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THE AUSLANDER ALGEBRA FOR THE PAIRS OF IDEMPOTENT MATRICES WITH SANDWICH RELATIONS
We describe the Auslander algebra for the problem of classification of pairs of idempotent matrices A, B with the relations ABA=0, BAB=0.

AJ+ 512.552.1
(. F-.!2/", %.,., &. F?E/", /%24. =7>.-$%1. 2%?/, @. L!1#%0E?/, 4-# =7>.-$%1. 2%?/

+)A 7$!27  %#%.% D!0E!2/%, +-;0

)*")+)'!,-'( ).#*!")*$ '! !/)0(!"$1'$& !,+#2*!&
:(8$; K – !1&( < A – $#14<$6"=%$ $&'()*$ %$- K (%( 1)1='./21=1 / 1-"%"4(>). ?<%<;%"; 1!(*$61* T %$ A ),-(51 %$/"=$6"

1*61'1%$&@%"5, .2A1 T(x)T(y)=xy -&. -1=<&@%"8 x, y </ A. B"=0$>6@#. $#14<$6"=%< $&'()*" / %(6*"=<$&@%"5 1*61'1%$&@%"5
1!(*$61*15 T < '*,!$ O(A) =#<8 )<C26"=%"8 1*61'1%$&@%"8 1!(*$61*<= %$ A -&. -(.2"8 2&$#<= $&'()*. D1=(-(%1, A1 *$-"2$&
DE(21)#1%$ J(A) <%=$*<$%6%"; =<-%1#%1 -<F 6$21F '*,!". G6*,26,*$ '*,!"O(A) -1#&<-E(%$ -&. -(.2"8 2&$#<= $&'()* A.

&( AL. A 1" "";( [1] – [3] .'.7 2'10 !+"!8!/ 20/* !5$+ "!+' /  28$9+ ( B* (2*/*C/'C !5$+ "!+ :T L L' /  2-
8$9+* B* L / <'. 4"01; !+"!8!/ 20/')  9! B*-!+"!8!/ 20/'), ;,D! .',!/-4"01; -)!. [ ( ), ( )] [ , ]T x T y x y& 32; 3!.*-
20/'( ,x y L( ). A &'( 5+ &;(, <!,+$) , 3!.$3$/!, D! 5+!1"* 1,*/7$//!.')*+/*  28$9+' B* ( + ,"$+'1"',' 0 ) >"0
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2'?$ "+'.* 20/* !+"!8!/ 20/* !5$+ "!+' E) , 3$ E – "!"!#/iC !5$+ "!+ / L . :/ 2!8*7/') 15!1!9!) !+"!8!/ 20/*
!5$+ "!+' )!#/ .'</ 7'"' * /  1!&* "'./'(  28$9+ ( / 3 3!.*20/')' 5!2;)': 2*/*C/'C !5$+ "!+ :T A A' / 
 1!&* "'./*C  28$9+* A 9-3$)! / <'. "' !+"!8!/ 20/'), ;,D! xyyTxT &* )()( 32; 3!.*20/'( $2$)$/"*. .x y A( .

E,D! )' 5$+$C3$)! 3! 5+'43/ /!F  28$9+' B* ( )L A 32;  1!&* "'./!F  28$9+' A , "! 2*/*C/'C !5$+ "!+ T /  28$9-

+* B* ( )L A 9-3$ !+"!8!/ 20/') . < </ 7$/!)- .'D$ 1$/1*
A !3/!)- *< !1/!./'( ".$+3#$/0 &*4F 1" ""* – "$!+$)* 1, 3!.$3$/!, D! + 3', 2 G#$,!91!/  28$9+' A */. +* /"-

/'C .*3/!1/! 9*4,"'./'( !+"!8!/ 20/'( !5$+ "!+*. /  28$9+* A , "!)- ,!#$/ " ,'C !5$+ "!+ */3-,-4 !+"!8!/ 20/'C
!5$+ "!+ / / 5*.5+!1"*C  28$9+* / ( )A J A . A "$!+$)* 2 3 /! !5'1 " ,'( !5$+ "!+*. / !3/!5!+!3#$/'( /*205!"$/"-
/'(  28$9+ ( 1,*/7$//!F +!<)*+/!1"* / 3 3!.*20/') 5!2$) ( + ,"$+'1"',' /$ +*./!F 2. H!</ 7$//; . +!9!"* 1" /3 +-
"/*,  1!&*"'./*  28$9+' (/$ !9!.';<,!.! < !3'/'&$>) +!<82;3 >"01; / 3 3!.*20/') 5!2$). I$+$< ( )J A 5!</ 7 4"01;
+ 3', 2 G#$,!91!/  28$9+' A . G2; 3!.*20/!F  28$9+' A / 3 5!2$) K 2*.'C  /-2;"!+ .'</ 7 4"01; ;,

( ) { : 0}lAnn A x A xA& ( & ,  / 2!8*7/! 5+ .'C  /-2;"!+ ( ) { : 0}rAnn A x A Ax& ( & . G.!1"!+!//*C  /-2;"!+  1!&* -
"'./!F  28$9+' A 4 5$+$"'/!) 2*.!8! * 5+ .!8!  /-2;"!+*. ( ) ( ) ( )l rAnn A Ann A Ann A& + . I$+$< ( )Z A 5!</ 7 4"01;
&$/"+  28$9+' A , 7$+$< ( )GL A 5!</ 7 4"01; 8+-5 .1*( 9*4,"'./'( 2*/*C/'( !5$+ "!+*. / A (;, / .$,"!+/!)- 5+!-
1"!+* / 3 5!2$) K .

*()*&)@ Q@( ')@.
F!$% 1. J$( C A –  1!&* "'./  28$9+ / 3 3!.*20/') 5!2$) K * T – !+"!8!/ 20/'C 2*/*C/'C !5$+ "!+ / A . K!3*
1) ;,D! a A( – /*205!"$/"/'C $2$)$/", "! $2$)$/" ( )T a " ,!# /*205!"$/"/'C;

2) ;,D! a – !9!+!"/*C $2$)$/", "! * ( )T a !9!+!"/*C;

3) ;,D! ( ) 0lAnn A &  9! ( ) 0rAnn A & , "! "!3* 0KerT & .

<38).)&&/. 1)  !"#$ a – %&'()*+!%+%,$ !'!-!%+ & 0na  .'/ .!/0*1* 1n ! . 203* 2n k , +*
2

2

( ) ( ) ... ( ) ( ) ... ( ) 0k

k k

T a T a T a a a a a a" " "  " " " "    !!!"!!!#  !!"!!# .

203* 4 2 1n k # , +* #%#'*1&5%* -*4%# )*0#6#+,, 3* 2 2 1( ) ( ) 0k nT a T a# #  .

2)  !"#$ a A$ – *7*8*+%&$ !'!-!%+. 9*.& 1ab ba  .'/ .!/0*1* b A$ . :#;-* ( ) ( ) 1T a T b ab  &

( ) ( ) 1T b T a ba  . <=+#%%; *6%#5#;, 3* ( )T a *7*8*+%&$ & 1( ) ( )T b T a % .

3)  !"#$, %#)8,0'#., ( ) 0lAnn A  & x KerT$ . 9*.& ( ) 0T x  & .'/ .*>&'(%*1* !'!-!%+# y A$ -#;-*

( ) ( ) 0T x T y xy  , +*7+* ( )lx Ann A$ & +*-? 0x  . @%#'*1&5%* -*4%# .*>!=+,, 3* 0KerT  .'/ >,)#.0?

( ) 0rAnn A  . A!-? 1 .*>!.!%*.
 !"# 2.  !"#$ A – #=*B&#+,>%# #'1!78# %#. .*>&'(%,- )*'!- K . 9*.&
1) /03* A – #'1!78# 6 *.,%,B!C & T – 7&;0+,>%,$ *8+*1*%#'(%,$ *)!8#+*8 %# A , +* 2(1) 1T  , (1) ( )T Z A$ & .&/

T %# A 6>*.,+(=/ .* -%*4!%%/ !'!-!%+&> &6 A %# (1)T .
2) :%*4,%# >=&" 7&;0+,>%," *8+*1*%#'(%," *)!8#+*8&> %# A ?+>*8C; 18?)? >&.%*=%* >6/++/ =?)!8)*6,B&D. EC 18?-

)? 7?.!-* )*6%#5#+, 5!8!6 ( )O A .

3) 203* 2A A , +* 18?), ( )O A & AutA -#C+( *.,%,5%,$ )!8!+,% > 18?)& ( )GL A & .'/ .*>&'(%*1* AutA&$ =)8#-

>!.',>* 1 ( ) ( )O A O A%& & ' .
 !"#$#%%&. 1) F6 =)&>>&.%*G!%(

( ) (1) 1T x T x x"  "  , (1) ( ) 1T T x x x"  "  

>,)',>#; 6 *1'/.? %# 7&;0+,>%&=+( T %# A , 3* (1) ( )T Z A$ . <=0&'(0, (1) (1) 1 1 1T T"  "  , +* 2(1) 1T  & +*-?
1(1) (1)T T%  . @'! +*.& (1) ( ) 1T T x x x"  "  & +*-? 1( ) (1) (1)T x T x T x% "  " .'/ .*>&'(%*1* !'!-!%+# x A$ . 9#0,-

5,%*-, .&/ T %# A 6>*.,+(=/ .* -%*4!%%/ %# !'!-!%+ (1)T &6 ( )Z A .
2) 203* T & S – *8+*1*%#'(%& 7&;0+,>%& *)!8#+*8, %# A , +* ( ( )) ( ( )) ( ) ( )T S x T S y S x S y"  " 6 *1'/.? %# *8+*1*%#'(-

%&=+( T . H#'& ( ) ( )S x S y xy"  & +*-? TS – *8+*1*%#'(%,$ *)!8#+*8 %# A . I *8+*1*%#'(%*=+& +*+*4%*1* '&%&$%*1*

*)!8#+*8# E %# A *+8,-#;-* 6# .*)*-*1*C #%#'*1&5%," -&80?>#%(, 3* 1T % *8+*1*%#'(%,$ *)!8#+*8. 9#0,- 5,-
%*-, ( )O A – 18?)# >&.%*=%* =?)!8)*6,B&D >&.*78#4!%(.

3)  !"#$ T – 7&;0+,>%,$ *8+*1*%#'(%,$ *)!8#+*8 %# A & & – #>+*-*8J&6- #'1!78, A . 9*.& -#;-* =)&>>&.%*-
G!%%/

1 1 1 1 1 1( )( ) ( )( ) ( ( )) ( ( )) ( ( ( )) ( ( ))) ( ( ) ( ))T x T y T x T y T x T y x y xy% % % % % %& & " & &  & & "& &  & & " &  & & &  .
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E! *6%#5#;, 3* 1T%& & – *8+*1*%#'(%,$ *)!8#+*8 %# A & )&.18?)# ( )O A )*>%*D '&%&$%*D 18?), ( )GL A &%>#8&#%+%#

>&.%*=%* AutA )8, .&D =)8/4!%%/- > ( )GL A .

H#'&, %!"#$ ( )T AutA O A &$ ( . 9*.& ( ) ( ) ( )T x T y xy T xy"   , *=0&'(0, T – #>+*-*8J&6- & *8+*1*%#'(%,$ *)!8#-

+*8 *.%*5#=%*. I 8&>%*=+& xyxyT  )( .'/ .*>&'(%," ,x y A$ )8, ?-*>& 2A A >,)',>#;, 3* T E – +*+*4%&$ *)!-

8#+*8. 9#0,- 5,%*-, ( )O A AutA E(  )8, ?-*>& 2A A . I#?>#4,-*, 3* > 6#1#'(%*-? >,)#.0? &6 .*>!.!%%/ '!-,

>,)',>#;, 3* 0*4!% '&%&$%,$ *)!8#+*8 &6 )!8!+,%? ( )O A AutA( .&; +*+*4%(* %# 0>#.8#+& 2A #'1!78, A .

$#%&'()* 1.  !"#$ A – #=*B&#+,>%# #'1!78# 6 1 %#. .*>&'(%,- )*'!- K . 9*.& 18?)# ( )O A >=&" 7&;0+,>%," *8+*-

1*%#'(%," *)!8#+*8&> %# A &6*-*8J%# -?'(+,)'&0#+,>%&$ 18?)& >=&" !'!-!%+&> )!8&*.? 2 &6 B!%+8? ( )Z A . I*08!-#,

( )O A #7* *.,%,5%#, #7* #7!'!># )!8&*.? 2.

$#%&'()* 2.  !"#$ A – %#)&>)8*=+# =0&%5!%%* >,-&8%# #'1!78# %#. )*'!- K . 9*.& ( ) { }O A E ) .

+!),!"# 1.  !"#$ A – #=*B&#+,>%# #'1!78# %#. .*>&'(%,- )*'!- K & ( )J J A – 8#.,0#' H4!0*7=*%# #'1!78,
A . 9*.&

1) /03* T – 7&;0+,>%,$ *8+*1*%#'(%,$ *)!8#+*8 %# A , +* ( )T J J' ;

2) /03* T – .*>&'(%,$ *8+*1*%#'(%,$ *)!8#+*8 %# A & 2A A , +* ( )T J J' .
 !"#$#%%&. 1) K&6(-!-* .*>&'(%,$ !'!-!%+ ( ) ( )T a T J$ .'/ .!/0*1* a J$ & .*>&'(%,$ !'!-!%+ b A$ . <=0&'(0,

T – 7&;0+,>%,$, +* ( )b T c .'/ .!/0*1* c A$ . 9*.& *+8,-#;-* =)&>>&.%*G!%%/

( ) ( ) ( )T c T a c a b T a J"  "  " $ .

<=+#%%; *6%#5#;, 3* ( )AT J J' . @%#'*1&5%* -*4%# )*0#6#+,, 3* ( )T J A J' . F6 B," =)&>>&.%*G!%( '!10* >,)',-

>#;, 3* ( )J T J# – .>*=+*8*%%&$ &.!#' #'1!78, A & )8, B(*-? >,0*%?;+(=/ =)&>>&.%*G!%%/
2( ( ) / ) / 0J T J J J J# '  ,

+*7+* ( ) /J T J J# – &.!#' 6 %?'(*>,- 0>#.8#+*- %#)&>)8*=+*D #'1!78, /A J . @'! +*.&

( ) / 0J T J J#  & ( )T J J' .
I#?>#4,-* +#0*4, 3* .'/ #=*B&#+,>%," #'1!78 6 *.,%,B!C +>!8.4!%%/ 1 +!*8!-, >,)',>#; 6 +*1*, 3* .&/ T %#

A 6>*.,+(=/ .* -%*4!%%/ %# (1)T .

2) H'/ .*>&'(%," !'!-!%+&> ( ) ( )T a T A$ & ( ) ( )T b T J$ -#;-* ( ) ( )T a T b ab J $ . I>&.=, >,)',>#;, 3*
2( ) ( )T A T J J' (7!6)*=!8!.%/ )!8!>&80#). L*0#4!-* +!)!8, 3* 2 2( )T A A . H&$=%*, >0'C5!%%/ 2 2( )T A A' *5!>,-

.%!. K&6(-!-* .*>&'(%,$ !'!-!%+ a &6 2A . 9*.& 6# *6%#5!%%/- i ja a a * – =0&%5!%%# =?-#, .! ,i ja a A$ . I>&.=,

*+8,-#;-*
2( ) ( ) ( )i j i ja a a T a T a T A *  * $

& +*-? 2 2( )A T A' . I# ?-*>*C +!*8!-, 2A A & +*.& -#;-* 2( ) ( )AT J A T J J ' . H#'&, )*>+*8CC5, -&80?>#%%/ &6
.*>!.!%%/ 5#=+,%, 1 +!*8!-,, %!>#40* )!8!0*%#+,=/, 3* AJ J' & JA J' . 9!*8!-? 1 .*>!.!%*.

 !"# 3.  !"#$ A – #=*B&#+,>%# #'1!78# %#. .*>&'(%,- )*'!- & T – 7&;0+,>%,$ *8+*1*%#'(%,$ *)!8#+*8 %# A .
9*.& ( ) ( )T Ann A Ann A' i T &%.?0?; 7&;0+,>%,$ *8+*1*%#'(%,$ *)!8#+*8 %# &.!#'& Ann A & %# J#0+*8-#'1!78&

/A Ann A .
 !"#$#%%&. H'/ .*>&'(%," !'!-!%+&> x Ann A$ & y A$ -#;-* =)&>>&.%*G!%%/

0 ( ) ( ).x y T x T y"   
203* !'!-!%+ y )8*7&1#; #'1!78? A , +* ( )T y +#0*4 )8*7&1#; >=C #'1!78? A & +*-? ( )T x Ann A$ , +*7+*

( )T Ann A Ann A' . L8,)?=+,-*, 3* .'/ .!/0*D #'1!78, A & '&%&$%*1* *8+*1*%#'(%*1* *)!8#+*8# T >0'C5!%%/

( )T Ann A Ann A+ =+8*1!. K&6(-!-* .*>&'(%,$ !'!-!%+ \ ( )x Ann A T Ann A$ . <=0&'(0, T =C8';0+,>%,$, +* &=%?;

!'!-!%+ y A$ +#0,$, 3* ( )T y x . I *1'/.? %# =)&>>&.%*G!%%/ ( )T Ann A Ann A' , /0! 7?'* .*>!.!%! >,3!, -#;-
-*, 3* y Ann A, . @'! +*.& &=%?; !'!-!%+ z A$ +#0,$, 3* 0yz - (#7* 0zy - ) I>&.=, *+8,-#;-*

( ) ( ) ( ) 0yz T y T z x T z  "  , 3* %!-*4',>* (>,)#.*0 0zy - 8*61'/.#;+(=/ #%#'*1&5%*). <+8,-#%# =?)!8!5%&=+( )*0#-

6?;, 3* ( )Ann A T Ann A' & +*-? ( )T Ann A Ann A . <=0&'(0, '&%&$%,$ *)!8#+*8 T %# Ann A , *5!>,.%*, &%';0+,>-
%,$, +* 6>?4!%%/ T %# Ann A ; 7&;0+,>%,- *8+*1*%#'(%,- *)!8#+*8*-.

A!10* 7#5,+,, 3* &%.?0*>#%,$ *)!8#+*8*- T %# J#0+*8-#'1!78& /A Ann A '&%&$%,$ *)!8#+*8 T ; *8+*1*%#'(-

%,-. L*0#4!-*, 3* T 7&;0+,>%,$. H&$=%*, /03* 1 2( ) ( )T x Ann A T x Ann A#  # , +* 1 2( )T x x Ann A% $ . @'!, /0 %!>#4-

0* )!8!0*%#+,=/, &6 ?-*>, ( )T x Ann A$ >,)',>#; (6 ?8#"?>#%%/- 7&;0+,>%*=+& T %# A & %# Ann A ), 3* x Ann A$ .
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9*-? 1 2x x Ann A% $ , +*7+* 1 2x Ann A x Ann A#  # & T &%';0+,>%,$ %# J#0+*8-#'1!78& /A Ann A . <=0&'(0, T 7&;0-

+,>%,$ %# A , +* T , *5!>,.%*, =C8';0+,>%,$ %# /A Ann A & +*-? T – 7&;0+,>%,$ '&%&$%,$ *)!8#+*8 %# /A Ann A .
$#%&'()* 1. 203* A – %&'()*+!%+%# #=*B&#+,>%# #'1!78# %#. .*>&'(%,- )*'!- & T – *8+*1*%#'(%,$ 7&;0+,>%,$

*)!8#+*8 %# A , +* T &%.?0?; 7&;0+,>%& *8+*1*%#'(%& *)!8#+*8, %# >=&" %!%?'(*>," !'!-!%+#" #%?'/+*8%*1* 8/.?
#'1!78, A (>'#=+,>*=+& #%?'/+*8&> &.!#'&> .,>. [4, =.260-261]).

-,.*&#( 1.  !"#$
2 2, | , , 0, 0A K x y xy y x x y yx .     /

– .>*>,-&8%# #=*B&#+,>%# #'1!78# %#. )*'!- K . L*0#4!-*, 3* ( )O A E ) , .! E – +*+*4%&$ *)!8#+*8 %# A .

H&$=%*, > 7#6,=& { , }x y 6#),G!-*

11 21( )T x x y 0 #0 , 12 22( )T y x y 0 #0 .

9*.& ( ) ( )T x T y xy y  & +*-? )&='/ )!8!-%*4!%%/ *+8,-#;-*
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ORTHOGONAL OPERATORS ON ASSOCIATIVE ALGEBRAS
Let K be a field and A an associative algebra over K (not necessarily with unit). A linear operator T on A will be called orthogonal if T(x)T(y)=xy

for all x, y in A. Associative algebras with a nontrivial orthogonal operator T and groups O(A) of bijective orthogonal operators on A are studied
for some classes of algebras. It is proved that the Jacobson radical J(A) is invariant under such a group. The structure of the othogonal group O(A)
is investigated for some types of algebrasA.
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