy axis and the electric field at
𝐸 > 0.5𝐸∞

th .
It is obvious that the process of return of the system

from the stationary state into the initial homogeneous

one after the electric field switching-off does not de-
pend on the interaction between the easy axis and
the electric field. The characteristic relaxation time
𝑡off is given by expression (31), as was in the case
of linear interaction between the easy axis and the
electric field.

5. Conclusions

The reorientation of the director in an NLC cell from
one planar state into another one under the influence
of a dc electric field has been studied. The electric
field is assumed to be directed along the cell surface
and perpendicularly to the initial uniform director
orientation. The gliding of the axis of easy director
orientation in the plane of either of the polymeric
substrates of the cell due to the interaction of this
axis with the electric field is taken into considera-
tion. The contribution of this interaction to the NLC
surface free energy density is considered to be linear
or quadratic in the electric field strength, depending
on whether the dipole moments of elastic segments
of molecules of the polymer substrate material are
permanent or induced by the electric field.

It is found that the time behaviors of the director
and the moving easy axis are governed by the elec-
tric field strength 𝐸, parameter 𝛼 of the interaction
between the easy axis and the electric field, energy 𝜀
of NLC anchoring at the substrate with the moving
easy axis, and coefficients of NLC bulk viscosity and
easy axis viscosity. Analytical expressions for the time
dependences of the director and easy axis deviation
angles after the electric field switching-on/off are ob-
tained by solving the linearized variational equations
with corresponding boundary conditions.

If the interaction of the easy axis with the elec-
tric field is linear in the field strength 𝐸, the ori-
entational instability of NLC has no threshold. In
particular, from the time moment, when the elec-
tric field with the strength 𝐸 6 0.5𝐸∞

th (𝐸∞
th is

the Fréedericksz transition threshold provided an in-
finitely strong NLC anchoring with the cell substrates
and the absence of easy axis gliding) is switched-on
and until the system transits into the stationary state,
the easy axis deviates more rapidly and draws the di-
rector after itself. In this case, the maximum defor-
mations of the director field are reached at the sur-
face with the moving easy axis. On the contrary, if
the system transits into the stationary state in the
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electric field with the strength 𝐸 > 0.5𝐸∞
th , the direc-

tor deviates, on the whole, more rapidly and draws
the easy axis after itself. The maximum deformations
of the director field are reached in the NLC bulk, be-
ing shifted toward the surface with the moving easy
axis, as the system approaches a stationary state. The
characteristic time of switching-on, 𝑡on, turns out in-
dependent of the NLC bulk viscosity and the interac-
tion parameter 𝛼, but it diminishes for larger values
of the anchoring energy 𝜀.

If the interaction between the easy axis and the
electric field is quadratic in the field strength 𝐸, the
orientational instability of NLC has a threshold char-
acter. The orientational instability threshold becomes
lower with increase in the interaction parameter 𝛼
and decrease in the anchoring energy 𝜀. In the limit-
ing case where the interaction of the easy axis with
the electric field is absent, the threshold approaches
a value of 0.5𝐸∞

th obtained, when the NLC anchor-
ing with the moving easy axis is absent. If the field
strength 𝐸 exceeds the threshold value, the time de-
pendences of the deviation angles of the director and
the easy axis are qualitatively similar to the corre-
sponding dependences obtained in the case of lin-
ear interaction between the easy axis and the electric
field. The switching-on time 𝑡on decreases with a re-
duction of the anchoring energy 𝜀 and the growth of
the interaction parameter 𝛼. Irrespective of the char-
acter of the interaction between the easy axis and
the electric field, a reduction of the coefficient of easy
axis viscosity results in a reduction of the switching-
on time 𝑡on.

In the stationary state, the largest deformations of
the director field are concentrated at the surface with
the moving easy axis, irrespective of the interaction
between this axis and the electric field. The increase
in the anchoring energy 𝜀 and the interaction param-
eter 𝛼 results in the growth of director deformations.

If the system is in a stationary state and the elec-
tric field is switched-off, the director returns more
quickly to the initial homogeneous state and rotates
the easy axis after itself irrespective of the interac-
tion between the easy axis and the electric field. In
this case, the largest deviation of the director takes
place at the surface with the moving easy axis. Note
that, during relaxation, an almost linear profile of the
director deviation angle across the cell thickness is
established. In both cases of interaction between the
easy axis and the electric field, the characteristic time

of relaxation, 𝑡off , is the same. With increase in the
anchoring energy and areduction of the coefficients of
NLC bulk viscosity and easy axis viscosity, the time
𝑡off decreases.

The authors express their gratitude to I.P. Pinke-
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while discussing the results of the work.
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ОРIЄНТАЦIЙНА НЕСТIЙКIСТЬ
ДИРЕКТОРА В ПЛАНАРНIЙ НЕМАТИЧНIЙ
КОМIРЦI З КЕРОВАНИМИ МЕЖОВИМИ
УМОВАМИ В ЕЛЕКТРИЧНОМУ ПОЛI

Р е з ю м е

Дослiджується переорiєнтацiя директора iз одного планар-
ного стану в iнший планарний стан у комiрцi нематичного
рiдкого кристала пiд дiєю постiйного електричного поля.
Враховується проковзування осi легкого орiєнтування ди-
ректора в площинi полiмерної пiдкладки комiрки, зумов-
лене взаємодiєю цiєї осi з електричним полем. Внесок та-

кої взаємодiї в густину поверхневої вiльної енергiї комiрки
вважається лiнiйним по напруженостi електричного поля,
якщо еластичнi частини молекул полiмерної пiдкладки ма-
ють власнi дипольнi моменти. Якщо ж дипольнi моменти
еластичних частин молекул полiмеру наводяться електри-
чним полем, то аналогiчний внесок вважається квадрати-
чним по напруженостi електричного поля. Показано, що в
залежностi вiд характеру взаємодiї легкої осi з електричним
полем орiєнтацiйна нестiйкiсть директора може бути як по-
роговою, так i безпороговою. В обох випадках дослiджена
часова поведiнка директора i легкої осi з моменту ввiмкне-
ння електричного поля з наступним виходом системи в ста-
цiонарний стан та закiнчуючи поверненням системи в вихi-
дний однорiдний стан пiсля вимкнення поля.
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