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Y ecmammi sanpononosare Y3a2arvHerHA 4acmKr06020 6inyeso20 dobymxky. osedeno, wo ysaeans-
HENUT 4acmKo8ul einuesuli dobymox nanisepyn € nanisepynoto. Iokxazaro, wo yzaeasvrerutd wacmro-
sull 8inYesuli JOOYMOK THEEPCHUT HANIBZPYN € THBEPCHON HANIB2PYNO10. SHaldeno suzand 1demnomen-
M8 Y3G2aAbHEN020 YACNKOB020 GIHUEB020 JOOYMKY HANIB2PYN.

Karwmosi caosa: nanisepyna, wacmxosull sinyesuts dobymoxk, yza2asvHeHutl 4acmyosutl eiHyesul
dobymox, idemnomenm.

The construction of wreath product is well-known and widely used both for groups and semigroups.
It gives a possibility to get new group (semigroups) from old. The semigroup of partial automorphisms of
a rooted tree of a special kind is isomorphic to partial wreath product of inverse symmetric semigroups.
However, sometimes it is necessary to consider a construction similar to wreath product, but which
allows to get wreath product of a semigroup (group) with a set of semigroups (groups). It is shown In
the present paper a generalization of partial wreath product of semigroups is introduced. It is proved
that the generalized partial wreath product of semigroups is a semigroup. Besides, it is shown that the
generalized wreath product of inverse semigroups is an inverse semigroup. It is also shown that under
certain conditions the generalized wreath product of semigroup is isomorphic to the direct product of
wreath products of semigroups. The description of idempotents of a generalized partial wreath product
1$ provided.
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1 Introduction 2 Partial wreath product of semigroups

The wreath product construction is a useful tool We follow notations from [3].
to obtain new groups or semigroups from old.

However, it is interesting object of study. Dependi- group of partial transformations of a finite set M.

ng on type of semigroups, slightly different modi-  gnsider the set SPX of partial functions from M
fication of wreath product are considered. The , p.

most comprehensive survey is contained in [3]. In
certain cases it is convenient to have a possibili-
ty construct a wreath product of a group (semi-
group) with a set of groups (semigroups), for
example, when describing closed subsemigroups If f,g € SPX, then product fg is defined in a
of a semigroup of partial automorphisms of a following way

rooted tree [1]. The generalized wreath product
introduced in this paper provides such a possibi- dom(fg) = dom(f) N dom(g)
lity. We consider a generalized wreath product of ’
semigroups and study its basic properties. (f9)(x) = f(x)g(x) for each z € dom(fg).

Let P be a semigroup and (H, M) be a semi-

SPX —{f: A— P|dom(f)=A,AC M}.
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If he H, f € SPX, then f" is defined as follows:
dom(f") = {z € dom(h) : 2" € dom(f)} =
(ran(h) N dom(f)h~", (f*)(z) = f(a).

Definition 2.1. Partial wreath product of a semi-
group P with a semigroup of partial transformati-
ons (H, M) of a finite set M is a set

{(£.h) € "% x (H,M) | dom(f) = dom(h)}
with multiplication defined by
(f,a)(g,b) = (fg",ab).

Partial wreath product of semigroups P and
(H, M) is denoted by P, H.

Proposition 1. [2]

1. Partial wreath product of semigroup Py, H is
a Semigroup.

2. If semigroups P and (H,M) are inverse then
the semigroup Py, H is inverse. The inverse
element to (f,h) is the element (f ,h)~! =

(#2772, m).

3 Generalized partial wreath product of
semigroups

Let H be a semigroup which acts (possibly, parti-
ally) on a set M, {P,},enm be any set of semi-
groups satisfying condition:

if y € 2 (that is, y = 2" for certain h € H),
then Py, C P,.

Definition  3.1. Generalized partial wreath
product of a group (semigroup) (H,M) with a
set of semigroups { Py }zecns is a set

GWr(H, M, {P,}) =
={(f,h) | he H, f: M — | P,

f(z) € Py, dom(f) = dom(h)}
with multiplication defined by

(i, h1)(f2, ho) = (fLf3*, haho),
where (f1,h1), (f2, h2) € GWr(H, M, {Py}).

We define the product of functions fi; and fo
in the same way as for usual wreath product:

(frf2)(x) = fi(z) f2(2),

and we also define

(1)
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Theorem 3.1. The generalized partial wreath
product GWr(H, M,{P,}) of semigroup (H, M)
with the set of semigroups { Py }zenr forms a semi-
group under multiplication defined by (1).

Proof. We show that the set GWr(H, M,{P,}) is
closed under multiplication.

Let (fl,hl),(fg,hQ) S GW’I“(H,M,{PI})

Note that

dom(fl) = dom(hl)
and

dom( f2) = dom(hya).
Then

(f1,h1)(fa, ha) = (frf2* hihs).

Clearly, h1hy € H.
Since Pn, C Py, then fo(z") € P, and

ALY @) = fi(@) fa(a™) € Py
And we need to check that equality
dom(flfgl) = dom(hlhz)

holds. We have

dom(h1hg) = (ran(hy) N dom(hg))hi?,

dom(f2) = (ran(h1) N dom(f2))h; L.

Since
dom(f1 f3) = dom(f1) N dom(f3")
and

dom(f1) = dom(hy), dom(fz) = dom(hs),

then

dom(fify') =
= dom(hy) N (ran(hy) Ndom(f2))ht =
= (ran(h;) Ndom(hy))hy! = dom(f2).

To complete the proof, we note that every set
Ah7!is contained in dom(hy).

Thus, (f1,h1)(f2,he) € GWr(H, M,{P,}),
and generalize wreath product of semigroups is a
semigroup.

O
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Consider now the semigroup GWr(H, M,{P,}).

On the set M we introduce a relation ~:
d
x~y é{ x € yH,
that is, there exists h € H such that = = y".

Lemma 1. If H is an inverse group, then relati-
on ~ 1s the equivalence relation on the set M.

Proof. Clearly, x € zf
Since H i 1s an inverse bemlgroup, then z = y"
implies y = 2"~ . Thus, z € y¥ implies y € 2.
Let + ~ y and y ~ z. Then there exists
hi,hy € H such that x = ¢y, y = 2. Tt follows
r=yM =2MM and z ~ 2. O

Lemma 2. For equivalence relation ~ the followi-
ng holds: if x ~y, then P, = P,.

Proof. It follows from the definition of the
generalized wreath product that z € y implies
P, C P,. Since ~ is symmetric, then P, C P,. [

Theorem 3.2. If semigroup H and all the semi-
groups of the set {Py},en are inverse, then semi-
group GWr(H, M,{P,}) is inverse.

Proof. Let H and { P, },cn be inverse semigroups.
If (f,h) € GWr(H, M,{P,}), then h~! € H and
(") e P
Thus, (/)"
The element (( f
(f,h). Indeed,

e GWr(H, M, {P.})
AT

1Y is inverse for

(F R Rh
)"H" hRTY) (f, k) =

(f ) (f )" (f h) =
= (f.h) = (F((S"

1

= (F((" )™ = h) = (f, h).
Similarly,
(F )RR = ()7 Y.

As H and {P,},cp are inverse, the uni-
queness of the element (f,h)~! follows from the
uniqueness of the elements 2! and (ff~)~!. O

Since ~ is equivalence relation, the set M
is partitioned into disjoint union of equivalence
clases:

M=MUM,U...UM,..
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Theorem 3.3. If the semigroup H is inverse, then
generalized partial wreath product is isomorphic to
the direct product of partial wreath products:

k
GWr(H, M, {P-Ti}f:l) = H(PCB'L Zp(Ha M;))
i=1
where x; € M;, 1 =1,2,...,k.

Proof. Let (f,h) € GWr(H, M, {P;,}¥_,). Consi-
der the map

k

H(Pifz Zp(Hv MZ))a

i=1

2 GWT<H7 M7 {Pafz}le) -

which acts as
(fih) —

= <(f‘M1’h‘M1)7 (f‘MQ’h‘M2)7 ’(f‘Mk’h|Mk)> :

First, we check that for all i = 1,2,...
(f\Mi,h]Mi) is in Py, 4, (H, M;).

K

Let x € M; for some ¢ = 1,...,k. Since M; is
an equivalence class, then for every h from H we

have z 1M € M;. Therefore, h‘M (H, M;).
From the definition of a generahzed wreath

product it follows that f(x) € Py, for any x € M.

Denote dom(f;) = B;. Clearly, B; C M;. From

above we have

is a function from B; C M; to P,, as required.
Therefore, (f}Mi, h‘Mi) € Py, w(H, M;)

Show that the map given above is a
homomorphism. On one hand, we have

(fg", hb)
= (((9)" a1y 7Bl o1,)-

On the other hand,
((f’Ml’h’Ml)’ ’(f’Mk’h‘Mk)) X
X ((Q‘Mpb‘Ml)’ ’(g‘Mk’b‘Mk)) =
(ZE

(6" ) ], =

= ((€F9)" gy bl g, )5+ ((F9)" g B0y ) -

((£9)" | W] 01)) -
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It is left to prove that this map is bijecti-
ve. The injectivity follows from the definition of
equivalence classes and from uniqueness of inverse
element. Clearly, it is also surjective. So, given map
is indeed an isomorphism. O

4 Idempotents in generalized partial
wreath product of semigroups

Theorem 4.1. Element (f,h) € GWr(H,M,{P,})
is idempotent if and only if h € H is idempotent
and f satisfies the condition: f(z)f(z") = f(x)
for each x € M.

Proof. Ann element (f,h) € GWr(H, M,{P;}) is
an idempotent if and only if (f,h)(f,h) = (f, h).
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According to multiplication rule in the semi-
group GWr(H,M,{P,}) it means (f,h)(f,h) =
(ff" hh) = (f,h). Therefore, h is idempotent in
H and f(z)f(z") = f(x). O

Theorem 4.2. Let (f,h) € GWr(H, M,{FP.})
be idempotent, then f(y) € Py is an idempotent,
where y = x for some x € M.

Proof. Let h € H be idempotent and z,y € M
such that 2" = y. Then y = 2 = 2" = (2M)h =
y" and f(y) = f(y") = f*(y). Therefore from the
previous theorem we have f(x)f"(x) = f(x) and

F M) = FW) ) = fy),
so f(y) € P, is an idempotent. O
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