
 !"# !"$%!.  #&!'(%!. 24/2010 ~ 47 ~
 !" 539.3

#. $%&, '()*. +,-.-.(/. )(0', #. 1)*2034)'5, 6257. ,)8.

)$)*#''+ ,-./'0-,1!2"$*'03 ,0)#4('%$  !"#-(!1()
,-$  (%-0('4#'".)!''( 25#-$*'$ ('4#'"0-0 

 !"#"$% &' (")"*"+", *-$"(. /0%12-1134 -5-*-1$%6 ("/5%(7-1" 1')!.7-1"-(-8"!*"6'139 /$'1 *'$-!%'5. )%( %1-
(-1$"!"*. :5'/$36"/$% *'$-!%'5. *"(-5,6'53/; &' #%5%1%913* &'0"1"*. <0!-*' .6'+' )!3(%5;=$>/; !"&63$0. &"1
)5'/$321"? (-8"!*'@%?.

This paper adresses finite element study of elasto-plastic behaviour and mechanical parameters of materials within
microindentation by spherical indentor. Strain-stress state is analyzed beneath the indentor. The progress of plactic zones is
under particular attention. The results are compared with experimental data.

1. #9/06

 !"!#! $%& '&()!') )*+ , (-.,/&"0-(121 $&3-%4(521 6 7.("!2-()!+8(&9 ,!"!#-9 2-4!(*'1 2!)-%*!+*3. :&"* 5'
*("-().3!((5 2!)-%*!+*3, )%!"1;*<(&, &"1( , &=(&3(14 2-)&"*3 31,(!#-((5 >4 2-4!(*#(14 3+!=)13&=)-<, ! (-$-%--
%3(- *("-().3!((5 – (!</&+&3(*?1< , 2-)&"*3 (-%.<(*3(&3(&/& '&()%&+9 '&(=)%.';*<(14 4!%!')-%1=)1' * =)!(.
2!)-%*!+*3 [1,2]. :&2. ,!"!#! $%.0(&-$+!=)1#(&/& '&()!'). =7-%1 , $*3$%&=)&%&2 2!6 31,(!#!+8(- )-&%-)1#(- <
$%1'+!"(- ,(!#-((5.

@ &=)!((* %&'1, *("-().3!((5, ,&'%-2! =7-%1#(-, %&,%&A+56)8=5 < "&=+*"0.6)8=5 5' -7-')13(1<, (-%.<(*3(1<
2-)&" 31,(!#-((5 2-4!(*#(14 3+!=)13&=)-< 2!)-%*!+*3 [3-6]. B-< 2-)&" ,!=)&=&3.6)8=5 . 31$!"'!4, '&+1 (-2&0+13&
$%&3-=)1 )%!"1;*<(* 31$%&A.3!((5 (! %&,%13. C=(&3(- ,!3"!((5  ,3'5,!)1 -'=$-%12-()!+8(* "*!/%!21 *("-().3!((5
, =)!("!%)(121 "-7&%2!;*<(121 '%13121.

D %&A&)* 31'+!"-(& %-,.+8)!)1 312*%93!((5 $%.0(14 3+!=)13&=)-< 2!)-%*!+*3 ?+54&2 2*'%&*("-().3!((5 =7--
%1#(12 *("-()&%&2.  ! "&$&2&/&9 2-)&". ='*(#-((14 -+-2-()*3 "&=+*"0-(& (!$%.0-(&-"-7&%2&3!(1< =)!(
2!)-%*!+. $*" *("-()&%&2.

2. :',);4))5-4<4.4)/)( .5*4<=

E&,%!4.(&' -7-')13(& $%&3-=)1, 31'&%1=)&3.9#1 "3&312*%(. 3*=-=12-)%1#(. 2&"-+8. F7-%1#(1< *("-()&%
2&"-+96)8=5 $*3=7-%&9, ! "&=+*"0.3!(1< 2!)-%*!+ – )&3=)&9 '%./+&9 $+!=)1(&9 ("13. %1=.1).

>?9. 1

G%1 ;8&2. $*3=7-%! 2&"-+96)8=5 %.4+13&9, ! $*"+&0'! ,!)1=(-(!. E&,2*% &A+!=)* '&()!'). (!=)*+8'1 2!+1< H&"&
%&,2*%*3 )*+, H& 3*"$&3*"(& "& $%1(;1$. F-(-@-(!(! 2&0(! 33!0!)1, H& '&('%-)(* .2&31 (!3!()!0-((5 < ,!'%*$+-((5 )*+
(! '%!54 (- 3$+13!9)8 (! (!$%.0-(&-"-7&%2&3!(1< =)!( . "&=+*"0.3!(*< &A+!=)*, $&A+1,. '&()!'). "3&4 )*+.

G%1 ,!"!(*< /+1A1(* ,!/+1A+-((5 =7-%1, =1+! '&()!')(&> 3,!62&"*>, , 5'&9 =7-%! 3"!3+96)8=5 3 $*3$%&=)*%, 31-
,(!#!6)8=5 ,! %-!';*521 . A!,&314 ,!'%*$+-(14 3.,+!4 $*"+&0'1. E!"*.= '&()!')(&> $&3-%4(* 31,(!#!6)8=5 ?+54&2
,(!4&"0-((5 '%!9 '&()!'). !A& %&,)!?.3!((52 &=)!((8&/& ,!"*5(&/& '&()!')(&/& -+-2-()!.

I "3! ?+541 ,2&"-+93!)1 '&()!')(. 3,!62&"*9. JA& $%1'+!=)1 =1+. "& $*3=7-%1 < $&)*2 31,(!#1)1 3*"$&3*"(1<
,=.3 $*3=7-%1. JA& ,!"!)1 ,=.3 ! $*3=7-%1 H&"& (-%.4+13&> $*"+&0'1, ! $&)*2 .=)!(&31)1 3*"$&3*"(. =1+. '&()!')..

3. @?94<=), 24-0<=/(/? , A& ()(<,-

K-,3!0!9#1 (! %*,(&2!(*)(* 2&0+13&=)* 2*'%&*("-().3!((5 . 3=)!(&3+-((* 2-4!(*#(14 4!%!')-%1=)1' 2!)-%*!+*3,
31,(!#-((5 (!$%.0-(&-"-7&%2&3!(&/& =)!(. $*" *("-()&%&2 2&0+13& )*+8'1 $%1 %&,3'5,!((* 3*"$&3*"(&> '&()!')(&>
,!"!#*. K! $%!')1;* ;- $%13&"1)8 "& *=)&)(14 )%."(&H*3, $&3'5,!(14 , )12, H& 7&%2! < %&,2*%1 $%.0(&-$+!=)1#(&>
/%!(1;* < 4!%!')-% >> %&,31)'. ,!,"!+-/*"8 (-3*"&2*.

G&A."&3!(! ='*(#-((&--+-2-()(! =4-2! "&,3&+56 %&,/+5"!)1 3=*+5'* '&2A*(!;*> 2!)-%*!+*3, . %!2'!4
31'&%1=)!(&> 7*,1#(&> 2&"-+* A*+*(*<(&> $&3-"*('1 2!)-%*!+*3. :.) (!3&"5)8=5 %-,.+8)!)1 )*+8'1 "+5 31$!"'., '&+1
=7-%! 6 !A=&+9)(& )3-%"&9, ! 2!)-%*!+ $*3$%&=)&%. – !+92*(*631< =$+!3 JL/ 6 , 2&".+-2 $%.0(&=)*, '&-7*;*6()&2
G.!==&(! < /%!(1;-9 )-'.#&=)*, 3*"$&3*"(&, 71 MG!, 0.31 * 0,19 MG!.
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K! $&#!)'., $%1 2!+14 '&()!')(14 (!3!()!0-((54 "-7&%2!;*5 A."- $%&)*'!)1 $%.0(&. @*"$&3*"(& "& '%1)-%*9
L*,-=!, .2&3&9 31(1'(-((5 $+!=)1#(&> )-#*> 6:

2 2 2
y 1 2 2 3 3 1

1S (  ) (  ) (  )
2
" #$  %  %  & ' , (1)

"- i ,i 1,2,3,$  /&+&3(* (!$%.0-((5 . ='+!"(&2. (!$%.0-(&2. =)!(*, yS  (!$%.0-((5 )-'.#&=)* 2!)-%*!+. $%1

$%&=)&2. %&,)5/.. @1%!, 3 $%!3*< #!=)1(* (1) $%1<(5)& (!,13!)1 -'3*3!+-()(12 (!$%.0-((52 e( (!A& (!$%.0-((52
L*,-=!). G%1#&2. 3 $%.0(&2. %-012*, 2!'=12!+8(- -'3*3!+-()(- (!$%.0-((5 ,!30"1 31(1'!6 $*" '&()!')(&9 $&-
3-%4(-9.

F1).!;*5, '&+1 ,'53+56)8=5 $+!=)1#(! )-#*5, ! =!2- 31(1'!6 )&#'!, . 5'*< 31'&(.6)8=5 '%1)-%*< (1), * 3*"$&3*"(* ><
$!%!2-)%1 '&()!')., =1+! P, ,=.3 ! , $+&H! '&()!'). A (!,13!9)8=5 '%1)1#(121: , ,!c c cP A . F$*3=)!3+59#1 7!')1#(*
$!%!2-)%1 *, '%1)1#(121, 2&0(! =."1)1 $%& $&#!)&' $+!=)1#(&=)* !A& >> =)!"*>. :&2. ,%.#(& ,! "&$&2&/&9 '%1)1#(14
3-+1#1( ,%&A1)1 314*"(* "!(* < %-,.+8)!)1 3=5'&> 2&"-+* A-,%&,2*%(121. G%&(&%2&3!(* $!%!2-)%1 A.".)8:

* * */ , / , /$ ! $ ! ! $c c cP P P A A A .
K! %1=.2 2!%'-%!21 'x' $%-"=)!3+-(- 3*"(&?-((5 =-%-"(8&/& )1='. "& (!$%.0-((5 )-'.#&=)* ,!+-0(& 3*"

A-,%&,2*%(&> /+1A1(1 ,!/+1A+-((5. N+5 $&%*3(5((5 =.;*+8(&9 +*(*69 $&,(!#-(1< %&,$&"*+, H& 3*"$&3*"!6 %&,3'5,'.
M-%;!. G&'1 * 3! ) %&,3'5,'1 "&A%- .,/&"0.6)8=5, ! $+!=)1#(* "-7&%2!;*> H- $&%*3(5(& 2!+*. G%1 (!=).$(&2.
3"!3+93!((* 3*"41+-((5 =)!9)8 *=)&)(121.

>?9. 2

G%1 ,!/+1A+-((*! , H& (-,(!#(& $-%-31H.6 '%1)1#(- ,(!#-((5, $+!=)1#(! &A+!=)8 2!+! < &A2-0-(! $*" '&(-
)!')(&9 $&3-%4(-9 $%.0(12 2!)-%*!+&2 ("13. %1=. 3 – $&'!,!(& -'3*3!+-()(- (!$%.0-((5 )*+8'1 3 $+!=)1#(14 ,&-
(!4).  $&"!+8?12 ,!/+1A+-((52 $+!=)1#(! &A+!=)8 ,A*+8?.6)8=5 $&'1 (- "&=5/(- '&()!')(&> $&3-%4(* (%1=.4).
G*=+5 )&/& 5' $+!=)1#(! "-7&%2!;*5 "&=5/+! $&3-%4(* '&()!')., 3 &'&+1;* >> ;-()%! .=- H- ,A-%*/!6)8=5 $%.0(1<
&A'62 2!)-%*!+.. D "*<=(&=)*, ;5 $%.0(! &A+!=)8 $-%-<"- 3 $+!=)1'. , $&"!+8?12 ,%&=)!((52 3"!3+93!((5. E1=. 5
$&'!,.6 $+!=)1#(. &A+!=)8 =!2- 3 2&2-(), '&+1 '&()!')(! $&3-%4(5 $&3(*=)9 =)!+! $+!=)1#(&9. E5" $&3)&%(14
='*(#-((&--+-2-()(14 %&,%!4.('*3 A.+& $%&3-"-(&, H&A .=)!(&31)1 $!%!2-)%1 . "3&4 3!0+1314 31$!"'!4, '&+1: 1)
$+!=)1#(! "-7&%2!;*5 3$-%?- 314&"1)8 (! '&()!')(. $&3-%4(9; 2) '&()!')(! $&3-%4(5 3$-%?- =)!6 ;*+'&2 $+!-
=)1#(&9. D "!(14 =1).!;*54 3-+1#1(1 *! 31,(!#-(* , )&#(*=)9 "& 10%. C)%12!(* %-,.+8)!)1 "&A%- .,/&"0.9)8=5 ,
3*"&2121 . +*)-%!).%* "!(121 [5]. O&A 31%*?1)1 ,!"!#. A*+8? )&#(&, $&)%*A(& ,(!#(& A*+8? )%13!+* %&,%!4.('1 *
$&+*$?-(! =*)'!='*(#-((14 -+-2-()*3.

>?9. 3
* 2.8!! $$

>?9. 4
* 6.3!! $$

>?9. 5
* 72!! $$
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K!%-?)*, (! %1=. 6-8 $%-"=)!3+-(& %&,$&"*+1 (&%2!+8(&/& ,=.3. zu (3*=8 z – =$%52&3!(! $-%$-("1'.+5%(& "&

$&3-%4(* (!$*3$+&H1(1), (&%2!+8(&/& (z < "&)1#(&/& *xz (!$%.0-(8 ().) * 72! $ ).  ;14 %1=.('*3 31"(&, H& (!
3*"2*(. 3*" =1).!;*> %&,)5/.3!((5 2!)-%*!+., "- 2!)-%*!+ A1 30- "!3(& 3)%!)13 =.;*+8(*=)8 * ,%.<(.3!3=5, 3 .2&3!4
'&()!')(&/& =)1='!((5 %-!+8(* (!$%.0-((5 ,(!#(&9 2*%&9 $-%-3-%?.9)8 /%!(1;9 )-'.#&=)* < *(?* '%1)1#(* "+5
2!)-%*!+. $!%!2-)%1.

>?9. 6 >?9. 7 >?9. 8

4. #?9)57'?

D %&A&)* 31'+!"-(* %-,.+8)!)1 2-312*%(&/& &=-=12-)%1#(&/& ='*(#-((&--+-2-()(&/& !(!+*,. (!$%.0-(&-
"-7&%2&3!(&/& =)!(. $%1 3"!3+93!((* )3-%"&> =7-%1 3 $%.0(&-$+!=)1#(. &=(&3.. @13#-(& %&,31)&' ,&(1 $+!=)1#-
(&> "-7&%2!;*>. P, .'!,!(&9 )&#(*=)9 3=)!(&3+-(* $!%!2-)%1 >> '+9#&314 =)!(*3. N&=+*"0-(& %*3-(8 2-4!(*#(14 (!-
$%.0-(8 $*" *("-()&%&2.

1.  !"!#$% &.'., K!(&1("-()1%&3!(1- 1 2-4!(1#-='1- =3&<=)3! )3-%"Q4 )-+ 3 =.A21'%&21%!4, )&('14 $%1$&3-%4(&=)(Q4 =+&54 1 $+-('!4
// R::. – 2008. – :. 50. S 12. – F. 2113-2142. 2.  !"!#$% &.'. $ ()., K-.=)&<#13&- $+!=)1#-='&- )-#-(1- 3 =$+!3- Al-3% Mg 3 $%&;-==- (-$%-%Q3(&/&
(!(&1("-()1%&3!(15 // R::. – 2002. – :. 44. S 7. – F. 1254-1259. 3. Sinclair G.B. et al., Quasi-static normal indentation of an elasto-plastic half-space by a
rigid sphere – II. Results // Intern. J. Solids and Structures. – 1985. – Vol. 21. N 8. – P. 865-888. 4. Mata M., O. Casals, J. Alcalá, The plastic zone size in in-
dentation experiments: The analogy with the expansion of a spherical cavity // Intern. J. Solids and Structures. – 2006. – Volume 43. N 20. – P. 5994-6013.
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/6"+" '#/"5,$1"+" *'0/3*'5>1"+" &1'2-11; 6/-!-(31% &#.!-1"? "#5'/$% $-2%? 1' )"6-!41% !"&)"(%5. (6"4 )"$"0%6.

The analytical investigation of character of fields of pressure is conducted at supersonic axial flow over of conical body,
through which surface the intensive distributed injection of mass of gas is made. Is proved, that the pressure reaches the
absolute maximum rating inside perturbed area of flow on a surface of separation of two flows

1. #9/06

N&=+*"0-((5 *()-(=13(&/& 2!=&$-%-(&=. (! $&3-%4(* )*+, H& ,(!4&"5)8=5 . 31=&'&?31"'*=(&2. $&)&;* /!,., 2!-
9)8 ,(!#(1< *()-%-= 5' "+5 3"&='&(!+-((5 =1=)-2 )-$+&,!41=). +*)!+8(14 !$!%!)*3, )!' * "+5 %&,%&A'1 ,!=&A*3 '-%.-
3!((5 >4 !-%&"1(!2*#(121 4!%!')-%1=)1'!21. C"(12 , $*"4&"*3 "& 31%*?-((5 )!'14 ,!"!# 6 2!)-2!)1#(- 2&"-+9-
3!((5 %-!+8(14 7*,1#(14 531H ,! "&$&2&/&9 $%12.=&3&/& 3".3. 2!=1 /!,. ='%*,8 $&%1=). $&3-%4(9 )*+.  $%!')1#-
(&> )&#'1 ,&%. (!<A*+8?1< *()-%-= 2!9)8 2&"-+*, 5'* &$1=.9)8 *()-(=13(1< 3".3, '&+1 $%1'&%"&((1< ?!% 3*")1='.-
6)8=5 3*" $&3-%4(* )*+!, $&A+1,. 5'&> +&'!+*,.6)8=5 &A+!=)8 )-#*> /!,., H& 3".3!6)8=5.

2. H59/()57'( -(*(;,

F'%*,8 &A&+&('. '%./+&/& '&(.=., H& ,(!4&"1)8=5 . (!",3.'&3&2. $&)&;*, 3".3!6)8=5 /!, %*3(&2*%(& 3"&30 3=*6>
$&3-%4(* )*+! $*" "-5'12 "&3*+8(12 '.)&2 + (0<+ <*/2) "& (->. F)%1A&' .H*+8(-((5 , $%16"(!(1< "& 21='! '&(.=!,
! ?31"'*=)8 /!,., 5'1< 3".3!6)8=5, 6 )!'&9, H& 3*"$&3*"!6 %-012. =1+8(&/& 3".3. [2], '&+1 /!,, H& 3".3!6)8=5,
3*")1='.6 $%1'&%"&((1< ?!% 3*" $&%1=)&> $&3-%4(* * +&'!+*,.6)8=5 $&A+1,. )*+!. G%1'&%"&((1< ?!%
)%!(=7&%2.6)8=5 3 )&('. ,&(. 3,!62&"*> "3&4 $&)&'*3 /!,. < . $-%?&2. (!A+10-((* ,!2*(96)8=5 '&(*#(&9 $&3-%4(-9
'&()!')(&/& %&,%13.. F4-2! &A)*'!((5 (!3-"-(! (! %1=. 1, "- P – &A+!=)8 )-#*> ,&3(*?(8&/& $&)&'. 2*0 $&3-%4(-9
=)%1A'! .H*+8(-((5 , )! $&3-%4(-9 '&()!')(&/& %&,%13. - , PP – &A+!=)8 )-#*> /!,., H& 3".3!6)8=5, 5'! &A2-0-(!
$&3-%4(521 '&()!')(&/& %&,%13. - * $&%1=)&/& '&(.=. . . D 31$!"'. (!",3.'&3&> ?31"'&=)* /!,., H& 3".3!6)8=5,
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