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Дослiджується задача оптимального оцiнювання лiнiйного функцiонала вiд невiдомих зна-
чень гармонiзованого α-стiйкого випадкового процесу ξ(t), t > 0 за спостереженнями процесу
ξ(t) + η(t) у точках t < 0, де ξ(t), t ∈ R та η(t), t ∈ R – взаємно незалежнi гармонiзованi
α-стiйкi випадковi процеси. Отриманi формули для обчислення величини похибки та визначе-
ння спектральної характеристики оптимальної оцiнки функцiонала за умови, що спектральнi
щiльностi процесiв вiдомi. У тому випадку, коли спектральнi щiльностi невiдомi, але заданi
множини допустимих спектральних щiльностей, застосовано мiнiмаксний метод оцiнювання.

Ключовi слова: гармонiзований процес, оптимальна лiнiйна оцiнка, робастна мiнiмаксна
оцiнка, найменшсприятлива спектральна щiльнiсть, мiнiмаксна спектральна характеристика.

The problem of optimal linear estimation of the linear functional which depends on the unknown
values of a harmonizable α-stable stochastic processes ξ(t), t > 0, from observations of the process
ξ(t) + η(t), t < 0, where ξ(t), t ∈ R and η(t), t ∈ R are mutually independent harmonizable α-stable
stochastic processes is considered. The problem is considered in the case of spectral certainty where
spectral densities are exactly known as well as in the case of spectral uncertainty where spectral densi-
ties are not exactly unknown while classes of admissible spectral densities are specified. Formulas for
calculating the error and the spectral characteristic of the optimal linear estimate of the functional are
proposed in the case of spectral certainty. Formulas that determine the least favorable spectral densities
and the minimax (robust) spectral characteristics are proposed in the case of spectral uncertainty for
some classes of admissible spectral densities.

Key Words: harmonizable process, optimal linear estimate, robust estimate, least favorable spectral
density, minimax spectral characteristic.
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1 Introduction

The interpolation, extrapolation and filtering
problems for stationary stochastic processes were
investigated by A. Kolmogorov, N. Wiener, A.
Yaglom (see [2] for details). The extrapolati-
on problem for harmonizable stochastic process
was investigated by S. Rajput and K. Sandberg
[8]. The proposed methods of solution the esti-
mation problems are based on the assumption
that we known spectral densities of the consi-
dered processes. However, usually we do not know
exactly spectral densities of the processes while
we often know a set of admissible spectral densiti-
es. In this case we can apply the minimax-robust
approach to estimate the functional Aextrξ. This
method let us find an estimate that minimizes the

maximum of the errors for all spectral densities
from the given set of admissible spectral densi-
ties simultaneously (see book [5] for more detai-
ls). The paper by U. Grenander [3] is the first
one where the minimax-robust approach to the
problem of extrapolation of stationary stochastic
processes was formulated and investigated. In the
book by M. Moklyachuk [5] results of investigati-
ons of the problem of optimal linear estimation
of functionals which depend on unknown values of
stationary and related sequences and processes are
presented. In the papers by M. P. Moklyachuk and
V. I. Ostapenko [6], [7] results of investigations of
the interpolation problem for harmonizable stable
sequences are proposed.

In this paper we deal with the problem of opti-
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mal linear estimation of the functional Aextrξ =∫∞
0 a(t)ξ(t)dt which depends on the unknown
values of a harmonizable α-stable stochastic
processes ξ(t), t > 0, from observations of the
process ξ(t) + η(t), t < 0, where ξ(t), t ∈ R and
η(t), t ∈ R are mutually independent harmoni-
zable α-stable stochastic processes. Formulas for
calculating the error and the spectral characteri-
stic of the optimal linear estimate of the functi-
onal are proposed in the case of spectral certai-
nty where spectral densities of the processes
are exactly known. Formulas that determine the
least favorable spectral densities and the mini-
max (robust) spectral characteristics are proposed
in the case of spectral uncertainty where spectral
densities are not exactly unknown while a set of
admissible densities is given.

2 Harmonizable symmetric α-stable
stochastic process

Definition 2.1 (symmetric α-stable random vari-
able). A real random variable ξ is said to be
symmetric α-stable, SαS, if its characteristic
function has the form Eexp(itξ) = exp(−c|t|α) for
some c > 0 and 0 < α 6 2.

Definition 2.2 (symmetric α-stable stochastic
process). A stochastic process {ξ = ξ(t), t ∈
R} is called symmetric α-stable, SαS, stochastic
process, if all finite dimensional distributions
(ξ(t1), ξ(t2), . . . , ξ(td)), t1, t2, . . . , td ∈ R, d > 1 are
symmetric α-stable.

For jointly SαS random variables ξ = ξ1 + iξ2

and η = η1 + iη2 the covariation of ξ with η is
defined as [1]

[ξ, η]α =
∫

S4

(x1 + ix2)×

× (y1 + iy2)<α−1>dΓξ1,ξ2,η1,η2(x1, x2, y1, y2),
(1)

where z<β> = |z|β−1z̄ for a complex number z
and β > 0. The covariation is linear on the first
argument but in general is not symmetric and li-
near on the second argument [1]. For ξ, ξ1, ξ2, η joi-
ntly SαS we have [ξ1 + ξ2, η]α = [ξ1, η]α + [ξ2, η]α,

|[ξ, η]α| 6 ||ξ||α||η||α−1
α (2)

and ||ξ||α = [ξ, ξ]1/α
α is a norm in the linear space

of SαS random variables which is equivalent to
convergence in probability. The norm || · ||α is not
necessarily the standard Lα norm.

Let Z = {Z(t) : −∞ < t < ∞} be a complex
SαS process with independent increments. The
spectral measure of the process Z is defined
as µ{(s, t]} = ‖Z(t) − Z(s)‖α

α. The integrals∫
f(t)dZ(t) can be defined for all f ∈ Lα(µ) with

properties [1]:
∥∥∥∥
∫

f(t)dZ(t)
∥∥∥∥

α

α

=
∫
|f(t)|αdµ,

[∫
f(t)dZ(t),

∫
g(t)dZ(t)

]

α

=

=
∫

f(t)(g(t))<α−1>dµ.

(3)

Definition 2.3 (Harmonizable symmetric α-stable
stochastic process). A SαS stochastic process
{ξ(t), t ∈ R} is said to be harmonizable,
HSαS, if there exists a SαS process Z =
{Z(θ); θ ∈ [−∞,∞]} with independent increments
and finite spectral measure µ such that process
ξ(t) has the spectral representation ξ(t) =∫∞
−∞ einθdZ(θ), t ∈ R, and the covari-
ation has the representation [ξ(t), ξ(s)]α =∫∞
−∞ ei(t−s)θdµ(θ), t, s ∈ R.

Note that a HSαS stochastic process is not
always stationary, but for α = 2 the HSαS
processes are stationary with Gaussian distributi-
on. We consider the case where 1 < α 6 2.

Denote by H(ξ) the time domain of the HSαS
process {ξ(t), t ∈ R}, which is a closed in the norm
‖ · ‖α linear manifold generated by all values of
the HSαS process {ξ(t), t ∈ R}. It follows from
the spectral representation of the HSαS process
{ξ(t), t ∈ R} that the mapping ξ(t) ↔ eitθ, t ∈ R,
extents to an isomorphism between the spaces
H(ξ) and Lα(µ). Under this isomorphism to each
η ∈ H(ξ) corresponds a unique f ∈ Lα(µ) such
that η =

∫∞
−∞ f(θ)dZ(θ).

For a closed linear subspace M ⊆ Lα(µ) and
f ∈ Lα(µ), there exists a unique element from M
which minimizes the distance to f . This element is
called projection of f onto M or the best approxi-
mation of f in M . This projection is denoted by
PMf and is uniquely determined by the condition

∫ ∞

−∞
g (f − PMf)<α−1> dµ = 0, g ∈ M. (4)

Similarly, for HSαS stochastic process
{ξ(t), t ∈ Z} and a closed linear subspace H−(ξ)
of the space H(ξ) there is a uniquely determined

16
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element ξ̂n ∈ H−(ξ) which minimizes the distance
to ξn and is determined from the condition

[
η, ξ(t)− ξ̂(t)

]
α

= 0, η ∈ H−(ξ). (5)

3 Extrapolation problem. Projection
approach

Consider the problem of the optimal estimation of
the linear functional

Aextrξ =
∫ ∞

0
a(t)ξ(t)dt =

∫ ∞

−∞
Aextr(θ)dZξ(θ),

Aextr(θ) =
∫ ∞

0
a(t)eitθdt,

that depends on the unknown values of the HSαS-
process ξ(t), t > 0, from observations of the
process {ξ(t) + η(t), t < 0}, where ξ(t) and η(t)
are harmonizable symmetric α-stable stochastic
processes.

We consider the problem for mutually
independent harmonizable symmetric α-stable
stochastic processes {ξ(t), t ∈ R} and {η(t), t ∈
R} which have absolutely continuous spectral
measures and the spectral densities f(θ) > 0 and
g(θ) > 0 satisfying the minimality condition

∫ ∞

−∞

|γ(θ)| α
α−1

(f(θ) + g(θ))
1

α−1

dθ < ∞. (6)

for a non-zero function of the exponential type
γ(θ) =

∫∞
0 α(t)eitθdt,

∫∞
−∞ |γ(θ)| α

α−1 dθ < ∞.
Denote by H−(ξ + η) closed in the || · ||α

norm linear manifold generated by values of
the harmonizable symmetric α-stable stochastic
process ξ(t) + η(t), t < 0, in the space H(ξ + η)
generated by all values of the process {ξ(t) +
η(t), t ∈ R}.

It follows from the relation between spaces
H(ξ) and Lα(f) that the optimal estimate Âextrξ
of the functional Aextrξ is of the form

Âextrξ =
∫ ∞

−∞
h(θ)

(
dZξ(θ) + dZη(θ)

)
. (7)

This estimate is determined by the spectral
characteristic h(θ) from L−α (f + g) which is a
subspace of Lα(f + g) generated by eitθ for t < 0.

The optimal estimate Âextrξ of the functional
Aextrξ is a projection of Aextrξ on the subspace
H−(ξ + η) which is determined by relations

[ζ, Aextrξ − Âextrξ]α = 0, ∀ζ ∈ H−(ξ + η),

or, equivalently, by relations

[ξ(t) + η(t), Aextrξ − Âextrξ]α = 0, ∀t < 0. (8)

It follows from these equations that the
spectral characteristic h(θ) of the estimate is
determined by the relation

(
Aextr(θ)− h(θ)

)<α−1>
f(θ)−(h(θ))<α−1> g(θ) =

(9)

= Cextr(θ), Cextr(θ) =
∫ ∞

0
c(t)eitθdt

and satisfies condition

∫ ∞

−∞
e−iθth(θ)dθ = 0, t < 0. (10)

The variance of the optimal estimate of the functi-
onal is calculated by the formula

∥∥∥Âextrξ −Aextrξ
∥∥∥

α

α
=

=
∫ ∞

−∞

∣∣Aextr(θ)− h(θ)
∣∣α f(θ)dθ+

+
∫ ∞

−∞
|h(θ)|α g(θ)dθ.

(11)

We can conclude that the following theorem holds
true.

Theorem 3.1. Let {ξ(t), t ∈ R} and {η(t), t ∈ R}
be mutually independent harmonizable symmetric
α-stable stochastic processes which have absolutely
continuous spectral measures and the spectral
densities f(θ) > 0 and g(θ) > 0 sati-
sfying the minimality condition (6). The opti-
mal linear estimate Âextrξ of the functional
Aextrξ =

∫∞
0 a(t)ξ(t)dt that depends on the

unknown values ξ(t), t > 0, of the process ξ(t), t ∈
R from observations of the process {ξ(t)+η(t), t <
0} is calculated by the formula (7). The spectral
characteristic h(θ) of the estimate is determined by
equations (9) and (10). The variance of the opti-
mal estimate of the functional is calculated by the
formula (11).

17



Вiсник Київського нацiонального унiверситету
iменi Тараса Шевченка
Серiя: фiзико-математичнi науки

2016, 1
Bulletin of Taras Shevchenko
National University of Kyiv

Series: Physics & Mathematics

3.1 Extrapolation problem. Observati-
ons without noise

Consider the problem of optimal linear estimati-
on of the functional Aextrξ that depends on the
unknown values of a HSαS− process ξ(t), t > 0,
from observations of the process {ξ(t), t < 0}.

Let {ξ(t), t ∈ R} be a harmonizable
symmetric α-stable stochastic process which has
absolutely continuous spectral measure and the
spectral density f(θ) > 0 satisfying the minimality
condition

∫ ∞

−∞

|γ(θ)| α
α−1

(f(θ))
1

α−1

dθ < ∞, (12)

for a non-zero function of the exponential type
γ(θ) =

∫∞
0 α(t)eitθdt,

∫∞
−∞ |γ(θ)| α

α−1 dθ < ∞.
Denote by H−(ξ) the closed in the || · ||α norm

linear manifold generated by values of the HSαS
process ξ(t), t < 0, in the space H(ξ) generated by
all values of the HSαS process {ξ(t), t ∈ R}.

From isomorphism between spaces H(ξ) and
Lα(f) it follows that the optimal estimate Âextrξ
of the functional Aextrξ is of the form

Âextrξ =
∫ ∞

−∞
h(θ)dZξ(θ). (13)

The spectral characteristic h(θ) of the optimal li-
near estimate Âextrξ of the functional is determi-
ned by the formula h(θ) =

= Aextr(θ)−
(
Cextr(θ)

)< 1
α−1

>
(f(θ))

−1
α−1 , (14)

where Cextr(θ) is determined by condition
∫ ∞

−∞
e−iθth(θ)dθ = 0, t < 0. (15)

The variance of the optimal estimate of the
functional is calculated by the formula

∥∥∥Âextrξ −Aextrξ
∥∥∥

α

α
=

=
∫ ∞

−∞

∣∣∣∣
(
Cextr(θ)

)< 1
α−1

>
(f(θ))

−1
α−1

∣∣∣∣
α

f(θ)dθ.

(16)

From the theorem 3.1 the following corollary
holds true.

Corollary 1. Let {ξ(t), t ∈ R} be a harmoni-
zable symmetric α-stable stochastic process whi-
ch has absolutely continuous spectral measure and

the spectral density f(θ) > 0 satisfying the mi-
nimality condition (12). The optimal linear esti-
mate Âextrξ of the functional Aextrξ, that depends
on the unknown values ξ(t), t > 0, of the process
{ξ(t), t ∈ R}, from observations of the process
{ξ(t), t < 0} is of the form (13). The spectral
characteristic h(θ) of the optimal linear estimate
Âextrξ of the functional is calculated by formula
(14), where Cextr(θ) is determined by condition
(15). The variance of the optimal estimate of the
functional is calculated by formula (16).

3.2 Extrapolation problem. Stationary
processes

Consider the problem of the optimal estimati-
on of the functional Aextrξ that depends on
the unknown values HSαS− process ξ(t), t >
0, from observations of the process {ξ(t) +
η(t), t < 0}, where ξ(t) and η(t) are mutually
independent harmonizable symmetric α-stable
stochastic processes in the case α = 2.

We will suppose that stationary process
{ξ(t), t ∈ R} and {η(t), t ∈ R} have spectral densi-
ties f(θ) > 0 and g(θ) > 0 satisfying the minimali-
ty condition (6) with α = 2.

The spectral characteristic h(θ) of the optimal
estimate is of one of the forms

h(θ) =
Aextr(θ)f(θ)− Cextr(θ)

f(θ) + g(θ)
, (17)

h(θ) = Aextr(θ)− Aextr(θ)g(θ) + Cextr(θ)
f(θ) + g(θ)

. (18)

The variance of estimate has the form
∥∥∥Âextrξ −Aextrξ

∥∥∥
2

2
=

=
∫ ∞

−∞

∣∣∣∣
Aextr(θ)g(θ) + Cextr(θ)

f(θ) + g(θ)

∣∣∣∣
2

f(θ)dθ

+
∫ ∞

−∞

∣∣∣∣
Aextr(θ)f(θ)− Cextr(θ)

f(θ) + g(θ)

∣∣∣∣
2

g(θ)dθ =

= 〈Bc, c〉+ 〈Ra,a〉,
(19)

where c(t) =
(
B−1Da

)
(t), t > 0, (20)

(Bc) (t) =
∫ ∞

0
c(u)

∞∫

−∞
ei(u−t)θ 1

f(θ) + g(θ)
dθdu;

(Dc) (t) =
∫ ∞

0
c(u)

∞∫

−∞
ei(u−t)θ f(θ)

f(θ) + g(θ)
dθdu;

18
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(Rc) (t) =
∫ ∞

0
c(u)

∞∫

−∞
ei(u−t)θ f(θ)g(θ)

f(θ) + g(θ)
dθdu.

So, the following theorem holds true.

Theorem 3.2. Let {ξ(t), t ∈ R} and {η(t), t ∈
R} be mutually independent stationary stochastic
processes which have absolutely continuous spectral
measures and the spectral densities f(θ) > 0
and g(θ) > 0 satisfying the minimality conditi-
on (6) with α = 2. The optimal linear estimate
Âextrξ of the functional Aextrξ, that depends on
the unknown values ξ(t), t > 0 of the process
{ξ(t), t ∈ R}, from observations of the process
{ξ(t) + η(t), t < 0}, is calculated by the formula
(7). The spectral characteristic h(θ) of the esti-
mate is calculated by the formula (17) or (18). The
variance of the optimal estimate of the functional
is calculated by the formula (19).

3.3 Extrapolation problem. Stationary
processes. Observations without
noise

Consider the problem of optimal linear estimati-
on of the functional Aextrξ that depends on
the unknown values ξ(t), t > 0, of a stationary
stochastic process {ξ(t), t ∈ R} from observati-
ons of the process ξ(t), t < 0. Suppose that the
stationary stochastic process {ξ(t), t ∈ R} has the
spectral density f(θ) > 0 satisfying the minimality
condition (12) with α = 2.

The spectral characteristic h(θ) of the optimal
linear estimate Âextrξ of the functional Aextrξ is
calculated by the formula

h(θ) = Aextr(θ)− Cextr(θ) (f(θ))−1 , (21)

The variance of the optimal estimate of the
functional is calculated by the formula

∥∥∥Âextrξ −Aextrξ
∥∥∥

2

2
=

=
∫ ∞

−∞

∣∣∣Cextr(θ) (f(θ))−1
∣∣∣
2
f(θ)dθ.

(22)

where
Cextr(θ) =

∫ ∞

0
c(t)eiθdθ,

c(t) =
(
B−1a

)
(t), t > 0, (23)

(Bc)(t) =
1
2π

∫ ∞

0
c(u)

∫ ∞

−∞
(f(t))−1 dtdu.

So, the following theorem holds true.

Theorem 3.3. Let {ξ(t), t ∈ R} be a stationary
stochastic process which has absolutely continuous
spectral measure and the spectral density f(θ) > 0
satisfying the minimality condition (12) with α =
2. The optimal linear estimate Âextrξ of the functi-
onal Aextrξ that depends on the unknown values
ξ(t), t > 0, of the process {ξ(t), t ∈ R} from
observations of the process {ξ(t), t < 0} is of the
form (13), where the spectral characteristic h(θ)
of the optimal linear estimate Âextrξ of the functi-
onal is calculated by the formula (21). The vari-
ance of the optimal estimate of the functional can
be calculated by formula (22).

4 Extrapolation problem. Minimax
approach

The derived formulas for calculation the error

∆(h(f, g); f, g) :=
∥∥∥Âextrξ −Aextrξ

∥∥∥
α

α

and the spectral characteristic h(f, g) := h(θ)
of the optimal estimate Âextrξ of the functional
Aextrξ can be applied only in the case where we
know spectral densities of the processes. However,
usually we do not have exact values of the spectral
densities of the processes while we often know a
set D = Df × Dg of admissible spectral densiti-
es. In this case we can apply the minimax-robust
approach to estimate the functional Aextrξ. This
method let us find an estimate that minimizes the
maximum of the errors for all spectral densities
from the given set D = Df × Dg of admissible
spectral densities simultaneously (see book [5] for
more details).

Definition 4.1. For a given class of spectral densi-
ties D = Df × Dg the spectral densities f0(θ) ∈
Df , g0(θ) ∈ Dg are called the least favorable in
D = Df ×Dg for the optimal linear estimation of
the functional Aextrξ if the following relation holds
true

∆(f0, g0) = ∆ (h (f0, g0) ; f0, g0) =
max

(f,g)∈Df×Dg

∆(h (f, g) ; f, g) . (24)

Definition 4.2. For a given class of spectral densi-
ties D = Df × Dg the spectral characteristic
h0 = h(f0, g0) of the optimal estimate Âextrξ of
the functional Aextrξ is called minimax (robust)

19
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for the optimal linear estimation of the functional
Aextrξ if the following relations hold true

h0 ∈ HD =
⋂

(f,g)∈Df×Dg

Lα(f + g),

min
h∈HD

max
(f,g)∈D

∆ (h; f, g) = max
(f,g)∈D

∆
(
h0; f, g

)
.

The least favorable spectral densities f0(θ),
g0(θ) and the minimax spectral characteristic
h0 = h(f0, g0) form a saddle point of the function
∆(h; f, g) on the set HD × D. The saddle point
inequalities

∆(h; f0, g0) > ∆
(
h0; f0, g0

)
> ∆

(
h0; f, g

)

∀h ∈ HD, ∀f ∈ Df ,∀g ∈ Dg

hold true if h0 = h(f0, g0) and h(f0, g0) ∈ HD,
where (f0, g0) is a solution to the constrained opti-
mization problem

max
(f,g)∈Df×Dg

∆(h(f0, g0); f, g) = ∆ (h(f0, g0); f0, g0) ,

(25)
∆(h(f0, g0); f, g) =

∥∥∥Aextrξ − Âextrξ
∥∥∥

α

α

= − 1
2π

∫ ∞

−∞

∣∣Aextr(θ)− h0(θ)
∣∣α f(θ)dθ

− 1
2π

∫ ∞

−∞

∣∣h0(θ)
∣∣α g(θ)dθ.

(26)

The constrained optimization problem (25)
is equivalent to the unconstrained optimization
problem

∆D(f, g) = −∆(h(f0, g0); f, g)+
+ δ(f, g |Df ×Dg ) → inf,

(27)

where δ(f, g |Df ×Dg ) is the indicator function
of the set D = Df × Dg. Solution (f0, g0) to
the problem (27) is characterized by the condi-
tion 0 ∈ ∂∆D(f0, g0), where ∂∆D(f0, g0) is the
subdifferential of the functional ∆D(f, g) at poi-
nt (f0, g0). This condition makes it possible to fi-
nd the least favorable spectral densities in some
special classes of spectral densities D = Df ×Dg

([5]).
Note, that the form of the functional

∆(h(f0, g0); f, g) is convenient for application the
method of Lagrange multipliers for finding soluti-
on to the problem (25). In the following part of
the paper we propose relations that determine the
least favourable spectral densities in some special
classes of spectral densities.

Basing on the presented definitions and the
derived formulas we come to conclusion that the
following lemmas hold true.

Lemma 1. Let {ξ(t), t ∈ R} and {η(t), t ∈ R}
be mutually independent harmonizable symmetric
α-stable stochastic processes which have absolutely
continuous spectral measures and the spectral
densities f0(θ) > 0 and g0(θ) > 0 satisfying the
minimality condition (6). Let the spectral densities
(f0, g0) ∈ Df ×Dg gives a solution to the constrai-
ned optimization problem (25). The spectral densi-
ties (f0, g0) are the least favorable spectral densi-
ties in Df × Dg and h0 = h(f0, g0) is the mini-
max spectral characteristic of the optimal linear
estimation Âextrξ of the functional Aextrξ that
depends on the unknown values ξ(t), t > 0, of
the process {ξ(t), t ∈ R} from observations of the
process {ξ(t)+η(t), t < 0} if h0 = h(f0, g0) ∈ HD.

Lemma 2. Let {ξ(t), t ∈ R} be a harmoni-
zable symmetric α-stable stochastic process whi-
ch has absolutely continuous spectral measure and
the spectral density f0(θ) > 0 satisfying the mi-
nimality condition (12). Let the spectral density
f0 ∈ Df gives a solution to the constrained opti-
mization problem

max
f∈Df

∆(h(f0); f) = ∆ (h(f0); f0) , (28)

∆(h(f0); f) =
∥∥∥Aextrξ − Âextrξ

∥∥∥
α

α
=

∫ ∞

−∞

∣∣∣∣
(
Cextr0(θ)

)< 1
α−1

>
(f0(θ))

−1
α−1

∣∣∣∣
α

f(θ)dθ.

(29)
The spectral density f0 is the least favorable
spectral density in Df and h0 = h(f0) is the
minimax spectral characteristic of the optimal li-
near estimate Âextrξ of the functional Aextrξ, that
depends on the unknown values ξ(t), t > 0, of the
process {ξ(t), t ∈ R}, from observations of the
process {ξ(t), t < 0} if h0 = h(f0) ∈ HD.

Lemma 3. Let {ξ(t), t ∈ R} and {η(t), t ∈
R} be mutually independent stationary stochastic
processes which have absolutely continuous spectral
measures and the spectral densities f0(θ) > 0
and g0(θ) > 0 satisfying the minimality conditi-
on (6) with α = 2. Let spectral densities (f0, g0) ∈
Df ×Dg gives a solution to the constrained opti-
mization problem

max
(f,g)∈Df×Dg

∆(h(f0, g0); f, g) = ∆ (h(f0, g0); f0, g0) ,

(30)
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∆(h(f0, g0); f, g) =

1
2π

∞∫

−∞

∣∣∣∣Aextr(θ)g0(θ) +
∞∫
0

((B0)−1R0a)(t)eitθdt

∣∣∣∣
2

(f0(θ) + g0(θ))2
×

× f(θ)dθ +
1
2π
×

×
∞∫

−∞

∣∣∣∣Aextr(θ)f0(θ)−
∞∫
0

((B0)−1R0a)(t)eitθdt

∣∣∣∣
2

(f0(θ) + g0(θ))2
×

× g(θ)dθ.

(31)

The spectral densities (f0, g0) are the least
favorable spectral densities in Df × Dg and h0 =
h(f0, g0) is the minimax spectral characteristic of
the optimal linear estimate Âextrξ of the functi-
onal Aextrξ, that depends on the unknown values
ξ(t), t > 0, of the sequence {ξ(t), t ∈ R} from
observations of the process {ξ(t) + η(t), t < 0} if
h0 = h(f0, g0) ∈ HD.

Lemma 4. Let {ξ(t), t ∈ R} be a stationary
stochastic process which has absolutely continuous
spectral measure and the spectral density f0(θ) > 0
satisfying the minimality condition (12) with α =
2. Let the spectral density f0 ∈ Df gives a solution
to the constrained optimization problem

max
f∈Df

∆(h(f0); f) = ∆ (h(f0); f0) , (32)

∆(h(f0); f) =

1
2π

∫ ∞

−∞

∣∣∣∣∣∣

∞∫

0

((B0)−1a)(t)eitθdt

∣∣∣∣∣∣

2

f−2
0 (θ)f(θ)dθ.

(33)

The spectral density f0 is the least favorable
spectral density in Df and h0 = h(f0) is the
minimax spectral characteristic of the optimal li-
near estimate Âextrξ of the functional Aextrξ that
depends on the unknown values ξ(t), t > 0, of
the process {ξ(t), t ∈ R} from observations of the
process {ξ(t), t < 0} if h0 = h(f0) ∈ HD.

4.1 Least favorable spectral densities in
the class D0

f ×D0
g

Consider the problem for the class D0
f×D0

g , where

D0
f = {f(θ)| 1

2π

∫ ∞

−∞
f(θ)dθ 6 P1},

D0
g = {g(θ)| 1

2π

∫ ∞

−∞
g(θ)dθ 6 P2}.

Let f0(θ) ∈ D0
f , g0(θ) ∈ D0

g and let the functions

hf (f0, g0) =
∣∣∣∣
∫ ∞

0
a(t)eitθdt− h0(θ)

∣∣∣∣
α

, (34)

hg(f0, g0) =
∣∣h0(θ)

∣∣α (35)

be bounded.
Under these conditions it follows that the

functional

4̃(f, g) =− 1
2π

∫ ∞

−∞

∣∣∣∣
∫ ∞

0
a(t)eitθdt− h0(θ)

∣∣∣∣
α

f(θ)dθ

− 1
2π

∫ ∞

−∞

∣∣h0(θ)
∣∣α g(θ)dθ.

(36)

is bounded in the space L1 × L1.

From the condition 0 ∈ ∂4D(f0, g0), D =
D0

f×D0
g it follows that the least favorable densities

satisfy equations
∣∣∣∣
∫ ∞

0
a(t)eitθdt− h0(θ)

∣∣∣∣
α

= α1(f0(θ)+g(θ)) (37)

∣∣h0(θ)
∣∣α = α2(f0(θ) + g(θ)), (38)

where α1 > 0, α2 > 0 are constant, α1 6= 0, if∫∞
−∞ f0(θ)dθ = P1; α2 6= 0, if

∫∞
−∞ g0(θ)dθ = P2.

We have the following statement holds true.

Theorem 4.1. Let the spectral densities f0(θ) ∈
D0

f , g0(θ) ∈ D0
g satisfy the minimality condition

(6). Let functions hf , hg determined by (34), (35)
be bounded. The spectral densities f0(θ), g0(θ) are
the least favorable in the class D = D0

f×D0
g for the

optimal extrapolation of the functional Aextrξ if
f0(θ), g0(θ) give a solution to the system of equati-
ons (37), (38) and define solution of optimization
problem (25). The spectral characteristic h(f0, g0)
of optimal linear estimation Âextrξ of the functi-
onal Aextrξ is defined by equations (9), (10).

4.2 Least favorable spectral densities
for class D1. Observations without
noise

Consider the problem for the class of spectral
densities

D1 =
{

f(θ) :
∫ ∞

−∞
f(θ)dθ = γ

}
.
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Making use of the Lagrange multipliers we get

f0(θ) = λ
∣∣∣Cextr0(θ)

∣∣∣ . (39)

h(f0) = Aextr(θ)+
(
Cextr0(θ)

)< 1
α−1

>
(f0(θ))

− 1
α−1 .

(40)
Thus, the following theorem holds true.

Theorem 4.2. Let the spectral density f0 ∈ D1

satisfy minimality condition (12) with α = 2. The
least favorable spectral density in the class D1 for
the optimal estimate of functional Aextrξ is densi-
ty (39) which determine solution of optimization
problem (28). The minimax spectral characteristic
of the optimal estimate Âextrξ of the functional
Aextrξ is defined from (40) and (15).

4.3 Least favorable spectral densiti-
es for class D2ε1 × D1ε2. Stationary
processes

Consider problem for the class D2ε1 ×D1ε2 , where

D2ε1 = {f(θ)| 1
2π

∫ ∞

−∞
|f(λ)− f1(λ)|2dλ 6 ε1},

D1ε2 = {g(θ)| 1
2π

∫ ∞

−∞
|g(λ)− g1(λ)|dλ 6 ε2}.

Let the functions hf (f0, g0) =

=

∣∣Aextr(θ)g0(θ) +
∫∞
0

(
(B0)−1D0a

)
(t)eitθdt

∣∣2
(f0(θ) + g0(θ))2

,

(41)

hg(f0, g0) =
∣∣Aextr(θ)f0(θ)−

∫∞
0

(
(B0)−1D0a

)
(t)eitθdt

∣∣2
(f0(θ) + g0(θ))2

,

(42)

be bounded. From condition 0 ∈ ∂4D(f0, g0), D =
D0

f ×D0
g , we have that the least favorable spectral

densities are defined by equation
∣∣∣∣Aextr(θ)g0(θ) +

∫ ∞

0

(
(B0)−1D0a

)
(t)eitθdt

∣∣∣∣
2

=

= α1(f0(θ) + g0(θ))2(f0(θ)− f1(θ))
(43)

∣∣∣∣Aextr(θ)f0(θ)−
∫ ∞

0

(
(B0)−1D0a

)
(t)eitθdt

∣∣∣∣
2

=

= α2(f0(θ) + g0(θ))Ψ(θ),
(44)

1
2π

∫ ∞

−∞
|f(λ)− f1(λ)|2dλ = ε1 (45)

1
2π

∫ ∞

−∞
|g(λ)− g1(λ)|dλ = ε2 (46)

|Ψ(θ)| < 1,Ψ(θ) = sign(g0(θ) − g1(θ)), if g0(θ) 6=
g1(θ), α1, α2 are constants.

Thus, the following statement holds true.

Theorem 4.3. Let f0(θ) ∈ D2ε1 , g0(θ) ∈
D1ε2 satisfy minimality condition (6). Let functi-
on hf , hg determined by (41), (42) be bounded.
The spectral densities f0(θ), g0(θ) are the least
favorable in class D = D2ε1 × D1ε2 for
optimal extrapolation of functional Aextrξ =∫∞
0 a(t)ξ(t)dt, if f0(θ), g0(θ) are solution of equati-
ons (43), (44), (45), (46) and determine soluti-
on of optimization problem (30). The spectral
characteristic h(f0, g0) of the optimal estimate
Âextrξ of the functional Aextrξ is determined by
equations (18).

4.4 Least favorable spectral densi-
ties Dβ

f . Stationary processes.
Observations without noise

Consider the problem for class Dβ
f , where

Dβ
f = {f(θ)|

∫ ∞

−∞
(f(λ))βdλ = P1}.

It follows from condition 0 ∈ ∂4D(f0, g0), D =
Dβ

f that the least favorable spectral density sati-
sfies equation

∣∣∣∣
∫ ∞

0

(
(B0)−1a

)
(t)eiθdθ

∣∣∣∣
2

f−2
0 (θ) = γ1(f0(θ))β−1,

(47)
where γ1 is determined by condition

∫ ∞

−∞
f0(θ)βdθ = P1. (48)

Thus, the following statement holds true.

Theorem 4.4. Let spectral density f0 ∈ Dβ
f sati-

sfy minimality condition (12) with α = 2. The
least favorable spectral density Dβ

f for the opti-
mal estimate of the functional Aextrξ is determi-
ned by equation (47) and the optimization problem
(32). The minimax spectral characterisation h(f0)
is determined by equation (21).
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5 Conclusion

In this article we propose methods of solution of
the problem of optimal linear estimation of the
functional Aextrξ =

∫∞
0 a(t)ξ(t)dt which depends

on the unknown values of a harmonizable α-
stable process ξ(t), t > 0 from observations of
the process ξ(t) + η(t), t ∈ R at points t < 0.
The problem is investigated in the case of certai-
nty where spectral densities of the processes are
exactly known as well as in the case of uncertai-

nty where spectral densities of the processes are
not exactly known while sets of admissible densi-
ties are described. In the case of certainty we deri-
ve formulas for calculation the error and spectral
characteristic of the optimal estimate of the functi-
onal. The minimax approach is applied in the case
of spectral uncertainty. Formulas that determine
the least favorable spectral densities and the mini-
max (robust) spectral characteristics are proposed
for some classes of admissible spectral densities.
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