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Nonlinear regimes of one-dimensional parametric instabilities of long-wave plasma waves are considered for the cases when the
average plasma field energy density is less (Zakharov’s model) or greater (Silin’s model) than the plasma thermal energy. The
evolution of ion energy distribution is studied.After saturation of the instability, the ion kinetic energy density normalized to the
initial field energy density is found to be of the order of the ratio of linear growth rate to the plasma frequency, for the case when the
initial field energy far exceeds the plasma thermal energy. In this case, the ion energy distributionis differentfrom the Maxwellian. In
the opposite case of hot plasma, the ions acquire a part of initial field energy, which is approximately equal to the half of ratio of
initial Langmuir field energy to the plasma thermal energy. At this, the ion kinetic energy distribution is close to the Maxwellian, and
it is reasonably to speak about ion temperature. The crossing of ion trajectories in the surrounding of density cavities is a reason of
instability quenching in both cases.
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HOPIBHAJIBHA KIHETUKA IOHIB ¥ PI3BHUX PEXXKUMAX HAPAMETPHUYHOI HECTIMKOCTI IHTEHCUBHUX
JIEHI'MIOPOBCKHUX XBWJIb VY IIJIA3MI
0.B. Kipiuok, B.M. Kykin, O.B. IIpuiimax
Xapkiscokuti nayionanvnutl ynigepcumem imeni B.H. Kapa3zina
M. Ce0600u, 4, Xapxie 61022, Vkpaina

AmnanizyeTbesi po3BUTOK 1D mapamMeTpHdHUX HECTiHKOCTeH JOBrOXBIJIBOBHX JICHTMIOPOBCKHX XBH/Ib y BHIIQJKaX, KOJIH CEPEmHs
eHepris moisi MeHiie (Monens 3axapoBa) i Oinmbine (Mozaenp CuiliHa) 3a TEIUIOBY eHeprito ruiazmu. OOTrOBOPIOETHCSA XapakTep
criekTpy ioHiB 3a eHeprisimu. [loka3zaHo, 110 eHepris iOHIB HPH HACHYCHHI HECTIMKOCTeW BHSBISETHCS MOPSAKY BiJHOLICHHS
JHIHHOTO IHKpEeMEHTa J0 YacTOTH Yy BHUIAJKYy, KOJHM [OYAaTKOBA CHEPTisl IOJsl MOMITHO MEPEBUIIYE TEIUIOBY CHEPTii0 IIIa3MH.
Po3noxin ioHIB 3a eHeprisiMU BiAPI3HAETHCS BiJ MaKCBEIUIIBCHKOrO. B yMoBax raps4oi mia3sMu i0HaM HepenaeThCst YacTKa €Heprii,
piBHA [TOJIOBMHI BiTHOIIECHHSA MOYAaTKOBOI €HEPTii MOJIA 0 TEIUIOBOI eHeprii miasMu. [Ipu npoMy, Tak K PO3NOALT 10HIB OIU3BKU 110
HOPMaJIbHOTO, MOYKHa TOBOPHTH TIPO TeMIiepaTypy ioHiB. [lepeTrH TpaekTopiil i0HIB MOOIH3Y KaBEpH IMUIBHOCTI € MPUIHHOO 3pUBY
HECTIMKOCTI B 000X BHIIAIKAX.
KJIFOYOBI CJIOBA :napaMeTpuyHa HECTIHKICTh JCHIMIOPIBCKHX XBIJIb, TUIa3Ma, MOJICTb 3axapoBa, Mojiesis CuiliHa, HarpiB i0HIB

CPABHUTEJIbHASI KHHETUKA HOHOB B PA3JIMYHBIX PEXKUMAX MTAPAMETPHYECKOM
HEYCTOMYABOCTHU UHTEHCUBHBIX JIEHTMIOPOBCKUX BOJIH B IJIA3ME
A.B. Kupuuok, B.M. Kykaun, A.B. IIpuiimak
Xapvrosckuti nayuonanvhvlll yHisepcumem umenu B.H. Kapasuna
IIn. Ceoboow, 4, Xapvros 61022, Vrpauna

Anammsupyercst pazsutue 1D mapameTpuuecknX HEYCTOWYMBOCTEH JUIMHHOBOJHOBBIX JIEHTMIOPOBCKHMX BOJIH B CIIydasX, KOTJa
CpemHssl DHEprHsl IOl MeHbIne (Monenb 3axapoBa) u Oonbrre (Moxmens CwminHA) TEIIOBOI SHepruu ImrasMmbel. OOCykmaeTcst
XapakTep CIEeKTpa MOHOB IO 3HeprusM. IlokazaHo, UTO 3HEPrHs MOHOB NPU HACHIILCHUM HEyCTOMYMBOCTEHl OKa3blBaeTCs MOpsIKa
OTHOILECHUS JTMHEHHOro MHKpEMEeHTa K 4acToTe B Cllydae, KOTJa HayajbHas SHEPrys I0JIs 3aMETHO IPEBBIIAET TEIUIOBYIO SHEPTUIO
wia3Mel. PacnpeneneHne HOHOB 1O SHEPTUSAM OTJIMYAETCAd OT MAaKCBEJUIOBCKOTO. B ycloBusX ropsueil miasmbl HOHaM IeperaeTcs
JI0NIl 3HEPTUH, PaBHAs TOJOBHHE OTHOIICHWs Ha4albHOM SHEpPrHM TONS K TEIIOBOM 3HepruM IasMel. IIpu 3ToM, Tak Kak
pacmpesenenie HOHOB OIM3K0 K HOPMaJIbHOMY, MOXXHO TOBOPHTH O TeMIlepaType HOHOB. [lepeceuenne TpaeKTopuii HOHOB BOIHM3H
KaBepH IUIOTHOCTH SIBIISIETCSI IPHYMHON CPbIBa HEYCTOWINBOCTH B O0OUX CITydasX.

KJIIOUYEBBIE CJIOBA :napamerpudeckasl HEyCTOHUMBOCTD JISHTMIOPOBCKHX BOJH, ITa3Ma, MOAeNs 3axapoBa, Moaens CuinHa,
HarpeB HOHOB

The interest in parametric instability of intensive Langmuir waves, which can be easily excited in the plasma by
various sources [1-9], was stipulated, in particular, by the new possibilities in heating of electrons and ions in plasma.
The correct methods for description of parametric instability of long-wave plasma waves were developed in the
pioneering works of V.P. Silin [10] and V.E. Zakharov [11]. The theoretical concepts of [10] were confirmed by the
early numerical experiments on the one-dimensional modelling of parametric decay of plasma oscillations [12] (see also
[13, 14] and review [15]).However, the greatest interest has been expressed by experimenters in the mechanism of
dissipation of wave energy discovered by V.E. Zakharov. The analytical studies, laboratory-based experiments and
numerical simulations performed at an early stage of studying these phenomena have confirmed [16-18] the fact that in
some cases during the instability development a significant part of the pump field energy transfers into the energy of
short-wave Langmuir oscillations attended with bursts of fast particles [16-27].
©Kirichok A.V,, Kuklin V.M., Pryjmak A.V., 2014
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In this paper, we compare the models of Silin and Zakharov by the example of one-dimensional description. The
choice of one-dimensional approach, as was noted by J. Dawson [28], «...often keeps the main features of the
processes, but simplifies their description and leads to a fuller understanding of what the important phenomena are». Of
particular interest is the ion heating, so we use in this work the super-particle (or finite-sized particle) description for
ions because the account of inertial effects can be significant just at the nonlinear stage of the process [29].

It was observed in [29, 30] that simulation with using of the so-called hybrid model (incorporating one of the
Zakharov equations for the high-frequency waves and using particles description for simulation of ion dynamics)
demonstrates that fluctuations of ion density are rather significant and accelerate the development of parametric
instability. The non-resonant interaction between super-particles-ions and high-frequency plasma oscillations, along
with the trapping of ions into the potential wells, formed by these oscillations, leads to instability of the density cavities
resulting from the modulation instability.

In paper [30], the hybrid model was compared with Zakharov’s hydrodynamic model. Due to higher level of ion
density fluctuation, the number of cavities in the hybrid model appears to be significantly greater than in the Zaharov
model and their depth is less. Integral characteristics of both models are essentially identical. Note that both the
hydrodynamic description within framework of the Zaharov model [30] and description based on the kinetic equations
[31], in which there is no non-resonant interactions such as “particle— finite amplitude wave”, don’t consider the
trapping of particles by the wave. As a sequence, the resulting cavities remain stable until the moment when the high
frequency plasma field is “burned out” due to the Landau damping — the process that can be better described with using
the method of finite-sized particles, as was reasonably pointed out in [30].

Below, we discuss the integral characteristics of the modulation instability developing in cold and hot non-
isothermal plasma within framework of hybrid models.

THE MODELS OF PARAMETRIC INSTABILITY
The Silin hybrid model
When the intensity of external electric field is much greater than the specific thermal energy of plasma electrons

W = E, " /4zx >>n,T,, it is reasonable to explore the approach presented by V.P. Silin [32] .

Let consider a one-dimensional plasma system, where an intense plasma wave with the wavelength 4, and
frequency @, is excited by an external source. This intense wave will be referred to as the pumping wave. Since the
parametric instability results in the growth of oscillations with rather small wavelength A << 4, the pumping wave can
be considered as spatially uniform within the region of interaction:

l . . . .
E= —E(\ E, | exp(ioyt +ig)—| E, | exp(—io,t —z¢)) R (1
where| E, |and ¢ are the slowly varying wave amplitude and phase correspondingly, @, is external wave frequency,
n, and 7, are the density and temperature of plasma electrons. Charged particles of plasma oscillate under the action of

the electric field and their velocities can be written as u,, =—e, |E0 | / m, - @, cos ¢ =—a,a-cos¢ , where a=e, |E0 | /ma is

the oscillation amplitude.
The equations, governing the nonlinear dynamics of the parametric instability of intensive plasma wave, were

derived in [33]. The equations for high-frequency plasma field spectrum modes E =ZnEn (t)-exp(ink,x) (plasma

electrons are considered as fluid and described by hydrodynamic equations) have a form
2

OE, @, -y 4w v, o . ,
n_j 2 E ——" J(a)explig)—i——>v. -\ E J(a, )e’+E -J(a =0. 2
6t 20)0 n kon 1( n) p( ¢) zeno ; i,n—m |: -m 2( nfm) m 0( nfm):| ( )

Here o, = Ja4re’n, /m, is the background electron plasma frequency, e andm, are the mass and the magnitude of
the charge of an electron, M is the mass of an ion, E, =| E, |-exp(iy, ) is a slowly varying complex amplitude of the
electric field of electron plasma oscillations, which wave number is k, =nk,, k, =2z/L , where L is a characteristic
dimension of the plasma system, v, = zn v, ,(t)-exp(ink,x) is the ion charge density, a, =a-n,n,m are integers which

are not equal to zero and 1.

The motion equations for ion super-particles can be written as follows

d’x, e <=
L=—>» E -exp(ink,x.), 3
dtz M ; n p( 0 x) ( )
and the ion density can be determined from
zlky
ni,n = Vi,n /e = nO ! 2_0 J‘ eXp[_l‘nkO : xs (XSO > t)] : dxs() . (4)

—lky
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The slowly varying electric field strength E , acting on the ions, is equal

— 4riv,

E =- . '"[l Ji(a, )+ J (a, )}+ J(a)E, -e”—E -e’]-
oh
: (%)
ink, I _ikyJ,(a i ;
- 16 J (a )z EI‘I m *”l ( ) Z( m)[ n—m m 2 ¢ + E)’ﬂ IIE*)’H 2 ¢ ].
The equation for uniform component of the electrlc field £, = |E0| -exp(i¢@) can be written as
OE,
=— Vi w| E5 Ty (a))- e +E, J (a,) ]
o 2en0 el [ -l () ( m)] ©
Note, that the values with subscripts of different signs are independent. In Eqs.(2)-(6), we used the formula [34]
exp(ia-sin®) = z J,,(a)-exp(im®D), (7)

m=—0

where J,, (x) is the Bessel function.
The normalized frequency shift A = (@), —®,”)/ 26w, reaches the value of (m,/2M)"*J;**(a,) for a mode with

the maximal growth rate of parametric instability 0 [32]
. 1/3
i (m,
o/, Z%(ﬁj J P (a,). (®)

The Zakharov hybrid model
As shown in [33], Egs. (2)-(6) are in agree with equations, obtained in [35] after following

substitutions: (&, —@,*)/ 2w, = (@), —@," +k*;n’v;,)/ 20, and E, ——iE,, E, — iE, under condition a, <<1, when
Ja)~a,l2, J(a)=1, J(a)~a /8

OE @, —w, +knv;,
- | — : - = En_l& ninE0+zninmem :0' (9)
6t 2(00 2”0 ’ m#0 '
The slowly varying electric field amplitude in this case takes the form
= ik, .
E=—""EE+EE +Y E _E. | (10)
4m0) m#0,n

that enables description of ions using the super-particle method with use of Eqs.(3)-(4). The pump wave amplitude E,
is governed by equation

%o _ n, =0. 11
ot 2n0 ; b (in
The growth rate of parametric instability in this case is [35]
VIEL m Lo,
24zn, T, M \2nT M~

The growth rates (8) and (12) are defined as usually from the dynamics of small field perturbations
E(t)=E(0)exp(o-t) at the initial (linear) stage of the parametric instability.

(12)

NUMERICAL SIMULATION. PROBLEM FORMULATION
The purpose of this paper is to clarify the characteristics of the dynamics of modulation instability both for the
cases of non-isothermal hot and cold plasma by using of the hybrid models.
Below, we have used the following initial conditions and parameters unless otherwise specified in the text. The
number of super-particles, simulating the dynamics of ions is 0<s <S5 =20000, the number of spectrum modes is

~N<n<N, N=5/100=200,a,(0) = ek,E,(0)/ m,@’, =0.06,d& /dr| _,=v, | _,=0, & =kyx,, r=0-t Note that

e pe
the linear growth rates for the Silin and Zakharov models are essentially different (see Eq. (8) and (12)). So the time
scales for these two models are different too.The initial amplitude of HF field is determined from

e | _,=e,=(05+g)-10", where ge [0;1] is a random value, the initial phases of spectral modesy, | _, are also

randomly distributed in the interval 0+27z ,A=1,m, /M =10". The ions are supposed to be uniformly distributed
over the interval —1/2<&<1/2.

The program, which implements a mathematical model of the problem under consideration, was developed with
the use of JCUDA technology. JCUDA technology provides interface between CUDA (Compute Unified Device
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Architecture) and Java application. CUDA is a parallel computing platform and programming model created by
NVIDIA. CUDA enables scientists to utilize the extreme computational power available on modern GPUs.

NUMERICAL SIMULATION. RESULTS
As shown in Fig. 1, the pump wave amplitude decreases with development of the parametric instability. Denote
the time, when the total kinetic energy of ions reaches a maximum, asz, . Fig. 2 demonstrates the spectrum of HF
plasma oscillations at the moment 7, calculated for both models. Correspondingly, Fig. 3 presents the spatial spectrum
of ion density at this moment.

E
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0,04 o 0,04 4
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0024 0024
0,014 0,01
0,00 0,004
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T T
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Fig.1. Evolution of pump wave amplitude
a) Zakharov model, b) Silin model
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Fig. 2. The spectrum of HF plasma oscillations at the moment 7,
a) Zakharov model, b) Silin model
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Fig. 3. The spatial spectrum of ion density at the moment 7,
a) Zakharov model, b) Silin model
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The total kinetic energy of the ions, located on the length of the pump wave, can be expressed as the sum of
squared dimensionless velocities / = Z(dgs /alr)2 (evolution dynamics of this value is shown in Fig. 4) and the

number of super-particles S as

27| 1 2 A5 Mn, 2
2 oM ((dx, Jdi)') | = ———2"21
. [2% ((as./ ))} %Sk (13)

where ((dx, / dt)*) is the ensemble average. The ratio of the ion kinetic energy to the initial energy of intense long-
wavelength Langmuir wave scan be written as

E, 2 2
ﬂ=2ﬂ(lnoM<(dxx/dt)2>) 27| Ey [ =27 [2 £5_2’ (14)
Wy k,\2 k, 4nm a,’S m o,

is the density of the ion kinetic energy, W, = E, ' /4x is the initial energy density of long-wavelength

where E

kin
Langmuir waves.

2(dé, fdry 2 (dé, fdr)

s
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Fig.4. Evolution of the quadratic sum Z(d ¢, / dt )2

a) Zakharov model, b) Silin model

The ratio of time scales for these two models is of the order of (m, / M)"*(W /n,T,)"*. Considering this, it was

found that the kinetic energy of ions to be of the same order in both models. The ratio of ion kinetic energy to the initial
energy of long-wave oscillations occurs equal to E,, /W, ~J/w,, for Silin’s model and E,, /W, =0.5-W, /n,T, for

Zakharov’s model. This means that in the Silin model, the ions derive a portion of field energy of the order of 6/,

(Fig. 4b). This effect was predicted in [19] and confirmed in [29]. A portion of transferred energy in Zakharov’s model
is of the order of W, /n,T, (Fig. 4a).

A normal relation between half-width of the Maxwellian velocity distribution function and thermal velocity is
v=1.18v,. It can be shown that the root-mean-square value of ion velocity at the moment when the instability is

saturated is equal /<v’>=./I. /S (in relative units) (see Fig. 5). If this value is of the order of 0.85-V, i..
I, /S =0.85-v , then we can suppose that ion velocity distribution function is close to the Maxwellian and one can

say about ion temperature. If\/I. /S >0.85-V, than the distribution function has a non-Maxwellian “tail” of fast
particles. It is easy to verify that the ion velocity distribution function in hot plasma (the Zakharov model) is close to the
Maxwellian and ion temperature is well defined an can be estimated as T, ~ W, / n’T, . For the case of cold plasma the

ion velocity distribution function contains a significant part of fast particles as was observed in experiments [36].
Actually, the ratio of ion kinetic energy to the initial energy of the plasma wave field (14) is

E,,
ﬂz0.27-1~(ﬁj~52/a};. (15)
A m

For the case of hot electrons (the Zakharov model), where m, /M =2000", &/ @, =3.5-10", 1 ~4.584 one
can obtain E,, /W, ~3-107. For the case of cold plasma (the Silin model), where m, / M =20007", 6 / w,, =0.034,

1~0.08, this ratio is equal E,, /W, ~5-107.

kin
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Fig. 5. The evolution of normalized mean-square velocity of ions (top) and ion velocity distribution function (bottom) at the
moment 7,

a) Zakharov model, b) Silin model

We can adjust parameters of the normal distribution in such a way as to minimize the number of particles outside
of this distribution. The ratio of total kinetic energy of these “non-Maxwellian” particles to the total kinetic energy of
ions is of the order of 0.14 for the case of hot plasma (the Zakharov model) and of the order of 0.58 for the case of hot
plasma (the Silin model). Thus, theionkineticenergydistributionforthehotplasmaisclosetoMaxwellianand the total kinetic
energy of fast ions is comparable with the total kinetic energy of the normally distributed ions. The origin of fast
particles is stipulated not only by the destruction of cavities due to absorption of short wave RF field (nucleation), but
also by the earlier process of exclusion of ions from cavities by RF field.

CONCLUSIONS

The hybrid models describe the nonlinear stage of the parametric instability in plasma more accurately than the
models based on hydro dynamic or kinetic description due to considering the effects of ions trapping and trajectories
crossing resulting from large inertia of the heavy particles.

The instability in the Zakharov model develops faster that in the Silin model, since all unstable modes of the
spectrum have approximately the same growth rate (see Eq. (12)). In the Silinmodel, the maximum growth rate
displaces to the short wavelength domain with the development of the instability.

In hot plasma a fraction of the field energy, which is transferred to the ions, is proportional to the ratio of the field
energy density to the plasma thermal energy density ¥, /n,T, . In cold plasma, a fraction of the field energy, which is

or that the same, is proportional to (m, /M ).

transferred to the ions, is of the order of §/w,, ,

The kinetic energy distribution of ions for the Zakharov model is close to the Maxwellian, and we can estimate the
ion temperature T, ~ W, / n.T, . The kinetic energy distribution of ions for the Silin model is significantly different from
Maxwellian and contains a large fraction of fast particles.

Let us note in conclusion, that the dynamics of parametric instability for Silin’s and Zakharov’s models are similar
in appearance first of all due to the similarity of the input equations. Note also, that the number of particles S = 20000,
used for one-dimensional simulation, corresponds to the number of particles near 10> —10" for three-dimensional case,
that is in agree with the condition of most of the experiments.

The authors thank Prof. Karas’ V.I. for helpful comments.
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