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Ïîëó÷åíà èíòåðïîëÿöèîííàÿ êâàäðàòóðíàÿ ôîðìóëà äëÿ âû÷èñëåíèÿ
èíòåãðàëà îò ôóíêöèè, ñîäåðæàùåé íåóñòðàíèìûé ðàçðûâ ïåðâîãî
ðîäà. Äàííàÿ ôîðìóëà òî÷íà äëÿ ìíîãî÷ëåíîâ, ñòåïåíü êîòîðûõ
ìåíüøå êîëè÷åñòâà òî÷åê èíòåðïîëÿöèè. Ïîêàçàíà ñõîäèìîñòü
ïðèáëèæ¼ííûõ çíà÷åíèé èíòåãðàëîâ ê òî÷íûì çíà÷åíèÿì ïðè
óâåëè÷åíèè êîëè÷åñòâà òî÷åê èíòåðïîëÿöèè è äàíà îöåíêà ñêîðîñòè
ñõîäèìîñòè.
Êëþ÷åâûå ñëîâà: êâàäðàòóðíûå ôîðìóëû, ñêîðîñòü ñõîäèìîñòè,
ìíîãî÷ëåíû ×åáûøåâà.
Äóøêèí Â.Ä., Êâàäðàòóðíi ôîðìóëè äëÿ îá÷èñëåííÿ iíòåãðàëiâ
âiä êóñêîâî-íåïåðåðâíèõ ôóíêöié. Îòðèìàíà iíòåðïîëÿöiéíà
êâàäðàòóðíà ôîðìóëà äëÿ îá÷èñëåííÿ iíòåãðàëà âiä ôóíêöi¨, ùî
ìiñòèòü íåóñóâíèé ðîçðèâ ïåðøîãî ðîäó. Öÿ ôîðìóëà ¹ òî÷íîþ
äëÿ ìíîãî÷ëåíiâ, ñòóïiíü ÿêèõ ìåíøå êiëüêîñòi òî÷îê iíòåðïîëÿöi¨.
Ïîêàçàíà çáiæíiñòü íàáëèæåíèõ çíà÷åíü iíòåãðàëiâ äî òî÷íèõ ïðè
çáiëüøåííi êiëüêîñòi òî÷îê iíòåðïîëÿöi¨ i äàíà îöiíêà øâèäêîñòi
çáiæíîñòi.
Êëþ÷îâi ñëîâà: êâàäðàòóðíi ôîðìóëè, øâèäêiñòü çáiæíîñòi ïðîöåñó
íàáëèæåíü, ìíîãî÷ëåíè ×åáèøîâà.
V.D. Dushkin, Quadrature formulas for calculating integrals of
piecewise continuous functions. The interpolation quadrature formula
for calculation of the integral of a function containing irreparable rupture
of the �rst kind had been obtained. This formula is exact for polynomials,
the degree of which less than the number of interpolation points. The con-
vergence of approximate values of integrals of the exact values of integrals
had been shown. The estimates of the convergence rates had been given.
Keywords: quadrature formulas, the speed of convergence, the polynomials
of Chebyshev.
2000 Mathematics Subject Classi�cation 41A55.
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1. Àêòóàëüíîñòü ïðîáëåìû. Èñòîêè èññëåäîâàíèÿ.
Îäíèì èç ýôôåêòèâíûõ ñïîñîáîâ ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé

ïðîöåññîâ äèôðàêöèè è ðàññåÿíèÿ ýëåêòðîìàãíèòíûõ âîëí íà ïðåïÿòñòâèÿõ
ÿâëÿåòñÿ, ïðåäëîæåííûé Þ.Â. Ãàíäåëåì, ìåòîä ïàðàìåòðè÷åñêèõ ïðåäñòàâ-
ëåíèé èíòåãðàëüíûõ îïåðàòîðîâ [1, 2] . Ñëåäóÿ äàííîìó ïîäõîäó, ðåøåíèå
èñõîäíûõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Ãåëüìãîëüöà ñâîäèòñÿ ê ðåøåíèþ
ñèñòåì ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé. ×åðåç ðåøåíèÿ ýòèõ óðàâíåíèé
âûðàæàþòñÿ õàðàêòåðèñòèêè ýëåêòðîìàãíèòíûõ ïîëåé. Ñèñòåìû ãðàíè÷íûõ
èíòåãðàëüíûõ óðàâíåíèé ðåøàþòñÿ ÷èñëåííî ñ ïîìîùüþ îäíîé èç ìîäèôèêà-
öèé ìåòîäà äèñêðåòíûõ îñîáåííîñòåé (ÌÄÎ) [2, 3] . Ïðè ÷èñëåííîì ðå-
øåíèè ñèñòåì èíòåãðàëüíûõ óðàâíåíèé èñïîëüçóþòñÿ èíòåðïîëÿöèîííûå
êâàäðàòóðíûå ôîðìóëû äëÿ âû÷èñëåíèÿ èíòåãðàëîâ ñ ãëàäêèì, ëîãàðèôìè-
÷åñêèì ÿäðîì è ñèíãóëÿðíûì ÿäðîì. Â ýòèõ ôîðìóëàõ òî÷êàìè èíòåðïîëÿ-
öèè ÿâëÿþòñÿ íóëè ïîëèíîìà ×åáûøåâà Tn(t), êîòîðûå îáîçíà÷èì {tnk}n

k=1.
Ïðè ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäåëåé äèôðàêöèè íà èìïåäàíñíûõ

ñòðóêòóðàõ [4, 5] ïðèõîäèòñÿ ïðèáëèæ¼ííî âû÷èñëÿòü èíòåãðàëû âèäà

Kν(ξ) =
1
π

1∫

−1

K(ξ − τ)
V (τ)dτ√
1− τ2

, |ξ| ≤ 1; (1)

ãäå V ε C µ, θ[−1, 1], µ ≥ 0, θ > 0,K ε C 1, θ([−1,−0]
⋃

[+0, 1]), θ > 0, à ïðè
x = 0 ôóíêöèÿ K(τ) èìååò ðàçðûâ ïåðâîãî ðîäà. Â ÷àñòíîñòè, â ñëó÷àå
ðàññìîòðåíèÿ ïåðèîäè÷åñêèõ çàäà÷ ïîäûíòåãðàëüíûå ôóíêöèè ñîäåðæàëè
ñëàãàåìûå:

K1(τ) =
+∞∑

n=1

sin(nτ)
n

= −τ

2
+

π

2
· sign(τ), τε[−π, π], (2)

à ïðè ðàññìîòðåíèè íåïåðèîäè÷åñêèõ çàäà÷

K2(τ) =

∞∫

0

sin(τx)
x

=
π

2
· sign(τ), τεR. (3)

Öåëü ðàáîòû: ïîñòðîåíèå êâàäðàòóðíîé ôîðìóëû èíòåðïîëÿöèîííîãî òèïà
ïî ñèñòåìå óçëîâ {tnk}n

k=1 äëÿ âû÷èñëåíèÿ èíòåãðàëîâ:

Kν(ξ) =
1
π

1∫

−1

K(ξ − τ)
V (τ)dτ√
1− τ2

, (4)

ãäå K(τ) � ôóíêöèÿ, ïðîèçâîäíàÿ êîòîðîé íåïðåðûâíàÿ ïî Ã¼ëüäåðó íà
ìíîæåñòâå τε[−1,−0]

⋃
[+0, 1], à â òî÷êå x = 0 ôóíêöèÿ K(τ) èìååò ðàçðûâ

ïåðâîãî ðîäà.
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2. Ïîñòàíîâêà çàäà÷è
Ïóñòü

K ′(−0) = k1,K(−0) = b1,K
′(+0) = k2,K(+0) = b2. (5)

Ââåä¼ì â ðàññìîòðåíèå ôóíêöèþ

S(τ) =

{
k1τ + b1, τ ≥ 0
k2τ + b2, τ < 0.

(6)

Òîãäà ôóíêöèÿ
Q(τ) = K(τ)− S(τ) (7)

ÿâëÿåòñÿ íåïðåðûâíîé ïî Ãåëüäåðó íà îòðåçêå [−1, 1] è, ñëåäîâàòåëüíî [6],

1
π

1∫

−1

Q(ξ − τ)
V (τ)dτ√
1− τ2

=
1
n

n∑

k=1

Q(ξ − tnk) + rn , (8)

ãäå
|rn| = O(

1
n1+θ

), n →∞. (9)

Òàêèì îáðàçîì, çàäà÷à âû÷èñëåíèÿ èíòåãðàëà Kν(ξ) ñâåëàñü ê âû÷èñëåíèþ
èíòåãðàëà

SSV (ξ) =
1
π

1∫

−1

S(ξ − τ)
V (τ)dτ√
1− τ2

. (10)

Èíòåðïîëÿöèîííûé ïîëèíîì Ëàãðàíæà ñòåïåíè n− 1 ôóíêöèè V (t), tε[−1, 1]
ñ n ÷åáûøåâñêèìè óçëàìè 1-ãî ðîäà {tnk}n

k=1 îáîçíà÷èì Vn−1(t) . Îí èìååò
âèä

Vn−1(t) =
n∑

k=1

f(tnk)lIn−1,k(t), (11)

ãäå lIn−1,k(t) � ôóíäàìåíòàëüíûå èíòåðïîëÿöèîííûå ïîëèíîìû

lIn−1,k(t) = [1 + 2
n−1∑

p=1

Tp(tnk)Tp(t)]
1
n

, k = 0, 1, ..., n− 1. (12)

Ñïðàâåäëèâî ðàâåíñòâî:

SSVn(ξ) =
1
π

1∫

−1

S(ξ−τ)
Vn(τ)dτ√

1− τ2
=

1
n

n∑

k=1

Vn(tnk)[c0(ξ)+2
n−1∑

p=1

cp(ξ)·Tp(tnk)], (13)

ãäå

cp(ξ) =
1
π

1∫

−1

S(ξ − τ)
Tp(τ)dτ√

1− τ2
. (14)
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Ñïðàâåäëèâû ôîðìóëû:

π · c0(t0) =

1∫

−1

S(t0 − t) · T0(t)dt√
1− t2

=

=
π

2
(σ1 + σ2) + (k2 − k1)

√
1− t20 + (σ2 − σ1) · arcsin t0 , (15)

π · c1(t0) =

1∫

−1

S(t0 − t) · T1(t)dt√
1− t2

=

=
k2 − k1

2
(t0

√
1− t20 − arcsin t0)− π

4
(k1 + k2)− (σ2 − σ1)

√
1− t20 , (16)

ãäå
σ1 = k1t0 + b1, σ2 = k2t0 + b2. (17)

Â ðàáîòå [6] ïîêàçàíî, ÷òî

t0∫

−1

Tp(t)
dt√

1− t2
= −Up−1(t0)

p

√
1− t20, p ε N. (18)

Âûïîëíÿÿ ïðåîáðàçîâàíèÿ, ïîäîáíûå òåì, êîòîðûå áûëè ïðîâåäåíû â [6],
ïîëó÷àåì:

1∫

t0

Tp(t)
dt√

1− t2
=

Up−1(t0)
p

√
1− t20, p ε N ; (19)

1∫

t0

t · Tn(t)dt√
1− t2

= −
t0∫

−1

t · Tn(t)dt√
1− t2

= (
Un−2(t0)

n− 1
+

Un(t0)
n + 1

)

√
1− t20
2

, n = 2, 3, ...

(20)
Èç (18)-(20) ñëåäóåò, ÷òî

π · cn(t0) =

1∫

−1

S(t0 − t) · Tn(t)dt√
1− t2

= −σ2 − σ1

n
Un−1(t0)

√
1− t20+

+ (k2 − k1)(
Un−2(t0)

n− 1
+

Un−2(t0)
n + 1

)

√
1− t20
2

, n = 2, 3, 4, .... (21)

Ïóñòü L2,p[−1, 1] � ãèëüáåðòîâî ïðîñòðàíñòâî ôóíêöèé ñî ñêàëÿðíûì ïðîèçâåäå-
íèåì

(f, g)ρ =

1∫

−1

f(t)g(t)
dt√

1− t2
(22)
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è íîðìîé

||f ||ρ =
√

(f, f)ρ =

√√√√√
1∫

−1

f2(t)
dt√

1− t2
. (23)

Â ðàáîòå [2] ïðèâåäåíî äîêàçàòåëüñòâî àñèìïòîòè÷åñêîãî ðàâåíñòâà

||Vn−1 − V ||ρ = O(
1

nµ+θ
), n →∞. (24)

Ââåä¼ì âåëè÷èíó

Rn = max
ξ ε [−1,1]

∣∣SSV (ξ)− SSVn−1(ξ)
∣∣ =

= max
ξ ε [−1,1]

1
π

∣∣∣∣∣∣

1∫

−1

S(ξ − τ)
(V (τ)− Vn(τ))dτ√

1− τ2

∣∣∣∣∣∣
. (25)

Â ñèëó íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî ñïðàâåäëèâà îöåíêà:
∣∣∣∣∣∣

1∫

−1

S(ξ − τ)
(V (τ)− Vn(τ))dτ√

1− τ2

∣∣∣∣∣∣
≤

√√√√√
1∫

−1

S2(ξ − τ)dτ√
1− τ2

·

√√√√√
1∫

−1

(V (τ)− Vn(τ))2dτ√
1− τ2

=

= ||Vn−1 − V ||ρ ·

√√√√√
1∫

−1

S2(ξ − τ)dτ√
1− τ2

. (26)

Èç (24), (26) è îãðàíè÷åííîñòè ôóíêöèè S(ξ − τ) ñëåäóåò ñïðàâåäëèâîñòü
àñèìïòîòè÷åñêîãî ðàâåíñòâà

|Rn| = O(
1

nµ+τ
), n →∞. (27)

Ðÿä ðàçðûâíûõ ôóíêöèé S(τ), âõîäÿùèõ â ïîäûíòåãðàëüíûå âûðàæåíèÿ
Kν(τ) îáëàäàþò ñâîéñòâàìè:

S ′(−0) = S ′(+0), S(−0) = −S(+0) (28)

(ê èõ ÷èñëó îòíîñèòñÿ ôóíêöèÿ K1(τ)).
Â ýòîì ñëó÷àå ôîðìóëû (15), (16), (21) äëÿ îïðåäåëåíèÿ âåëè÷èí cn(t0)

çíà÷èòåëüíî óïðîùàþòñÿ:

c0(t0) = k1 · t0 − 2
b1

π
· arcsin t0; (29)

c1(t0) = −k1

2
+ 2

b1

π
·
√

1− t20; (30)
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cn(t0) =
2b1

πn
Un−1(t0)

√
1− t20, n = 2, 3, 4, .... (31)

Â ÷àñòíîñòè, äëÿ ôóíêöèè K1(τ) èìååì:

c0(t0) = arcsin t0 − t0
2

; (32)

c1(t0) =
1
4
−

√
1− t20; (33)

cn(t0) = − 1
n

Un−1(t0)
√

1− t20, n = 2, 3, 4, .... (34)

Â ñëó÷àå, êîãäà ðàçðûâíûå ôóíêöèè S(τ), âõîäÿùèå â ÿäðà èíòåãðàëüíûõ
îïåðàòîðîâ SSν(ξ), îáëàäàþò ñâîéñòâàìè:

S ′(−0) = S ′(+0) = 0, S(−0) = −S(+0) , (35)

âåëè÷èíû cn(t0) èìåþò âèä:

c0(t0) = −2
b1

π
· arcsin t0; (36)

cn(t0) =
2b1

πn
Un−1(t0)

√
1− t20, n ε N. (37)

Â ÷àñòíîñòè, äëÿ ôóíêöèè K2(τ) ñïðàâåäëèâî ðàâåíñòâî:

1
π

1∫

−1

K2(ξ − τ)
Vn(τ)dτ√

1− τ2
=

1
π

1∫

−1

π

2
· sign(ξ − τ)

Vn(τ)dτ√
1− τ2

=

=
1
n

n∑

k=1

Vn(tnk) · [arcsin ξ + 2
n−1∑

p=1

Up−1(ξ)
n

√
1− ξ2 · Tp(tnk)]. (38)

3. Âûâîäû.
Ïîëó÷åíà êâàäðàòóðíàÿ ôîðìóëà:

Kν(ξ) =
1
π

1∫

−1

K(ξ − τ)
V (τ)dτ√

1− τ2
=

1
n

n∑

k=1

Vn(tnk) · [c0(ξ) + 2
n−1∑

p=1

cp(ξ) · Tp(tnk)]+

+
1
n

n∑

k=1

Q(ξ − tnk) · V (tnk) +4n , (39)

ãäå
|4n| = O(

1
nµ+θ

), n →∞; (40)
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è V ε C µ,θ[−1, 1], µ ≥ 0, θ > 0, K ε C 1,θ([−1,−0]
⋃

[+0, 1]), à âèä ôóíêöèé
Q(τ) è cp(ξ) îïðåäåë¼í ôîðìóëàìè (7), (15), (16), (17).

Ôîðìóëà (36) ÿâëÿåòñÿ òî÷íîé (∆n ≡ 0 ), êîãäà ôóíêöèè V (τ) ÿâëÿþòñÿ
ìíîãî÷ëåíàìè ñòåïåíè íå ïðåâûøàþùåé n− 1 .

Äëÿ ðÿäà ôóíêöèé, âñòðå÷àþùèõñÿ ïðè ïîñòðîåíèè ìîäåëåé âçàèìîäåéñò-
âèÿ ýëåêòðîìàãíèòíûõ âîëí ñ ïåðèîäè÷åñêèìè èìïåäàíñíûìè ñòðóêòóðàìè,
â ÷àñòíîñòè K1(ξ) è K2(ξ) , âèä ôóíêöèé cp(ξ) çíà÷èòåëüíî óïðîùàåòñÿ.
Òàê äëÿ ôóíêöèè K1(ξ) âåëè÷èíû cp(ξ) îïðåäåëÿþòñÿ ôîðìóëàìè (32)-(34).
Â ñëó÷àå, êîãäà K(ξ) = K2(ξ) è V (τ) = Vn(τ), ñïðàâåäëèâî ðàâåíñòâî (38).
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