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Â ðàáîòå ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ ýâîëþöèîííûõ
ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé â áåñêîíå÷íîì ñëîå. Ââîäèòñÿ ïîíÿ-
òèå ÷àñòè÷íî ïàðàáîëè÷åñêîé êðàåâîé çàäà÷è, êîãäà ðàçðåøàþùàÿ ôóí-
êöèÿ ýêñïîíåíöèàëüíî óáûâàåò ëèøü ïî ÷àñòè ïðîñòðàíñòâåííûõ ïåðåìåí-
íûõ. Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà ñèìâîë ïñåâäîäèô-
ôåðåíöèàëüíîãî îïåðàòîðà, ïðè êîòîðûõ ñóùåñòâóþò ÷àñòè÷íî ïàðàáîëè-
÷åñêèå êðàåâûå çàäà÷è. Èññëåäîâàíî òàêæå âîçìóùåííîå ïñåâäîäèôôåðåí-
öèàëüíîå óðàâíåíèå ñ ñèìâîëîì, çàâèñÿùèì îò ïðîñòðàíñòâåííûõ è âðå-
ìåííûõ ïåðåìåííûõ.
Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à; ïñåâäîäèôôåðåíöèàëüíûå óðàâíåíèÿ;
ïðåîáðàçîâàíèå Ôóðüå; ïàðàáîëè÷íîñòü; ãèïîýëëèïòè÷íîñòü.

Ìàêàðîâ Î.À., Íiêîëåíêî I. Ã. ×àñòêîâà ïàðàáîëi÷íiñòü êðàéîâî¨ çà-

äà÷i äëÿ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ó øàði. Ó ðîáîòi ðîçãëÿäà-
¹òüñÿ íåëîêàëüíà êðàéîâà çàäà÷à äëÿ åâîëþöiéíèõ ïñåâäîäèôåðåíöiàëüíèõ
ðiâíÿíü ó íåñêií÷åííîìó øàði. Ââîäèòüñÿ ïîíÿòòÿ ÷àñòêîâî ïàðàáîëi÷íî¨
êðàéîâî¨ çàäà÷i, êîëè ðîçâ'ÿçóâàëüíà ôóíêöiÿ åêñïîíåíöiàëüíî óáóâà¹ ëè-
øå ïî ÷àñòèíi ïðîñòîðîâèõ çìiííèõ. Îòðèìàíi íåîáõiäíi òà äîñòàòíi óìîâè
íà ñèìâîë ïñåâäîäèôåðåíöiàëüíîãî îïåðàòîðà, ïðè ÿêèõ iñíóþòü ÷àñòêîâî
ïàðàáîëi÷íi êðàéîâi çàäà÷i. Äîñëiäæåíî òàêîæ çáóðåíå ïñåâäîäèôåðåíöi-
àëüíå ðiâíÿííÿ ç ñèìâîëîì, ùî çàëåæèòü âiä ïðîñòîðîâèõ i ÷àñîâèõ çìií-
íèõ.
Êëþ÷îâi ñëîâà: êðàéîâà çàäà÷à; ïñåâäîäèôåðåíöiàëüíi ðiâíÿííÿ; ïåðåòâî-
ðåííÿ Ôóð'¹; ïàðàáîëi÷íiñòü; ãiïîåëiïòè÷íiñòü.

A.A.Makarov, I.G.Nikolenko. Partial parabolicity of the boundary-

value problem for pseudodi�erential equations in a layer. A nonlocal
boundary-value problem for evolutional pseudodi�erential equations in an in�-
nite layer is considered in this paper. The notion of the partially parabolic
boundary-value problem is introduced when a solving function decreases
exponentially only by the part of space variables. Necessary and su�cient condi-
tions for the pseudodi�erential operator symbol are obtained in which partially
parabolic boundary-value problems exist. The disturbed (excitated) pseudodi-
�erential equation with a symbol which depends on space and temporal vari-
ables is also investigated.
Key words: boundary-value problem; pseudodi�erential equations; Fourier
transform; parabolicity; hypoellipticity.
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1. Ââåäåíèå

Ðàíåå â ðàáîòå [1] àâòîðîì áûëà èññëåäîâàíà ïàðàáîëè÷åñêàÿ êðàåâàÿ çà-
äà÷à äëÿ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

∂u(x, t)

∂t
= A

(
∂

i∂x

)
u(x, t) x ∈ Rn, t ∈ [0, T ], (1)

B

(
∂

i∂x

)
u(x, 0) + C

(
∂

i∂x

)
u(x, T ) = ϕ(x). (2)

Çäåñü A
(

∂
i∂x

)
,B
(

∂
i∂x

)
,C
(

∂
i∂x

)
�ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû ñ ñèì-

âîëàìè A(σ), B(σ) è C(σ), ïðèíàäëåæàùèìè ïðîñòðàíñòâó C∞−∞ =
⋂
s

⋃
p
Csp .

Óñëîâèå ïàðàáîëè÷íîñòè îçíà÷àåò, ÷òî ðàçðåøàþùàÿ ôóíêöèÿ

Q(σ, t) = exp{t ·A(σ)}(B(σ) + C(σ) exp{T ·A(σ)})−1

óäîâëåòâîðÿåò îöåíêå |Q(σ, t)| ≤ c(1 + |σ|)p exp{−ρ(t) b|σ|h} ñ íåêîòîðûìè ïî-
ëîæèòåëüíûìè b è h, ãäå ρ(t) = min{t, T − t}.

Áûëî âûÿñíåíî, ÷òî ïàðàáîëè÷åñêàÿ êðàåâàÿ çàäà÷à óêàçàííîãî âèäà âñå-
ãäà ñóùåñòâóåò äëÿ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé, ñèìâîë êîòîðûõ
óäîâëåòâîðÿåò îöåíêå |ReA(σ)| ≥ b|σ|h − b0 ñ b, h > 0, à ðåøåíèÿ ïàðàáîëè-
÷åñêîé êðàåâîé çàäà÷è áóäóò áåñêîíå÷íî äèôôåðåíöèðóåìûìè ïðè ϕ(x) ∈ L2,
ïðè÷åì ñâîéñòâî ïîâûøåíèÿ ãëàäêîñòè õàðàêòåðèçóåò ïàðàáîëè÷åñêèå êðàå-
âûå çàäà÷è.

Îêàçàëîñü òàêæå, ÷òî ïàðàáîëè÷åñêóþ êðàåâóþ çàäà÷ó ìîæíî âîçìó-
ùàòü ïîä÷èíåííûìè ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè ñ äîñòàòî÷íî
ìàëûìè êîýôôèöèåíòàìè, è ïîëó÷åííàÿ êðàåâàÿ çàäà÷à áóäåò êîððåêòíîé,
ïðè÷åì ýòî ñâîéñòâî òàêæå õàðàêòåðíî äëÿ ïàðàáîëè÷åñêèõ çàäà÷.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå àíàëîãè÷íûõ âîïðîñîâ äëÿ
÷àñòè÷íî ïàðàáîëè÷åñêèõ çàäà÷, òî åñòü êîãäà ðàçðåøàþùàÿ ôóíêöèÿ óáûâà-
åò ëèøü ïî íåêîòîðûì ïåðåìåííûì. Îêàçàëîñü, ÷òî ðåøåíèÿ áóäóò ãëàäêèìè
ïî ñîîòâåòñòâóþùèì ïåðåìåííûì, à ñàìè óðàâíåíèÿ ìîæíî âîçìóùàòü ïîä-
÷èíåííûìè ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè, ñîäåðæàùèìè äèôôå-
ðåíöèðîâàíèå ëèøü ïî ñîîòâåòñòâóþùèì ïåðåìåííûì.

Ïðèâåäåíû òàêæå ïðèìåðû, èëëþñòðèðóþùèå ïîëó÷åííûå ðåçóëüòàòû.

2. ×àñòè÷íî ïàðàáîëè÷åñêèå êðàåâûå çàäà÷è

Ïðèâåäåì íåêîòîðûå ôàêòû, îòíîñÿùèåñÿ ê ñâåðòêàì îñíîâíûõ è îáîá-
ùåííûõ ôóíêöèé. Ïóñòü Φ � ïðîñòðàíñòâî îñíîâíûõ ôóíêöèé, èíâàðèàí-
òíîå îòíîñèòåëüíî ñäâèãà è îïåðàòîðà îòðàæåíèÿ, ÿâëÿþùååñÿ ïðîñòðàíñ-
òâîì Ôðåøå, à Φ′ � ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé.

Ñâåðòêîé îñíîâíîé è îáîáùåííîé ôóíêöèé íàçûâàåòñÿ ôóíêöèÿ

(f ∗ ϕ)(x)
def
= (f, ϕ(x− y)) ∀ f ∈ Φ′, ∀ϕ ∈ Φ.
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Åñëè ∀ϕ ∈ Φ ñâåðòêà f ∗ ϕ ∈ Φ, òî f íàçûâàåòñÿ ñâåðòûâàòåëåì â ïðî-
ñòðàíñòâå Φ. Ñîîòâåòñòâóþùèé îïåðàòîð ñâåðòêè ìîæíî ïðåäñòàâèòü êàê
ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì f̃(σ), ÿâëÿþùèìñÿ ïðåîáðà-
çîâàíèåì Ôóðüå îáîáùåííîé ôóíêöèè f . Åñëè â êà÷åñòâå Φ âçÿòü ïðîñòðàíñ-
òâî Ë. Øâàðöà S áûñòðî óáûâàþùèõ ôóíêöèé, òî ïðåîáðàçîâàíèå Ôóðüå
ñâåðòêè áóäóò ïðèíàäëåæàòü (ñì. [2]) ïðîñòðàíñòâó áåñêîíå÷íî äèôôåðåíöè-
ðóåìûõ ôóíêöèé C∞−∞, óäîâëåòâîðÿþùèõ îöåíêàì

|Dkψ(σ)| ≤ ck(1 + |σ|)pk ∀k = (k1, . . . , kn).

Åñëè â êà÷åñòâå Φ âçÿòü ïðîñòðàíñòâî H∞ =
⋂
s
Hs, ãäå Hs � ïðîñòðàíñòâà

Ñîáîëåâà, òî ñèìâîëû îïåðàòîðîâ ñâåðòêè ïðèíàäëåæàò ïðîñòðàíñòâó H0
−∞,

ñîñòîÿùåìó èç ëîêàëüíî èíòåãðèðóåìûõ ôóíêöèé, ðàñòóùèõ íå áûñòðåå íå-
êîòîðîé ñòåïåíè (ñì. [2]).

Îáîçíà÷èì A(σ) = FA1 � ïðåîáðàçîâàíèå Ôóðüå îò îáîáùåííîé ôóí-

êöèè A1 , à A
(

∂
i∂x

)
ϕ = A1 ∗ ϕ.

Îïðåäåëåíèå 1 Çàäà÷à (1) � (2) íàçûâàåòñÿ êîððåêòíî ðàçðåøèìîé èç ïðî-
ñòðàíñòâà Φ â ïðîñòðàíñòâî C1([0, T ],Φ), åñëè ∀ϕ ∈ Φ ∃! u ∈ C1([0, T ],Φ)
è åñëè ïîñëåäîâàòåëüíîñòü ϕν → 0 â ïðîñòðàíñòâå Φ, òî è ïîñëåäîâàòåëü-
íîñòü uν → 0 â òîïîëîãèè ñîîòâåòñòâóþùåãî ïðîñòðàíñòâà.

Êðèòåðèé êîððåêòíîé ðàçðåøèìîñòè â óêàçàííûõ âûøå ïðîñòðàíñòâàõ,
ïîëó÷åííûé â [3], ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.
Òåîðåìà À. Ïóñòü A(σ), B(σ) è C(σ) ïðèíàäëåæàò ïðîñòðàíñòâó C∞−∞.
Çàäà÷à (1)�(2) êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà S (èëè ïðîñòðàíñòâà
H∞) â ïðîñòðàíñòâî C1([0, T ], S) (èëè â ïðîñòðàíñòâî C1([0, T ], H∞)) òî-
ãäà è òîëüêî òîãäà, êîãäà Q(·, t) ∈ C∞−∞

(
Q(·, t) ∈ H0

−∞
)
äëÿ âñåõ t ∈ [0, T ].

Çàìå÷àíèå. Óñëîâèÿ äàííîé òåîðåìû îáåñïå÷èâàþò òàêæå êîððåêòíóþ
ðàçðåøèìîñòü â ïðîñòðàíñòâàõ êîíå÷íî-ãëàäêèõ ôóíêöèé Hs

l , C
s
l èëè H

s.

Îïðåäåëåíèå 2 Çàäà÷à (1)�(2) íàçûâàåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé ïî ïå-
ðåìåííûì x1, . . . , xj (1 ≤ j ≤ n), åñëè ðàçðåøàþùàÿ ôóíêöèÿ Q(σ, t) óäîâëå-
òâîðÿåò îöåíêå

|Q(σ, t)| ≤ c(1 + |σ|)p exp{−ρ(t)

j∑
i=1

bi|σi|hi} ∀σ ∈ Rn, t ∈ [0, T ]

ñ íåêîòîðûìè ïîëîæèòåëüíûìè c, bi, hi è äåéñòâèòåëüíûì p.
Çäåñü ρ(t) = min(t, T − t).

Òåîðåìà 1 Åñëè êðàåâàÿ çàäà÷à (1)�(2) ÷àñòè÷íî ïàðàáîëè÷íà ïî ïåðåìåí-
íûì x1, . . . , xj (1 ≤ j ≤ n), òî äàííàÿ çàäà÷à êîððåêòíî ðàçðåøèìà èç
ïðîñòðàíñòâà ôóíêöèé, ïðèíàäëåæàùèõ ïðîñòðàíñòâó L2

(
Rj
)
ïî ïåðåìåí-

íûì x1, . . . , xj è ïðèíàäëåæàùèõ ïðîñòðàíñòâó H∞(Rn−j) ïî ïåðåìåííûì
xj+1, . . . , xn, â ïðîñòðàíñòâî C1 ([0, T ], H∞(Rn)).
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Äîêàçàòåëüñòâî. Ðàññìîòðèì äâîéñòâåííóþ ïî Ôóðüå çàäà÷ó
∂ũ(σ, t)

∂t
= A(σ)ũ(σ, t),

B(σ)ũ(σ, 0) + C(σ)ũ(σ, T ) = ϕ̃(σ).

Òîãäà ðåøåíèå èìååò âèä ũ(σ, t) = exp{t A(σ)} · K(σ) ñ íåêîòîðûì K(σ).
Èñïîëüçóÿ êðàåâûå óñëîâèÿ, ïîëó÷èì

K(σ) =
ϕ̃(σ)

B(σ) + C(σ) exp{TA(σ)}
.

Îòêóäà ũ(σ, t) = Q(σ, t)·ϕ̃(σ). Òåïåðü íóæíî ïðîâåðèòü, ÷òî ïîëó÷åííîå ðåøå-
íèå ïðèíàäëåæèò ïðîñòðàíñòâó FH∞ =

⋂
s
Hs. Íî ïîñëåäíåå ñëåäóåò èç òîãî,

÷òî äëÿ ëþáûõ ïîëîæèòåëüíûõ si∣∣∣∣∣
j∏
i=1

(
1 + |σi|2

) si
2 Q(σ, t) · ϕ̃(σ)

∣∣∣∣∣ ≤ cν(1 + |σ|)−ν , ∀ ν ≥ 0 ∃cν > 0, ∀σi ∈ R

â ñèëó îöåíêè íà Q(σ, t).
Òåîðåìà äîêàçàíà.

Âûÿñíèì äëÿ êàêèõ óðàâíåíèé ñóùåñòâóþò ÷àñòè÷íî ïàðàáîëè÷åñêèå êðà-
åâûå çàäà÷è.

Òåîðåìà 2 Åñëè A(σ) ∈ C∞−∞ è |ReA(σ)| ≥
j∑
i=1

bi|σi|hi − b0 ñ ïîëîæè-

òåëüíûìè bi è hi, òî ñóùåñòâóåò ÷àñòè÷íî ïàðàáîëè÷åñêàÿ êðàåâàÿ çàäà÷à
ñ óñëîâèÿìè (2).

Äîêàçàòåëüñòâî. Âîçüìåì B(σ) = 1, à C(σ) = exp{−iT ImA(σ)} ∈ C∞−∞.

Òîãäà Q(σ, t) =
exp{tA(σ)}

1 + exp{T ReA(σ)}
è óäîâëåòâîðÿåò îöåíêå

|Q(σ, t)| ≤ exp{−ρ(t)|ReA(σ)|} ≤ exp

{
−ρ(t)

j∑
i=1

bi|σi|hi
}
,

òî åñòü êðàåâàÿ çàäà÷à ÿâëÿåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé.
Òåîðåìà äîêàçàíà.

Çàìå÷àíèå. Ïðèâåäåííàÿ ïðè äîêàçàòåëüñòâå ýòîé òåîðåìû êðàåâàÿ çà-
äà÷à íàçûâàåòñÿ ìîäåëüíîé è áóäåò èñïîëüçîâàíà â äàëüíåéøåì.

Ïðèâåäåì ïðèìåðû ÷àñòè÷íî ïàðàáîëè÷åñêèõ êðàåâûõ çàäà÷.
Ïðèìåð 1. 

∂u(x, t)

∂t
= −∂

2u(x, t)

∂x21
+
∂u(x, t)

∂x2
,

u(x, 0) + u(x1, x2 − T, T ) = ϕ(x).
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Çäåñü A(σ) = σ21 + iσ2; B(σ) = 1; C(σ) = exp{−i Tσ2}.

Ðàçðåøàþùàÿ ôóíêöèÿ Q(σ, t) =
exp{t(σ21 + iσ2)}
1 + exp{Tσ21}

óäîâëåòâîðÿåò îöåíêå

|Q(σ, t)| ≤ exp{−ρ(t)σ21}, òî åñòü çàäà÷à ÿâëÿåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé
ïî x1.
Ïðèìåð 2.

∂u(x, t)

∂t
=
∂2u(x, t)

∂x21
− ∂2u(x, t)

∂x1 ∂x2
+
∂2u(x, t)

∂x22
− ∂u(x, t)

∂x3
,

u(x, 0) + u(x1, x2, x3 + T, T ) = ϕ(x).

Çäåñü A(σ) = −σ21 + σ1σ2 − σ22 − iσ3; B(σ) = 1; C(σ) = exp{−i Tσ3}.

Ðàçðåøàþùàÿ ôóíêöèÿ Q(σ, t) =
exp{t(−σ21 + σ1σ2 − σ22 − iσ3)}
1 + exp{T (−σ21 + σ1σ2 − σ22)}

äîïóñêàåò

îöåíêó |Q(σ, t)| ≤ exp

{
−1

2
ρ(t)(σ21 + σ22)

}
, òî åñòü çàäà÷à ÿâëÿåòñÿ ÷àñòè÷íî

ïàðàáîëè÷åñêîé ïî x1, x2.
Ïîêàæåì, ÷òî ëþáàÿ êîððåêòíàÿ êðàåâàÿ çàäà÷à ñ óñëîâèåì (2) äëÿ óðàâíå-
íèÿ (1), óäîâëåòâîðÿþùåãî òåîðåìå 2, ÿâëÿåòñÿ ïàðàáîëè÷åñêîé.

Òåîðåìà 3 Åñëè çàäà÷à (1)�(2) êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà
S(Rn) â ïðîñòðàíñòâî C1([0, T ], S(Rn)), à A(σ) óäîâëåòâîðÿåò óñëîâèÿì òå-
îðåìû 2, òî òàêàÿ çàäà÷à ÿâëÿåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé.

Äîêàçàòåëüñòâî. Ðàçðåøàþùàÿ ôóíêöèÿ çàäà÷è (1)�(2) èìååò âèä

Q(σ, t) =
exp{tA(σ)}

B(σ) + C(σ) exp{TA(σ)}
.

Åå ìîæíî ïðåäñòàâèòü ÷åðåç ðàçðåøàþùóþ ôóíêöèþ

Q0(σ, t) =
exp{tA(σ)}

1 + exp{T ReA(σ)}

ìîäåëüíîé êðàåâîé çàäà÷è èç òåîðåìû 2 ñëåäóþùèì îáðàçîì

Q(σ, t) = Q0(σ, t)
1 + exp{T ReA(σ)}

B(σ) + C(σ) exp{TA(σ)}
=

= Q0(σ, t)(Q(σ, 0) +Q(σ, T )).

Òàê êàê Q(σ, 0) è Q(σ, T ) â ñèëó òåîðåìû A óäîâëåòâîðÿþò ñòåïåííîé îöåíêå,

òî Q(σ, t) óäîâëåòâîðÿåò îöåíêå |Q(σ, t)| ≤ c(1 + |σ|)p exp{−ρ(t)
j∑
i=1

bi|σi|hi}, òî

åñòü êðàåâàÿ çàäà÷à ÿâëÿåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé.
Òåîðåìà äîêàçàíà.

Ïîêàæåì, ÷òî óñëîâèå íà A(σ) ÿâëÿåòñÿ íå òîëüêî äîñòàòî÷íûì, íî è
íåîáõîäèìûì äëÿ ÷àñòè÷íîé ïàðàáîëè÷íîñòè.
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Òåîðåìà 4 Åñëè êðàåâàÿ çàäà÷à (1)�(2) ÿâëÿåòñÿ ÷àñòè÷íî ïàðàáîëè÷åñêîé
ïî xi (i ≤ j), òî A(σ) óäîâëåòâîðÿåò îöåíêå

|ReA(σ)| ≥
j∑
i=1

bi|σi|hi − b0

ñ íåêîòîðûìè ïîëîæèòåëüíûìè bi è hi.

Äîêàçàòåëüñòâî. Ïî ïðåäûäóùåé òåîðåìå

Q0(σ, t) = Q(σ, t) · B(σ) + C(σ) exp(TA(σ))

1 + exp(T ReA(σ))
=

= Q(σ, t)(B(σ) + C(σ)Q0(σ, T )).

Îòêóäà ñëåäóåò
exp{tReA(σ)}

1 + exp{T ReA(σ)}
≤ c(1 + |σ|)p exp

{
−ρ(t)

j∑
i=1

bi|σi|hi
}
.

Íî åñëè ReA(σ) ≥ 0, òî Q0(σ, t) ýêâèâàëåíòíà exp{(t − T ) ReA(σ)}, à åñëè
ReA(σ) < 0, òî Q0(σ, t) ýêâèâàëåíòíà exp{tReA(σ)}.

Òàêèì îáðàçîì

−ρ(t)|ReA(σ)| ≤ −ρ(t)

(
j∑
i=1

bi|σi|hi − b0

)
èëè |ReA(σ)| ≥

j∑
i=1

bi|σi|hi − b0.

Òåîðåìà äîêàçàíà.

3. Âîçìóùåíèÿ ÷àñòè÷íî ïàðàáîëè÷åñêèõ êðàåâûõ çàäà÷

Â äàííîì ðàçäåëå ìû áóäåì ðàññìàòðèâàòü íåîäíîðîäíîå óðàâíåíèå

∂u(x, t)

∂t
= A

(
∂

i∂x

)
u(x, t) + f(x, t), (3)

à òàêæå âîçìóùåííîå óðàâíåíèå

∂u(x, t)

∂t
= A

(
∂

i∂x

)
u(x, t) + εR

(
t, x,

∂

i∂x

)
u(x, t) + f(x, t), (4)

ãäå ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð R

(
t, x,

∂

i∂x

)
ñ ñèìâîëîì

R (t, x, σ) ∈ C∞−∞ äåéñòâóåò ïî ôîðìóëå

R

(
t, x,

∂

i∂x

)
u(x, t) = F−1R(t, x, σ)ũ(σ, t) ∀u(x, t) ∈ S (∀ t ∈ [0, T ]).

Áóäåì ðàññìàòðèâàòü íóëåâîå êðàåâîå óñëîâèå

B

(
∂

i∂x

)
u(x, 0) + C

(
∂

i∂x

)
u(x, T ) = 0. (5)
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Îïðåäåëåíèå 3 Êðàåâàÿ çàäà÷à (3)�(5) íàçûâàåòñÿ êîððåêòíî ðàçðåøè-
ìîé èç ïðîñòðàíñòâà C0([0, T ], Hs1) â ïðîñòðàíñòâî C1([0, T ], Hs2), åñëè
∀f ∈ C0([0, T ], Hs1) ∃! u ∈ C1([0, T ], Hs2) è ‖u‖ ≤ c‖f‖ ñ íåêîòîðîé ïîëîæè-
òåëüíîé c.

Â ðàáîòå [4] áûëî ïîêàçàíî, ÷òî èç êîððåêòíîñòè çàäà÷è (1)�(2) ñëåäóåò
êîððåêòíîñòü çàäà÷è (3)�(5) è íàîáîðîò ïðè óñëîâèè, ÷òî

c1(1 + |σ|)p1 ≤ |B(σ)|+ |C(σ)| ≤ c2(1 + |σ|)p2 .

Åñëè îïðåäåëèòü ÷àñòè÷íóþ ïàðàáîëè÷íîñòü çàäà÷è (3)�(5) ïî ïåðåìåííûì
xi i ≤ j âûïîëíåíèåì ñëåäóþùåãî óñëîâèÿ íà ôóíêöèþ Ãðèíà äâîéñòâåííîé
ïî Ôóðüå çàäà÷è

|G(σ, t, τ)| ≤ c(1 + |σ|)p exp

{
−ρ(|t− τ |)

j∑
i=1

bi|σi|hi
}

ñ íåêîòîðûìè ïîëîæèòåëüíûìè c, bi, hi è äåéñòâèòåëüíûì p, òî â ñèëó ðàâåí-
ñòâà

G(σ, t, τ) =

{
−Q(σ, t)C(σ) exp{(T − τ)A(σ)}, t ≤ τ
Q(σ, t)B(σ) exp{(−τ)A(σ)}, t > τ

èç ÷àñòè÷íîé ïàðàáîëè÷íîñòè çàäà÷è (1)�(2) ñëåäóåò ÷àñòè÷íàÿ ïàðàáîëè-
÷íîñòü çàäà÷è (3)�(5) è íàîáîðîò.

Âîñïîëüçóåìñÿ ñëåäóþùèì ðåçóëüòàòîì [5].
Òåîðåìà B. Ïóñòü ôóíêöèÿ Ãðèíà çàäà÷è (3)�(5) óäîâëåòâîðÿåò óñëîâèþ

T∫
0

sup
σ
{ |R(t, x, σ) | · |G(σ, t, τ)| }dτ ≤ c.

Òîãäà çàäà÷à (3)�(2) êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà C0([0, T ], Hs)
â ïðîñòðàíñòâî C1([0, T ]Hs−q) ïðè íåêîòîðîì q ≥ 0, ïðè ëþáîì s è äîñòà-
òî÷íî ìàëûõ ε.

Òåîðåìà 5 Åñëè çàäà÷à (3)�(5) ÷àñòè÷íî ïàðàáîëè÷íà, ïðè÷åì

|G(σ, t, τ)| ≤ c
j∏
i=1

(1 + |σi|)pi · exp

{
−ρ(|t− τ |)

j∑
i=1

bi|σi|hi
}

ñ íåêîòîðûìè ïîëîæèòåëüíûìè c, bi, hi è äåéñòâèòåëüíûìè pi, òî ïðè äî-
ñòàòî÷íî ìàëûõ ïî àáñîëþòíîé âåëè÷èíå ε è ïðè

|R(t, x, σ)| ≤ c1
j∏
i=1

(1 + |σi|)mi , ãäå
j∑
i=1

mi + pi
hi

< 1, c1 > 0,

âîçìóùåííàÿ çàäà÷à (4)�(5) áóäåò êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà
C0([0, T ], Hs) â ïðîñòðàíñòâî C1([0, T ], Hs−q) ïðè íåêîòîðîì q ≥ 0.
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Äîêàçàòåëüñòâî. Ïðèìåíèì òåîðåìó B.

sup
σ
{|R(t, x, σ)|·|G(σ, t, τ)|}≤ sup

σ
c1·
∏
i≤j

(1+|σi|)pi+mi ·exp

−ρ(|t−τ |)
∑
i≤j

bi|σi|hi


Âû÷èñëèì sup

σ
|σ|β exp{−α|σ|h}. Äëÿ ýòîãî íàéäåì ñòàöèîíàðíûå òî÷êè ôóí-

êöèè

f(|σ|) = |σ|β exp{−α|σ|h},
f ′(|σ|) = β|σ|β−1 exp{−α|σ|h}+ |σ|β exp{−α|σ|h}(−αh)|σ|h−1 = 0,

îòêóäà

|σ| =
(
β

αh

)1/h

,

sup
σ
|σ|β exp

{
−α|σ|h

}
=

(
β

αh

)β
h

· e
β
h =

c

α
β
h

.

Òîãäà

sup
σ
{|R(t, x, σ)| · |G(σ, t, τ)|} ≤ K

∏
i≤j

ρ(|t− τ |)−
mi+pi
hi =Kρ(|t− τ |)

−
∑
i≤j

mi+pi
hi

.

Â ñèëó óñëîâèÿ òåîðåìû
j∑
i=1

mi + pi
hi

< 1, òîãäà ïîëó÷èì

T∫
0

sup
σ
{ |R(t, x, σ) | · |G(σ, t, τ)| }dτ <∞,

è, ñëåäîâàòåëüíî, âîçìóùåííàÿ çàäà÷à êîððåêòíà.
Òåîðåìà äîêàçàíà.
Ïðèìåð 3.

P (σ) = σ21 + σ42 + σ33.

Åñëè ðàññìîòðåòü ìîäåëüíóþ êðàåâóþ çàäà÷ó ñ êðàåâûìè óñëîâèÿìè êàê â
òåîðåìå 2, òî G(σ, t, τ) âåäåò ñåáÿ êàê exp

{
−ρ(|t− τ |)

(
σ21 + σ42

)}
.

Âçÿâ R(t, x, σ) = σm1
1 ·σ

m2
2 , ïîëó÷èì óñëîâèå

m1

2
+
m2

4
< 1, òî åñòü âîçìîæíû

öåëî÷èñëåííûå çíà÷åíèÿm1 = 1, m2 = 1 èëèm1 = 0, m2 = 3. Ïî ïåðåìåííîé
x3 âîçìóùàòü íåëüçÿ, òàê êàê äàííàÿ çàäà÷à ÷àñòè÷íî ïàðàáîëè÷íà òîëüêî
ïî ïåðåìåííûì x1 è x2.

4. ×àñòè÷íàÿ ïàðàáîëè÷íîñòü è ÷àñòè÷íàÿ ãèïîýëëèïòè÷íîñòü

Ïîñêîëüêó ðåøåíèÿ ïàðàáîëè÷åñêîé êðàåâîé çàäà÷è áóäóò áåñêîíå÷íî
äèôôåðåíöèðóåìûìè ïðè ϕ(x) ∈ L2, ïîïûòàåìñÿ ñðàâíèòü ïîíÿòèå ïàðà-
áîëè÷íîñòè ñ ïîíÿòèåì ãèïîýëëèïòè÷íîñòè.
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Îïðåäåëåíèå 4 (ñì. [6], ñ.75) Îïåðàòîð P

(
∂

idx

)
íàçûâàåòñÿ ãèïîýëëèïòè-

÷åñêèì, åñëè âñå ðåøåíèÿ óðàâíåíèÿ P

(
∂

idx

)
u(x, t) = 0 ÿâëÿþòñÿ áåñêîíå-

÷íî äèôôåðåíöèðóåìûìè. Ïîëèíîì P (σ) â ýòîì ñëó÷àå òàêæå íàçûâàåòñÿ
ãèïîýëëèïòè÷åñêèì.

Êðèòåðèè ãèïîýëëèïòè÷íîñòè, ïðèâåäåííûå â ([6], ñ.75), ôîðìóëèðóþòñÿ
ñëåäóþùèì îáðàçîì.

Òåîðåìà C. Óðàâíåíèå P

(
∂

idx

)
u(x, t) = 0 ÿâëÿåòñÿ ãèïîýëëèïòè÷åñêèì

òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé
(1) èç P (σ+ iτ) = 0, |σ| → ∞ ñëåäóåò |τ | → ∞ (êðèòåðèé ãèïîýëëèïòè÷íî-
ñòè ïî êîðíÿì ìíîãî÷ëåíà),
(2) åñëè d(ξ) � ðàññòîÿíèå îò òî÷êè ξ ∈ Rn äî ïîâåðõíîñòè {ζ, ζ ∈ Cn :
P (ζ) = 0}, òî d(ξ)→∞ ïðè ξ →∞,

(3) åñëè α 6= 0, òî
P (α)(ξ)

P (ξ)
→ 0 ïðè ξ →∞ â Rn.

Ðàññìîòðèì âîïðîñ î ñâÿçè ÷àñòè÷íîé ïàðàáîëè÷íîñòè ñ ÷àñòè÷íîé ãèïî-
ýëëèïòè÷íîñòüþ.

Ââåäåì íåêîòîðûå îáîçíà÷åíèÿ. Êîîðäèíàòû x = (x1, . . . , xn) ðàçîáüåì íà
ãðóïïû x′ = (x1, . . . , xj) è x

′′ = (xj+1, . . . , xn). Àíàëîãè÷íî ðàçîáüåì íà ÷àñòè
ìóëüòèèíäåêñ α = (α′, α′′).

Îïðåäåëåíèå 5 Äèôôåðåíöèàëüíûé îïåðàòîð P (D) íàçûâàåòñÿ ÷àñòè÷íî
ãèïîýëëèïòè÷åñêèì îòíîñèòåëüíî ïîäïðîñòðàíñòâà x′′ = 0 , åñëè âûïîëíå-
íî îäíî èç ñëåäóþùèõ (ðàâíîñèëüíûõ) óñëîâèé:
(1∗). åñëè d(ξ) � ðàññòîÿíèå îò òî÷êè ξ ∈ Rn äî ïîâåðõíîñòè
{ζ, ζ ∈ Cn : P (ζ) = 0}, òî d(ξ) → ∞ ïðè ξ′′ → ∞, à ξ′ îñòàåòñÿ îãðà-
íè÷åííûì;

(2∗). åñëè α 6= 0, òî
P (α)(ξ)

P (ξ)
→ 0 ïðè ξ′′ →∞, à ξ′ � îãðàíè÷åíà;

(3∗). P (ξ) =
∑
α′′=0

Pα(ξ′′) ξ′α, ãäå P0(ξ
′′) � ãèïîýëëèïòè÷åñêèé, à

Pα(ξ′′)

P0(ξ′′)
→ 0

ïðè ξ′′ →∞.

Â ðàáîòå ([6], ñ. 87) ïðèâåäåí êðèòåðèé ãèïîýëëèïòè÷íîñòè îòíîñèòåëüíî
îäíîé ïåðåìåííîé.
Òåîðåìà D. Äèôôåðåíöèàëüíûé îïåðàòîð P (D) ÷àñòè÷íî ãèïîýëëèïòè÷åí
îòíîñèòåëüíî ãèïåðïëîñêîñòè xn = 0 òîãäà è òîëüêî òîãäà, êîãäà ÷àñòü
ïîëèíîìà P (ξ), èìåþùàÿ íàèâûñøèé ïîðÿäîê ïî ξn, íå çàâèñèò îò äðóãèõ
ïåðåìåííûõ.

Äëÿ âûÿñíåíèÿ ñâÿçè ìåæäó ïîíÿòèÿìè ÷àñòè÷íîé ïàðàáîëè÷íîñòè è ÷à-
ñòè÷íîé ãèïîýëëèïòè÷íîñòè ðàññìîòðèì ðÿä ïðèìåðîâ.
Ïðèìåð 4.

P

(
∂

idx

)
u(x, t) = 0, ãäå P (σ1, σ2) = σ21 + iσ2.
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Òîãäà P1(λ, σ1, σ2) = iλ− σ21 − iσ2.
Äëÿ P (σ1, σ2) ñóùåñòâóåò çàäà÷à, ÷àñòè÷íî ïàðàáîëè÷åñêàÿ ïî x1 (ñì.

Ïðèìåð 1), ïðè ýòîì ïîëèíîì P1(λ, σ1, σ2) ÿâëÿåòñÿ ÷àñòè÷íî ãèïîýëëèïòè-
÷åñêèì ïî σ1, òàê êàê âûïîëíåíû óñëîâèÿ òåîðåìû D.
Ïðèìåð 5.

∂u(x, t)

∂t
= i

∂2u(x, t)

∂x21
+ i

∂2u(x, t)

∂x22
.

Çäåñü P1(λ, σ1, σ2) = iλ − iσ21 − iσ22. Ìíîãî÷ëåí, î÷åâèäíî, ÷àñòè÷íî ãèïî-
ýëëèïòè÷åí ïî êàæäîé ïðîñòðàíñòâåííîé ïåðåìåííîé, íî ReP (σ1, σ2) = 0,
ñëåäîâàòåëüíî, äëÿ äàííîãî óðàâíåíèÿ íåëüçÿ ïîñòàâèòü ÷àñòè÷íî ïàðàáîëè-
÷åñêóþ êðàåâóþ çàäà÷ó.
Ïðèìåð 6.

∂u(x, t)

∂t
=
∂2u(x, t)

∂x21
− ∂4u(x, t)

∂x21∂x
2
2

+
∂2u(x, t)

∂x22
.

Â äàííîì ñëó÷àå P1(λ, σ1, σ2) = iλ− σ21 − σ21σ22 − σ22.
Äëÿ äàííîãî ïîëèíîìà ïî ïåðåìåííûì σ1 è σ2 óñëîâèÿ òåîðåìû D íå âûïîë-
íåíû, ñëåäîâàòåëüíî, îí íå ÿâëÿåòñÿ ÷àñòè÷íî ãèïîýëëèïòè÷åñêèì. Íî

|ReP (σ1, σ2)| = σ21 + σ21σ
2
2 + σ22 ≥ σ21 + σ22,

à çíà÷èò, ïî òåîðåìå 2, ñóùåñòâóåò çàäà÷à, ÷àñòè÷íî ïàðàáîëè÷åñêàÿ ïî σ1 è
σ2, áîëåå òîãî, äàæå ïàðàáîëè÷åñêàÿ.

Ïðèâåäåííûå âûøå ïðèìåðû ïîêàçûâàþò, ÷òî èç ÷àñòè÷íîé ãèïåðáîëè-
÷íîñòè óðàâíåíèÿ íå ñëåäóåò ñóùåñòâîâàíèå ÷àñòè÷íî ïàðàáîëè÷åñêîé êðàå-
âîé çàäà÷è. È íàîáîðîò � ïðèâåäåí ïðèìåð ÷àñòè÷íî ïàðàáîëè÷åñêîé êðàåâîé
çàäà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ, íå ÿâëÿþùåãîñÿ ÷àñòè÷íî ãèïî-
ýëëèïòè÷åñêèì.

5. Çàêëþ÷åíèå

Â ðàáîòå èññëåäîâàíû ÷àñòè÷íî ïàðàáîëè÷åñêèå êðàåâûå çàäà÷è äëÿ
îäíîãî óðàâíåíèÿ, â êîòîðûõ óëó÷øàåòñÿ ãëàäêîñòü ðåøåíèÿ ïî ÷àñòè ïå-
ðåìåííûõ. Îïèñàíû êëàññû ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé, äëÿ êîòî-
ðûõ ñóùåñòâóþò ÷àñòè÷íî ïàðàáîëè÷åñêèå êðàåâûå çàäà÷è, âûÿñíåíî êàêè-
ìè ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè ìîæíî âîçìóùàòü òàêèå çàäà÷è,
÷òîáû ñîõðàíèëàñü êîððåêòíîñòü.

Âûÿñíåíî òàêæå, ÷òî îïåðàòîðû, äîïóñêàþùèå ïîñòàíîâêó ÷àñòè÷íî ïàðà-
áîëè÷åñêèõ êðàåâûõ çàäà÷, íå îáÿçàíû áûòü ÷àñòè÷íî ãèïîýëëèïòè÷åñêèìè.
È íàîáîðîò � íå äëÿ âñÿêîãî ÷àñòè÷íî ãèïîýëëèïòè÷åñêîãî óðàâíåíèÿ ìîæíî
ïîñòàâèòü ÷àñòè÷íî ïàðàáîëè÷åñêóþ êðàåâóþ çàäà÷ó.
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Ìàêàðîâ Î.À., Íiêîëåíêî I. Ã. ×àñòêîâà ïàðàáîëi÷íiñòü êðàéîâî¨ çàäà÷i

äëÿ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ó øàði. Ó ðîáîòi ðîçãëÿäà¹òüñÿ íåëîêàëü-
íà êðàéîâà çàäà÷à äëÿ åâîëþöiéíèõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ó íåñêií÷åííî-
ìó øàði. Ââîäèòüñÿ ïîíÿòòÿ ÷àñòêîâî ïàðàáîëi÷íî¨ êðàéîâî¨ çàäà÷i, êîëè ðîçâ'ÿçó-
âàëüíà ôóíêöiÿ åêñïîíåíöiàëüíî óáóâà¹ ëèøå ïî ÷àñòèíi ïðîñòîðîâèõ çìiííèõ. Öå
ïîíÿòòÿ óçàãàëüíþ¹ ïîíÿòòÿ ïàðàáîëi÷íî¨ êðàéîâî¨ çàäà÷i, ÿêå áóëî ðàíiøå äîñëi-
äæåíî îäíèì ç àâòîðiâ äàíî¨ ðîáîòè (Ìàêàðîâèì Î.À.) Îòðèìàíi íåîáõiäíi òà äîñòà-
òíi óìîâè íà ñèìâîë ïñåâäîäèôåðåíöiàëüíîãî îïåðàòîðà, ïðè ÿêèõ iñíóþòü ÷àñòêîâî
ïàðàáîëi÷íi êðàéîâi çàäà÷i. Âèÿâèëîñÿ, ùî ðåàëüíà ÷àñòèíà ñèìâîëó ïñåâäîäèôåðåí-
öiàëüíèõ îïåðàòîðiâ ïîâèííà íåîáìåæåíî çðîñòàòè ñòåïåíåâèì ÷èíîì çà ÷àñòèíîþ
ïðîñòîðîâèõ çìiííèõ. Ïðè öüîìó âêàçó¹òüñÿ êîíêðåòíèé âèä êðàéîâèõ óìîâ, ÿêi çà-
ëåæàòü âiä ïñåâäîäèôåðåíöiàëüíîãî ðiâíÿííÿ i òàêîæ ¹ ïñåâäîäèôôåðåíöiàëüíèìè
îïåðàòîðàìè. Ïîêàçàíî, ùî ó ðîçâ'ÿçêiâ ÷àñòêîâî ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ïiä-
âèùó¹òüñÿ ãëàäêiñòü ðîçâ'ÿçêó çà ÷àñòèíîþ ïðîñòîðîâèõ çìiííèõ. Äîñëiäæåíî òàêîæ
çáóðåíå ïñåâäîäèôåðåíöiàëüíå ðiâíÿííÿ ç ñèìâîëîì, ùî çàëåæèòü âiä ïðîñòîðîâèõ i
÷àñîâèõ çìiííèõ. Äëÿ ÷àñòêîâî ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ç'ÿñîâàíî ÿêèìè ïñåâ-
äîäèôåðåíöiàëüíèìè îïåðàòîðàìè ìîæíà îáóðþâàòè âèõiäíå ðiâíÿííÿ, ùîá äàíà
êðàéîâà çàäà÷à çàëèøàëàñÿ êîðåêòíî¨ â ïðîñòîðàõ Ñîáîë¹âà�Ñëîáîäåöüêîãî. Ïîêà-
çàíî òàêîæ, ùî õî÷à âëàñòèâiñòü ïiäâèùåííÿ ãëàäêîñòi ðîçâ'ÿçêiâ ïî ÷àñòèíi çìiííèõ
äëÿ ÷àñòêîâî ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ àíàëîãi÷íà âëàñòèâîñòi ðîçâ'ÿçêiâ ÷àñ-
òêîâî ãiïîåëiïòè÷íèõ ðiâíÿíü, ââåäåíèõ Ë.Õåðìàíäåðîì, àëå íàâåäåíi ïðèêëàäè
ïîêàçóþòü, ùî ç ÷àñòêîâî¨ ãiïîåëëiïòi÷íîñòi ðiâíÿííÿ íå ñëiäó¹ iñíóâàííÿ ÷àñòêîâî
ïàðàáîëi÷íî¨ êðàéîâî¨ çàäà÷i; i íàâïàêè � íàâåäåíî ïðèêëàä ÷àñòêîâî ïàðàáîëi÷íî¨



32 Ìàêàðîâ À.À., Íèêîëåíêî È. Ã.

êðàéîâî¨ çàäà÷i äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ, ùî íå ¹ ÷àñòêîâî ãiïîåëèïòi÷íèì.
Êëþ÷îâi ñëîâà: êðàéîâà çàäà÷à; ïñåâäîäèôåðåíöiàëüíi ðiâíÿííÿ; ïåðåòâîðåííÿ
Ôóð'¹; ïàðàáîëi÷íiñòü; ãiïîåëiïòè÷íiñòü.

A.A.Makarov, I. G.Nikolenko.Partial parabolicity of the boundary-value problem
for pseudodi�erential equations in a layer. A nonlocal boundary-value problem for
evolutional pseudodi�erential equations in an in�nite layer is considered in this paper.
The notion of the partially parabolic boundary-value problem is introduced when a solvi-
ng function decreases exponentially only by the part of space variables. This concept
generalizes the concept of a parabolic boundary value problem, which was previously
studied by one of the authors of this paper (A. A. Makarov). Necessary and su�cient
conditions for the pseudodi�erential operator symbol are obtained in which partially
parabolic boundary-value problems exist. It turned out that the real part of the symbol
of a pseudodi�erential operator should increase unboundedly powerfully in some of the
spatial variables. In this case, a speci�c type of boundary conditions is indicated, which
depend on a pseudodi�erential equation and are also pseudodi�erential operators. It is
shown that for solutions of partially parabolic boundary-value problems, smoothness
in some of the spatial variables increases. The disturbed (excitated) pseudodi�erential
equation with a symbol which depends on space and temporal variables is also investi-
gated. It has been found for partially parabolic boundary-value problems what pseudodi-
�erential operators are possible to be disturbed in the way that the input equation of
this boundary-value problem would remain correct in Sobolev-Slobodetsky spaces.
It is also shown that although the properties of increasing the smoothness of solutions in
part of the variables for partially parabolic boundary value problems are similar to the
property of solutions of partially hypoelliptic equations introduced by L. H�ormander,
these examples show that the partial parabolic boundary value problem does not follow
from partial hipoellipticity; and vice versa � an example of a partially parabolic boundary
value problem for a di�erential equation that is not partially hypoelliptic is given.
Key words: boundary-value problem; pseudodi�erential equations; Fourier transform;
parabolicity; hypoellipticity.

Article history: Received: 17 February 2019; Final form: 12 May 2019;
Accepted: 13 May 2019.


