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Y emammi docniosceno cmpykmypy MHOMCUHU YCIX CKIHUEHHO NOPOOANCYBAHUX KOMYMAMUSHUX HANIGZPYN
CneyianbHUX YHIMAapHUx onepamopie (Mmepmin «CHeyianbHUully O3HAYAE, WO GUHAYHUK Mampuyi, sKa
BUBHAYAE  VHIMAPHULL ONepamop, OOPIGHIOE OOUHUYI) Yy  2-8UMIPHOMY KOMWIEKCHOMY HPOCHMOPI.
Oxapaxmepuzo8ano KOMymamueHi CKIHYEHHO NOPOOJICY8AHI Hanigepynu obepmis cpepu bnoxa nasxono
KOOpOUHamHux gicei. ¥ 0emansax 00CHIONCEHO CMPYKMYPY MHOICUHU VCIX KOMYMAMUBHUX HANIGSPYN, SKI
nopoodHCYIOmMbCsl 080Ma enemenmamiut. Buodineno oesxi KOMymamueHi MOHOIOU, SKi NOPOOANCYIOMbCSL 080MA
enemMenmamu.

Knrouosi cnosa: ynimapri onepamopu, CKinueHHO HOPOOIICYBAHT HANIGZPYNU, KOMYMAMUBHICD.

In the given paper it is investigated the structure of the set of all finitely generated commutative
semigroups of special unitary operators (the term «specialy means that the determinant of a matrix that
defines unitary operator equals to unit) in 2-dimensional complex space. Commutative finitely generated
semigroups of rotation of the Bloch sphere around coordinate axes are characterized. Also it is investigated
in detail the structure of the set of all commutative semigroups that are generated by two elements. Some

commutative monoids generated by two elements are extracted.
Key Words: unitary operators, finitely generated semigroups, commutability.
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Introduction

One of basic problem of quantum finite automata
(QFA) theory is characteristic of languages accepted
by this or the other model of QFA under these or the
other restrictions on the model of QFA, as well as on
the set of associated unitary operators.

It is well known that there exist different models
of QFA intended to recognize languages in the given
alphabet (the state of the art for the theory of finite
QA is presented in [1]). One of basic restriction on
the model of QFA is the number of measurements of
its state. Basic models for QFA with measurement
of a state at finite instant only are MO-1QFA, L-
QFA kQFA (k22) (see [2-4]) and L-k QFA
(k22) (the last model was introduced in [5] as
generalization of the model L-QFA for multi-
letter case). These four models in the case of 1-qubit
QFA were investigated in [5] under assumption that
associated unitary operators are rotations of the
Bloch sphere [6] around the Y -axe. One of basic
restriction on the set of unitary operators associated
with QFA is the property “to commute each with the
others”. Thus, the problem of investigation of the
structure of the set of all finitely generated
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commutative semigroups of unitary operators is
actual one for the theory of semigroups, as well as
for QFA theory. Unfortunately, this problem is not
resolved in general case. Some  general
characteristics of such semigroups were established
in [7].

In the given paper it is investigated the
structure of the set of all commutative finitely
generated semigroups of special unitary

operators 7 :C?> —C’ (unitary operator V is
special if and only if det(V) =1y,

Remark 1. Our restriction to consider special
unitary operators ¥ :C”> — C? is justified only by
the factor that any unitary operator U :C> —C? can
be presented in the form U=e”V, where 0 €R
and V' :C* - C? is some special unitary operator.

This case is the simplest non-trivial one for
unitary operators, and it is intended to characterize
the structure of some important class of languages
accepted by 1-qubit QFA.

1. Basic notions
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Let V' be the set of all special unitary operators
V:C*>—>C” and S be the set of all finitely
generated commutative semigroups G=(G,) , such
that OSV . The semigrop generated by elements
VisesVi €V (k€N) s denoted by (<V1>~--aVk>»').
Without loss of generality in what follows it is
suggested that for any semigroup (<V1""’Vk>") €S
(k22) the following condition holds

(Vr,r, eN ) #r, = (VneN)V,' #V,)) (1)

It is well known (see [6], for example) that any

special unitary operator ¥’ €V can be presented in
the form

e cos% —e#sinL
V= (a,B,7€R) (2)
e#sinl e cost (
2 2

Thus without loss of generality we can assume in
what follows that V' is the set of all unitary operators

V' defined by identity (2), such that @/ €[0,27)
and 7 €[0,47)

Important special unitary operators U :C> — C?

1 2 3
are R; ) , R; ) and R; ) are defined by formulae

cos 0.5Z —isin 0.5Z
R(l) 2 2
7 : 4 /4
isin0.5 cos 0.5%
2
cos 0.5Z —sin 0.5Z
R 2 2
Y
sin 0.5Z cos 0.5Z
2 2
(3) _ eﬁ; 0
R = 7
0 ez

1 2 3

Unitary operators R;), R;(/) and R;(/) are rotations
Y

of the Bloch sphere through the angle B

correspondingly, the *-axe, the ¥ -axe and the Z-

axe. It is well known that any special unitary

V:C*>C? can be

.. — RO P2 PG
superposition V_Rn Rn R73 .

2. The structure of the set S
Let

around,

operator presented as

S ={()IVevy,

It is evident that the following lemma holds.
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Lemma 1. The set 1 consists of all commutative
cyclic semigroups.
Let
VO ={RY |y el0,4n)} (1=123)
Setting
S ={()) v ev®y (1=123)
we extract in the set 91 the sets of all commutative
cyclic semigroups of rotation of the Bloch sphere
through fixed angle around fixed coordinate axe.
Since for any 71>72 €[0,47) holds identity
Op) _ pOp) _ p) —
R,'R"=RR =R (1—1,2,3), 3)

n-oorn 72 (71+72)(mod47)
(RDY eSS (yel0,47),1=1,23) is fini
then y ] €9 v A7), »459) is finite

semigroup if and only if 7 (mod7)eQ,

Identity (3) implies that it can be extracted the
following important subset of the set of all finitely
generated commutative non-cyclic semigroups

Vi,V ) )eS (k22).
Forall k=2 (K€N) we set
* _ [ p o) o

S =(RP,...RY),)IR

) )
" ,...,Ryk eV &
& (Vr,r, e N )(VneN)(n, #r, =
() \n ) —
= (Rm )" # Ry,2 )b (1=123)
It is evident that for any two fixed numbers
Vns?n €10:47) (7, #7.,) and any integer {€N3

(H\n _ l .
identity (R;/I )" = Riz) holds for some integer 7 € N

ifand only if *7n ~7n = 0(mod 47)
Let
Sy =US® (1=1.23)
k=2 )
and
3
S :lL_JlSzl .
Thus, the following lemma holds.

Lemma 2. The set S2 consists of all finitely
generated commutative non-cyclic semigroups of
rotation of the Bloch sphere around fixed coordinate
axe.

It is evident that any commutative semigroup
) ) (k)
(<R71j e R >")€ S (where k€N (k22) 4pnq
Jj=123 ) is finite one if and only if 7 (mod 7)€ Q

for all integers © € Ny .
Now we investigate the structure of the set of all
finitely = generated  non-cyclic =~ commutative

semigroups (<V1 e Vi > eSS (k22)
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To achieve our aim it is sufficient to investigate
conditions under which commute two different
special unitary operators
g Y
i smT"
“ | (=12 (4

if; . 7 —ia;
e sm?j e ' cos—L

ia 7/
e cos=L —e
2

V,=

such that @;-8; €[0.27) (j=12) anq 7, €[0,47)
(/=12

Remark 2. We would set these or the others
restrictions on the structure of special unitary
operator Vi and determine corresponding restrictions

on the structure of special unitary operator 23

Formula (4) implies that
W, =ny <
(ei(—ﬂ1+ﬁz) _ ei(—ﬁz+ﬁ1))sinﬁsin7_2:0
P eiﬂ] (eial _ e—ial )Sinj/_zcos% = =
=2 (' — 7™ )sinﬁcosy—2
2
(eCAP) sinZlsin 22 =
2
By . .72 Vi _
e sin ¢, sin = cos — =
< LY 2 - (%)
=" sina, sin L cos 2

The first identity in (5) implies that we can
analyze the following cases.
Case 1. Let

sin % —0 (7, €[0.47))
Thus, 71 € 10,27}
. : 7/1 _ 7/1 =41 :
Setting sm; =0 and 0057 ==l in (4) we get

that V1 €V (051), where
Vi(@) = (R —RY} (2e[027)) ()
and

ia

R® z[e

It is evident that special unitary operator RS)

(a €[0,27)) s rotation of the Bloch sphere through
the angle ~ ¢ around the Z -axe.
Thus, identity

PAPB _pBRG _ pd
RORY =RPRY =R

(a1 +ay)(mod27)

Q J (x €[0,27))
0 e )

holds for any #1-%> € [0,27) .
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The second identity in (5) takes the form
sin a, sin %2 =0 (o €[0.27),7, €[0.47) (7

The following cases can take the place.
Case 1.1. Let

sin%zo (7, €[0.47))
Thus, 72 € {027}
: V2 72 _4q .
Setting sm; =0 and 0057 ==£l in (4) we get

that that V> €Vi(a,) .

Let
S, = US®
k=2
where
SO =V V)iV e U Vi(@) &

wel0,27)
& (Vr,r, eN)(VReN)(n #r, =V, #V, )}

It is evident that for any two fixed numbers
a,.a, €[0,27).

. _p® _p®
1) if Vs =R d Vn =R,

an an r Vr

__p®
i __Ra,]

, or

holds for

if relation

then identity Vi =V,
some integer "E€N if and only
na, —a, =0(mod2r) holds:

—_p® —_p®
2) if Vy _Ra,l and Vs __Ra,2 , then identity

3
and "n T "a,

V' =V., holds for some integer 7 €N if and only if
77 (na, ~a,,) is odd integer;

__p® _p®
3) if Vo ="Rs and V» =Ra, | then identity
Vrf = Vrz holds for some integer 7 € N ifand only if

. -1 .
either ? and 7 (na, —a,) are odd integers, or "

is even integer and relation %, ~ &, =0(mod27)
holds.

Thus, the following lemma holds.
Lemma 3. The set 93 consists of finitely
generated non-cyclic commutative semigroups.
It is evident that it holds inclusion
Sy S(223) .

Case 1.2. Let

sin ]/72 =0 (7, €[0,47))
Thus, 72 €[0,47)\{0,27}
Identity (7) takes the form

sina; =0 (o, €[0,27))
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Thus, @ €{0,7} and identity (6) takes the form

Vi e{l,=I} where ! is the unit 22 -matrix.

Let

V, = {I 1 }

and V5 be the set of all special unitary operators
VeV  defined by formula (1), such that
7 €[04m)\{0.27} ang V" 2V, forall n€N |

We set

S, = {(<V1:V2>a‘)} |V, eV,,V, eV}

Thus, the following lemma holds.

Lemma 4. The set S4 consists of finitely
generated non-cyclic commutative semigroups.

Remark 3. It is evident that if in the case 1 we set

(7, €[0,47))

(71 €10,47)) | we get the same lemmas 2,3 and 4.
Case 2. Let

sin/2 =0 instead of sin % =0

sin% =0 (y, €[0,47))

e ’ (®)
sm7 =0 (v, €[0,47))
Thus, 7, €[0:47)\ {027} (j=12)
The first identity in (5) takes the form
e2CAR) _1 (B, B, €[0,27)) )

Without loss of generality we can assume that it
holds inequality B < B, (since if B> <P we can
set Vi =V and V2 =V ).

Since B; €[0:27) and By < B, then identity (9)

implies that either 52 =81, or Bo =B +7
Formula (4) implies that:

1) if £2 = B then

e’ cos% —e P sin%
Vil U=Ds o)
ePsintL " cos L
2
2)if £2 =P + 7 then
e’ cos% —eh sin%
=l L an
ePginll e cos L
2
e’ 0057_2 e b sin]/72
V= . (12)
—ePisin 2 erier o 72
2 2

The second identity in (5) takes the form
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sing, sin%cos% =tsina, sin%cosy?2 , (13)
where 7172 €[0,47)\{0,27}

The following cases can take the place.

Case 2.1. Let

cos% =0 (7, €[0,47)\{0.27})
Thus, 71 €{7.37}
. 7/1 _ 3 71 _+1
Since 0057—0 and s1n?—_ then formulae

(10) and (11) imply that V1 € Vi(5)), where the set
Vi(B) (B€l0,27)) is defined by identity

ViB)=t5=T s} (Bel022), (14
and
0 —e”
J,=| . (B €[0,27))
ﬁ (elﬂ 0 ] ﬁ .

Identity (13) takes the form
- 4

sina, 00572:0’ (15)

where 72 €[0,47)\ {0,277} apnq @, €[0,27)
The following cases can take the place.
Case 2.1.1. Let

cos% —0 (7, €[047)\{0,27})
Thus, 72 € {737}

Y .Y
Since C0572=0 and SlIl?Z:il, we get that

V,eVy(p) .
Disequality V2> #V) and formulae (14) imply that

it holds identity V> ==V, where V1 € AVN
Let

S, =) IVe U VB
Be0,27) .

Since for any number B €l0.27) nolds identity
J ; =—1 ($€[0.27)) the following lemma holds.

Lemma 5. The set S4 consists of finite finitely
generated non-cyclic commutative semigroups.

Case 2.1.2. Let COS%2 #0 (7, €[0,47))

Thus, 72 € [0,47)\{0, 7,27 37}
Identity (15) takes the form
sina, =0 (a, €[0,27))
Thus, %2 € {0, 7} |
Since €“ ==l then identities (10) and (11)
imply that V> € Vs (B1), where the set Vs ()
(f €[0,27)) is determined by identity
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V,(B)= U Vs(7,B) (B e[0,27)) Identity (13) takes the form
7€[0,47)\{0,7,27,37} s sina, = 0 (az c [03272-)) ]
where
‘ S 7 B Formulae (10)-(12) imply that:
an , , 1)if B2 =By then
—if
cos— —e 7 sin= , } .
U _ 2 2 icosy—" —eh sin&
1 (79 ﬂ) ) y y , _ 2 2 .
e’ sin - cos— V= 7. 4 =L2); (17
2 ePsin=L  +cosL
y y 2 2
cosy e sy 2)if B2 =B +7 then
vinp=| 2 2
—e’sint cos- +oostl e gin L
2 : V= 2 (18)
U3(7/5/B):_U2(]/’/B)’ e[ﬁl Slnﬁ icosﬁ ’
U4(7/,/B):_U1(}/aﬂ), 2
It is evident that: + cos 72 e sin 72
1) if B=0 then Ui (7, /) is rotation of the Bloch Vv, = 2 2 (19)
¥ iB V2 n Vo |
—e”sin~=  +fcos=
sphere through the angle 5 around the ¥ -axe; 2 2

i p=Z U o Formulac (17)-(19) imply that V> €V5(72.5)
2) if 5—7 then U2(7:8) is rotation of the and Vi €V6(71a,31), where the set Ve B) i

y defined by identity
Bloch sphere through the angle 5 around the ¥ -axe. Vo7, B)={U,(7,B),Us (7, B.)}
Let Let
Ss= U U Ss(7.8) Se=_ U S¢(B)
pel0,27) y€[0,47)\{0,7,27,37} 5 Pel0,27) s
where where
Ss(r. B) =N V)V eVi(B) & Se(B) = U {(N.V2) 1V eVe(r1, B &

71,72€[0,47)\{0,7,27,37}
&V, eVs(7,, B) & (VneN)I" £V, &V # 1))},
Thus, the following lemma holds.

&V, eVs(y, p) & (VneN)(Vy #V))},
Thus, the following lemma holds.

Lemma 6. The set S5 consists of finitely

. . . Lemma 7. The set ¢ consists of finitely
generated non-cyclic commutative semigroups.

generated non-cyclic commutative semigroups.
Remark 5. It is evident that if in the case 2.2.1
set COS%ZO (7, €[047)\{0.27})  instead of we set Sina, =0 (a; €[0,27)) jnstead of setting
” sina; =0 (a, €[0,27)) | we get the same lemma 7.
0057=0 (71 €[0,47)\{0,27}) | we get the same Case 2.2.2. Let

lemmas 5 and 6. {sin a, %0 (a, €[0,27))

Remark 4. It is evident that if in the case 2.1 we

Case 2.2. Let sina, #0 (a, €[0,27))
cosZL 40 (7, €[0,47)) Thus, @1, €[0,27)\{0, 7}
2 (16) Identity (13) takes the form
V2 ' i
cos 22 =0 (7, €[0,47)) Smey _ o, e
2 sina, 8 2 <t 2> (19)

¥, €[0,47)\ {0, 7,27 ,37}
¥E:séovlzzv%?;g};§si/; c}:n take the piace ' under conditions  that 71.7> €[0.47)1{0.7.27.37}

Case 2.2.1. Let and 1,¢%, €[0,27)\{0,7}
sina, =0 (o €[0.27))
Thus, we get that &1 € {0, 7} |
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Let S'(B1) be the set of all unordered pairs

.1} of special unitary operators, such that the
following three conditions hold:

1) unitary operators Vi (G=12) are defined by
formula (10), where 71,72 €[0,47)\{0, 7,272, 37}
and @12, €[0,27)\{0, 7}

. _ sinozl o e 2
2) identity g~ &5 Cg holds

3) disequalities Vi" #V, (”EN) and V> 2V,
(n€N) hold.
Similarly, let S"(B1) be the set of all ordered

pairs (V.72) of special unitary operators, such that
the following three conditions hold:

1) unitary operators Vi is defined by formula (10)
and unitary operators V> is defined by formula (12),
under supposition that 71>72 € [0,47)\{0, 7,27, 37}
and 1>, €[0,27)\{0, 7} .

Vi

sin o ctg
2

2) identity a, -

holds

3) disequalities V)" #V, (n€ N) and V3 #V
(n&N) pold.
Let

S;= U {<V1aV2>|{V1aV2}€S'(ﬂ1)}U

Biel0,27)

VAR N AN €SB}

Byel0,27)
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Thus, the following lemma holds.

Lemma 8. The set 7 consists of finitely
generated non-cyclic commutative semigroups.

Lemmas 1-8 and inclusion S5 <S5 imply that
the following theorem holds.
7
S S.
Theorem. It holds inclusion ~ = Lle I
j#3

Conclusions

In the given paper the structure of the set of all
commutative finitely generated semigroups of
special unitary operators V:C*—>C® s
investigated. Obtained results form strong base for
investigation of subclasses of languages accepted by
models of I-qubit QFA with measurement of a
state at finite instant only.

SUS

Jj=1
J#3

possible trend for future research. Analysis in detail
the structure of the subset of all finite (also of all

Solving the problem 7 forms some

infinite) semigroups GeS . Characterization the
structure of the subset of all monoids G €3S , as well

as of the set of all groups GeS determines the third
trend for future research.
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