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Boundary-value problems for evolutionary pseudo-differential equations with
an integral condition are studied. Necessary and sufficient conditions of well-
posedness are obtained for these problems in the Schwartz spaces. Existence of
a well-posed boundary-value problem is proved for each evolutionary pseudo-
differential equation.
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Maxkapos O.A., Jleekin /I.A. KpaiioBa 3asa4a B 1mapi JJjisi €BOJTIOMINHAX
nceBaoandepeHiaJbHUX PiBHIHb 3 IHTErpaJIbHOIO YMOBOIO. Po3riis-
JA€ThCs KpaiioBa 3ajiada JJIsl eBOJIIOIINHUX IIceBIoandepeHIliaJlbHIX PiBHIHD
3 iHTerpabHOK yMOBOI. O/1epKaHO YMOB KOPEKTHOCTI Ii€l 3a/1a49i y MpOCTO-
pax JI. IIIBapma, a TakoXK JIOBEJIEHO iICHYBaHHS KOPEKTHOI KpailoBol 3aJadi JJ1st
Oy Ib-SKOTO €BOJIIOIIITHOTO TICEBA0ANMDEPEHITIATHLHOIO PIBHAHHSA.

Knaouwosi caosa: ticeBnoandepeHItia bl piBHIHHS; KpalioBa 3ajata; epeTBo-
pennsa @ypoe, npocrip [IBaprna.

Makapos A.A., Jleskun JI.A. KpaeBas 3a/a4a B cJjioe Jjisi 9BOJIOIHU-
OHHBIX mceBAOAN(MPPEPEHINATBHBIX YPaBHEHUN C WHTErpajbHBIM
ycaoBueM. PaccMmarpuBaercss KpaeBasl 3ajada JJIs IBOJIOIMOHHBIX IICEB-
noanddepeHIualbHbIX yPABHEHNH C WHTErpajbHBIM ycjoBueM. [losydensr
yCJIOBUsT KOPPEKTHOCTHU 3TO 3ajaun B npocrpancrsax JI. IllBapra, a takxke
JIOKa3aHO CYIIECTBOBaHNE KOPPEKTHOM KPaeBoil 3a/adn Jijisl JTI000r0 eBOJIIOIH-
OHHOTO TICeB0nddEPEHITNATBHOIO YPABHEHNUS.

Knouesvie caosa: miceBmomuddepeHImaabable ypaBHEHNST; KpaeBas 3a/a4a;
npeobpazoBanue Pypwe; mpocrparctso I1IBapria.
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1. Introduction

Numerous papers are dedicated to nonlocal boundary-value problems for di-
fferential and pseudo-differential equations. In monograph [1], existing results are
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reviewed in details. In papers [2, 3, 4], a two-point boundary-value problem for
differential and pseudo-differential equations was studied, and necessary and suffi-
cient conditions of well-posedness were obtained for this problem in various spaces
of functions. Moreover, therein, existence of well-posed boundary-value problem
was proved for a linear system of differential equations with constant coefficients.
In paper [5], these results were extended to multilayer under an additional conti-
nuity condition (transmission condition). In the present paper, boundary-value
problems for evolutionary pseudo-differential equations with integral conditions
are studied. Necessary and sufficient conditions of well-posedness are obtained for
this problem in the Schwartz spaces. Existence of a well-posed boundary-value
problem is proved for each evolutionary pseudo-differential equation.

2. Main part

Consider the following boundary-value problems

ou(z,t) 0
IRLY A, & R™ T 1
oot = a (1 ) utwo), re®, teT), ()

/OTB (73 ;l) u(z, t) du(t) = o(z), z eR", (2)

and

ou(z,t)
ot

/OTB <t, ai) u(@, t) du(t) =0, r € R". (@)

:A<t, i) u(z,t) + f(z,1), zeR", tel0,T], (3)

0 0
Here A <t, 2 and B | t, 8) are pseudo-differential operators with symbols
x x

belonging to the space of infinitely differentiable functions with power growth
O, (see [6]), p(t) is a function of bounded variation.

Definition 1 Problem (1), (2) is said to be well posed from S to C1([0,T], S)
if for any function ¢ € S there exists a unique solution u € C1([0,T], S) to this
problem, and this solution depends continuously on ¢ wn appropriate topology.

Definition 2 Problem (3), (4) is said to be well posed from C([0,T],S) to
CL([0,T], S) if for any function f € C([0,T], S) there exists a unique soluti-
on u € CY([0,T], S) to this problem, and this solution depends continuously on f
i appropriate topology.

Applying the Fourier transform with respect to space variables, we get the
dual boundary-value problems
Ou(x,t)
ot

= A(t, s)u(s,t), seR", te|0,T], (5)
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/0 U Bt 5)i(s, ) diu(t) = (s), sER", (6)
and

aa( D _ At sYii(s, 1) + F(s, 1), SR te[0,T], (1)

/Bts (5,1) du(t) = sER", (8)

where the Fourier transforms %, ¢, and falso belong to S for any ¢ € [0,T]. The

function (s, 1) = () exp </Ot A(T,s) dr)

is the solution to equation (5), where v is an arbitrary function. By substituting
this formula into equation (6), we obtain

“(s) /O " Bt ) exp ( /0 "Alrs) d7-> du(t) = 3(s), s€ R™ ()
The condition
_ /OT B(t, 5) exp (/Ot A(r, s) dT> du(t) £0, sc R, (10)

is necessary for solvability of equation (9). Solution @ belongs to C*([0,T], S) if
and only if, for the resolving function

AES) exp ( /O "Alrs) dT> ,

we have Q(-,t) € C>, t € [0,T] (see [6]). Thus we have the following theorem.

Q(s,1) =

Theorem 1 The problem (1), (2) is well-posed from S to C1([0,T], S) if Q(-,t) €
C>=,, te|0,T].

To solve problem (7), (8), we consider Green’s function.

Definition 3 The function G(s,t,7) is called Green’s function of the problem
(7), (8) if it satisfies the following conditions:

1) G(s,t,7) is continuously differentiable on [0,7) U (7,T], s € R", 7 € [0,T];

2) G(s,7+0,7)—D(s,7—0,7)=1onte0,7)U(r,T], se R, 7 €[0,T);

3) G(s,t,7) =G(s,t,7) ont € [0,7)U (1, T], s € R", 7 € [0,T];

9
ot
/ G(s,t,7)du(t) =0, s e R", 7 € [0, T].
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If Green’s function exists, then there exists a unique solution to the problem (7),
(8). Due to [7], this solution is defined by the formula

T ~
u(s,t) = / G(s,t,T)f(s,T)dT.
0
Lemma 1 If Q is the resolving function of problem (5), then

/ "B S)Qst— T HE)du(e),  T<t scR",
G(s,t, 1) = 0

T
- [ BEesQst - du). 7>t se R
is Green’s function of problem (7), (8).
Proof. Evidently, 1) holds. Let us prove 2). We have

G(s,7+0,7) — G(s,7 — 0,7)

, T
:/0 B(&,S)Q(s,f)du(§)+/ B(&, s)Q(s, &) du(§)

T
:/0 B(£,5)Q(s,€) du(€)

_ AES) /OTB(g, s) exp (/jA(T, 5) d7> du(€) = 1.

Condition 3) is true, because @) satisfies equation (5). Now let us prove 4)
T T T
| Be0GE a0 =~ [ Bt [ Be.0Q( -7+ O du() du(t)
0 0 T
T T
B B — d d
+ [ Blat) [ B.0Qs =7+ O du©)dn(t)
T T
—— [ [ BB -7+ o du) dutt)

T prr
[ ] BBt -7+ € du(€) dute) 0.
The lemma is proved. ([l

Corollary 1 If problem (5), (6) is well-posed, then problem (7), (8) is also well
posed.
Proof. If Q(-,t) € C°%, t € [0,T], then G(s,t,7) € C=, t,7 € [0,T]. Hence,

—00? —00)

u(s,t) € C1([0,T],S). The corollary is proved. O

Theorem 2 For each symbol A(t,-) € C*, t € [0,T], there exists a function
B(t,) € C=, t € [0,T], such that problem (1), (2) is well-posed from S to
c'((0, ], 5).
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Proof. Put
t
B(t,s) = exp <—i Im/ A(r,s) d7> )
0

A(s) = /OT exp <Re /Ot A(r,s) d7'> dt > 0.

Let us show that
1

Q1) = Mexp/o A(r,Ydr € C, te[0,T].

Then

Since A € C ([O, T], Cg?) for all £ and [, we can approximate A by functions A.,

€ > 0, that are stepwise with respect to ¢t and obtain

t t
/ A(r,s)dr — / Ao(T,s)dr
0 0 U]

Thus we have reduced problem (1), (2) to the multi-point boundary-value problem
in a multilayer

ou(x,t)
ot

Bo (88:1:) u(z,0) + By <aax> u(z,t1) + ...+ By (;) u(z, T) = p(z),

(k)

J4(t) = Aot I <=, e 0.7, | e

0
= 4, <tk’8:c) w(z,t), tp<t<tp, k=0,1,...,N—1,

where By (z) = exp (—i f(f’“ Im Ay(, s) dT) . In [5], it was proved that the resolving
function @Q* of this boundary-value problem satisfies the conditions

k )*
W’ < Gl +[sh™, s eR", T€[0,7],

|Q*(s,t)] <1 and 5ok

ie., Q*(-,t) € C=, t € [0,T]. Therefore, ||A(t,-) — Ao(t,-)HEg) < Me, s € R",

T €1[0,T], ie., Q(-,t) € C=, t € [0,T]. Thus this problem is well posed from S

to C1([0,T],S). The theorem is proved. O
Corollary 1 yields the following corollary.

Corollary 2 Problem (3), (4) is also well posed from C([0,T], S) to C*([0,T], S).

Example 1 Consider the equation
Ju(z,t)
ot

In [2], it was shown that there is no well-posed two-point boundary-value problem
in S. Consider this equation under the integral boundary condition

= (2t = T)Au(z,t) + c(t)u(z,t), xe€R" te]0,T].

T
/ u(z,t)dt = o(z), = eR"
0
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Then the boundary value condition is well posed from S to C1([0,77],S), and

exp ((Tt — %) [s|* + /Ot c(T) d7>

/OTeXp ((Tt—tQ) s\2+/0tc(r) dT) dt

is its resolving function. We use Laplace’s method to estimate the denominator [8|.
If f(t) and o(t) are real-valued functions, o”(ty) < 0, and o has a single maximum
at the point £y, then the asymptotic behavior of the function

Q(s,t) = , seR" tel0,T)]

b
F() = / F(t) exp (Ao (1)) dt

is following

27
F(\) ~ — )
(X) ~ f(to) exp (Ao (to)) o7 (fo) as A — 400
Therefore,
T/2 T2 2
Als) ~ ﬁexp (/ c(t) dt) exp ( 1 > as |s| — 4o0.
|s 0 4
Hence,

Qls,1) ~ \|;|Eexp (/Ttm o(r) d7> exp (- (t - :g)z |s|2> s || = +oc.

Thus, Q(-,t) € C=

X, t € [0,T], and the problem is well posed from S to
C*([0,T], ).

Example 2 Consider the more general equation

Ou(x,t) ou(x,t)

5 = a(t)Au(zx,t) + ébk(t) 7 + c(t)u(z,t), ze€R™ te[0,T].

where a(t), by (t), c(t) are real-valued functions continuous on [0,7]. Then by
theorem 2 the boundary-value problem with the condition

T
| o= Bi), 0~ B0t = o(o), w B
0
where By(t) = fg be(T)d T, 1 <t <n,is well posed from S to C1([0,T7,S).

3. Conclusion

It is proved that, for pseudo-differential time-dependent equations, well-posed
boundary-value problems exist if the boundary conditions have an integral form.
Some interesting examples of well-posed boundary-value problems are given.
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Maxkapos O.A., Jleskin /I.A. KpaitoBa 3a/1a4a B 1mapi JJis €BOJIIOIIMHUX TICEB-
noandepeHiaIbHUX PiBHSIHDb 3 iHTErpaJIbHOIO yMOBOIO. Y jaHiil pobOTi po3riis-
JAETHCSA KpaioBa 3a/ata JjIsi €BOJIONITHOr0 TCeBIoMi(epPEeHITaILHOTO PIBHIHHA 3 iHTe-
rpajbHoio ymoBoro B mpoctopi JI. IIsapma. Ila 3a7a4qa € y3araabHEHHSIM JIBOTOYKOBOI i
6araToTOYKOBOI KpaloBUX 33124 J1Jisi JuepeHIliabHUX PiBHSIHDb B YACTUHHUX ITOX1JIHUX,
SIKI POBTJISIIIAJINCS PAHIITE PSOM aBTOPIB 1 JJIst sIKUX OyJI OTpUMAaHi YMOBU KOPEKTHOCTI
B pisuux mnpocropax dyukmnin. Makaposum O.A. B momepeanix poborax OyJ10 JTOBEIEHO
icHyBaHHSA KOPEKTHOI IBOTOYKOBOI KpaifoBol 3amadi 11 OyIb-sIKOTO PiBHAHHS B 9aCTUH-
HUX TOoXimHux 3i craanvu koedirientamu. [lizminme aBropu jgamoi poboTH y3araabHUIN
nelt pe3ysabTaT Ha 6AraTOTOYKOBY KpaifloBY 3aJiady B IOJIMIAP] IpU JIOJATKOBIfl yMOBi
TpancMicii. PosryisiHyTa B 1Miit poboTi KpaiioBa 3ajada mij giero neperBopertst Pyp’e 1o
IIPOCTOPOBUX 3MIHHUX IIEPEXOIUTH B KPAWOBY 3a/1a9y i 3BUYANHNX Tr(epeHIiaIbHIX
piBHSIHB, 10 3aJjie’KaTh Bij nmapamerpis. OTpUMaHO YMOBH KOPEKTHOCTI BHXITHOI Kpa-
OBO1 33184l B TepMiHAX OIHOK Ha PO3B’A3yBaJbHy DYHKIIO aBoicTol 3aaaqdi. IToTim B
pobOTi JTOBOIUTHCS, IO It Oy/Ib-SIKOTO TICEBI0Mi(DePEHITiaIbHOTO PIBHIHHS 3a3HAYEHO-
IO THUIly iCHy€ KOpPEKTHa KpaitoBa 3aJiada 3 iHTerpaJibHOIO YMOBOIO, KA BU3HAYAETLCH
10 CHMBOJIY TICE€BAOMi(bepeH liaJIbHOro omeparopa. [ljst boro BUKOPUCTOBYETHCS AIlpO-
KCUMalliliHa KpalioBa 3ajlada B MOJIMIapi, IKa BUXOJIUTH IIPU PIBHOMIPHIN amrpoKcHMariii
HEIIePEPBHOTO CIMBOJTY TICEBI0Ti(pePEHIIaIbHOTO OIePATOPa KyCKOBO-TIOCTIHHUM CHMBO-
JIOM 3 BifmoBigHOIO ffoMy 6araToToYKOBOIO KpaitoBOIO yMOBOIO. Taka ampokcuMAaIiiiina
KpaitoBa 3aj1a49a € KopekTHoo B nipoctopi JI. [TIBapiia, a 3ua4uTh, i rpanuvHa KpaiioBa
3aja4a 3 IHTErpajJbHOI YMOBOK TaKOXK € KOPEKTHOIO B IIbOMY IIpocTopi. B poboTi Takox
HaBEJIEH] MIPUKJIAIN TAKAX KOPEKTHUX KPaloBUX 3a/ad.

Kmowosi caosa: ticeBmoandepeHItiaabal piBHAHHSA; KpaifoBa 3ajada; MEePEeTBOPEHHS
®yp’e, mpoctip IIBapria.
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