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The problem of stabilizing the R�ossler system in �nite time by bounded control
is considered. We employ V. I. Korobov's controllability function method, which
involves a Lyapunov-type function. The controllability function is the solution
of an implicit equation. A family of bounded controls which solve the problem
is explicitly computed. Besides, the time that it takes the trajectory to reach
the desired equilibrium is estimated.
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×îêå-Ðiâåðî À. Å., Ãîíçàëåñ Ãðàñiåëà À., Êðóç Ìóëëiñàêà Å. Ìåòîä ôóí-

êöi¨ êåðîâàíîñòi Êîðîáîâà, çàñòîñîâàíèé äî ñòàáiëiçàöi¨ ñèñòåìè

Ðîññëåðà çà îáìåæåíèé ÷àñ çà äîïîìîãîþ îáìåæåíèõ êåðóâàíü.

Ðîçãëÿíóòî çàäà÷ó ñòàáiëiçàöi¨ ñèñòåìè Ðîññëåðà çà ñêií÷åííèé ÷àñ çà äî-
ïîìîãîþ îáìåæåíèõ êåðóâàíü. Ìè çàñòîñîâó¹ìî ìåòîä ôóíêöi¨ êåðîâàíîñòi
Â. I. Êîðîáîâà, ÿêèé âèêîðèñòîâó¹ ôóíêöiþ òèïó Ëÿïóíîâà. Ôóíêöiÿ êå-
ðîâàíîñòi ¹ ðîçâ'ÿçêîì íåÿâíîãî ðiâíÿííÿ. Çàïðîïîíîâàíî ñiì'þ ÿâíî îá-
÷èñëþâàíèõ îáìåæåíèõ êåðóâàíü, ÿêi ðîçâ'ÿçóþòü çàäà÷ó ñèíòåçó. Îêðiì
òîãî, îöiíþ¹òüñÿ ÷àñ ðóõó, ïîòðiáíèé äëÿ äîñÿãíåííÿ òî÷êè ðiâíîâàãè.
Êëþ÷îâi ñëîâà: Ñèñòåìà Ðîññëåðà; ôóíêöiÿ êåðîâàíîñòi Êîðîáîâà; îáìåæå-
íå êåðóâàííÿ; ñòàáiëiçàöiÿ çà ñêií÷åííèé ÷àñ.

×îêå-Ðèâåðî À. Ý., Ãîíçàëåñ Ãðàñèåëà À., Êðóç Ìóëëèñàêà Ý. Ïîäõîä
ôóíêöèè óïðàëÿåìîñòè Êîðîáîâà ïðèëîæåííûé ê ñòàáèëèçàöèè

ñèñòåìû Ðîññëåðà çà êîíå÷íîå âðåìÿ ñ ïîìîùüþ îãðàíè÷åííûõ

óïðàâëåíèé. Ðàññìàòðèâàåòñÿ çàäà÷à ñòàáèëèçàöèè ñèñòåìû Ðîññëåðà çà
êîíå÷íîå âðåìÿ ïðè îãðàíè÷åííîì óïðàâëåíèè. Èñïîëüçóåì ìåòîä ôóíêöèé
óïðàâëÿåìîñòè Â. È. Êîðîáîâà, ÿâëÿþùèéñÿ ôóíêöèåé òèïà Ëÿïóíîâà.
Ôóíêöèÿ óïðàâëÿåìîñòè ÿâëÿåòñÿ ðåøåíèåì íåÿâíîãî óðàâíåíèÿ. Ïðåäëà-
ãàåòñÿ ñåìåéñòâî ÿâíî âû÷èñëÿåìûõ îãðàíè÷åííûõ óïðàâëåíèé, êîòîðûå
ðåøàþò çàäà÷ó ñèíòåçà. Êðîìå òîãî, îöåíèâàåòñÿ âðåìÿ äâèæåíèÿ, íåîáõî-
äèìîå äëÿ äîñòèæåíèÿ òî÷êè ïîêîÿ.
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1. Introduction

R�ossler system has become one of the reference chaotic systems. Its novelty
when introduced in [25], being that exhibits a chaotic attractor generated by a
simpler set of nonlinear di�erential equations than Lorenz system. It is given by:

ẋ1 =− x2 − x3,

ẋ2 =x1 + αx2, (1)

ẋ3 =β + x3(x1 − γ),

and it develops chaotic behaviour for certain values of the parameter triplet
(α, β, γ). The issue of controlling R�ossler system by stabilizing one of its unstable
equilibrium points has been previously dealt with in the literature. A feedback
controller is designed in [12] stabilizing a chosen equilibrium point with exponenti-
al convergence and estimating the negative Lyapunov exponent. In [2], a sliding
mode control is proposed by which global stabilization of an arbitrary given equi-
librium point is achieved, In [23], an optimal control strategy that directs the
chaotic motion to any desired equilibrium point is proposed. Both stability and
optimality are obtained in [24] by applying linear feedback controllers to the
chaotic R�ossler system. A suboptimal feedback controller has been tested on the
R�ossler system in [27]. The synchronization approach and bifurcation diagram
have been used in [18] to control the R�ossler system. In this work, control of the
R�ossler system is stated by putting:

ẋ1 =− x2 − x3,

ẋ2 =x1 + αx2, (2)

ẋ3 =β + x3(x1 − γ) + u,

and considering the synthesis problem. Let x = (x1, x2, x3)ᵀ. The synthesis
problem consists in constructing a positional control u = u(x) with |u(x)| ≤ u1

such that for any x0 belonging to a certain neighborhood of the equilibrium point
of the system (1), the trajectory x(t) initiated in x0 arrives at this equilibri-
um point in �nite time. Namely, by using V. I. Korobov's method, also called
the controllability function method, a family of bounded positional controls that
solve the synthesis problem for the R�ossler system is proposed. We mainly use
two ingredients. The �rst one concerns the general theory of the controllability
function [14]. The second ingredient is the family of bounded positional controls
that was obtained in [7]. Note that the �nite-time stabilization of control systems
was studied in [8], [5], [6], [19], [20] and references therein. Di�erent from previ-
ous works on �nite-time stabilization [20], [21], we propose an explicit family of
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bounded controls constructed by taking into account the only nonlinearity of the
R�ossler system, which is a quadratic function.

2. Dynamical features of the R�ossler system

The equilibrium point of the system (1) for the triplet (0, β, γ) with γ 6= 0 is

x̄ :=
(

0,−β
γ ,

β
γ

)ᵀ
. For the triplet (α, β, γ) with α 6= 0 and γ2 − 4αβ = 0, there

is only one equilibrium point: x̄ :=
( γ

2
, − γ

2α
, γ

2α

)ᵀ
. While if γ2 − 4αβ > 0,

there are two equilibrium points:

x̄± :=

(
γ ±∆

2
, −γ ±∆

2α
,
γ ±∆

2α

)ᵀ
, (3)

where ∆ :=
√
γ2 − 4αβ . For any other case, system (1) has no equilibrium point.

The typical chaotic R�ossler system is determined by α = β = 1
5
and γ = 57

10
,

resulting: x̄−=
(

1
20

(
57−

√
3233

)
, 1

4

(√
3233 − 57

)
, 1

4

(
57−

√
3233

))
and

x̄+ =
(

1
20

(
57 +

√
3233

)
, 1

4

(
−57−

√
3233

)
, 1

4

(
57 +

√
3233

))
.

The stability exponents of x̄− are {−5.686, 0.0970 ± i0.9951} so it is a
saddle-focus with a two-dimensional unstable manifold. Besides, this point is
placed in the nearness of the attractor. Instead, the stability exponents of x̄+

are {0.1929,−4.596 × 10−6 ± i5.428}. Hence, this equilibrium point has a two-
dimensional stable manifold but it is outside the region of the chaotic attractor.
For details, see [1], [22] or [10], where information about dynamical behavior of
this system for other parameter values is provided.

3. Canonical controllable form

Let us consider the case α 6= 0 . Introducing y = x− x̄±, system (2) takes the
following form:

ẏ = A±y +

 0
0

y1y3

+ bu, (4)

being y := (y1, y2, y3)ᵀ, b := (0, 0, 1)ᵀ and

A± :=

 0 −1 −1
1 α 0

γ±∆
2a

0 −γ∓∆
2

 (5)

Let us note that the linear part of (4) results a completely controllable system.
Then, there exists a coordinate change to transform it into its canonical
controllable form [11], [13]. This coordinates change is given by z = Fy with

F :=

 0 −1 0
−1 −α 0
−α 1− α2 1

 , (6)
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and system (4) can be rewritten as follows:

ż = A0z + bpᵀ±z + bu+

 0
0

(αz1 − z2) (z1 − αz2 + z3)

 , (7)

being z := (z1, z2, z3)ᵀ. Here

A0 :=

 0 1 0
0 0 1
0 0 0

 (8)

and

p± :=


±∆

(γ ∓∆)α2 − 2α− γ ∓∆
2α

α− γ
2
± ∆

2

 . (9)

Remark 1.1. For the case α = 0, the matrix (5) is given by 0 −1 −1
1 0 0
β
γ 0 −γ

 .

The matrix F of the transformation z = Fy is equal to

 0 −1 0
−1 0 0
0 1 1

. The
nonlinear part of (7) is given by

 0
0

−z2 (z1 + z3)

 and the vector (9) can be

written as
(
−γ, −β

γ − 1, −γ
)ᵀ
.

4. The controllability function method

Consider the canonical 3-dimensional control system

ż = f(z, u), z ∈ Rn, u ∈ Ω ⊂ R, (10)

where Ω is a closed interval of R.
Considering the synthesis problem for the system (10), in 1979, V. I. Korobov

[14] created the controllability function (CF) θ(x). The CF is a Lyapunov-type
function, i.e., θ(x) > 0 for x 6= 0 and θ(0) = 0. The CF satis�es the following
inequality:

n∑
i=1

∂θ(z)

∂zi
fi(z, u(z)) ≤ −ϕ(θ(z)), (11)
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where ϕ(θ) > 0 for θ 6= 0, ϕ(0) = 0 and

θ̄∫
0

dθ

ϕ(θ)
<∞, θ̄ > 0. (12)

Let us consider the canonical control system

ż = A0z + bw, |w| ≤ w1, (13)

where A0 is given in Equation (8). Following [7], a family of bounded positional
controls w(z) that stabilize the system (13) at �nite time can be constructed. In
particular, the value of the CF at the given initial position z0 is exactly T (z0)
the time that the trajectory from z0 takes to arrive at the origin. As in previous
works of V. I. Korobov and coauthors [15], [16], [17], the CF θ(z) is proposed in
[7] as the solution of the following implicit equation

2a0θ = (K(θ)z, z). (14)

Here (·, ·) is the canonical inner product while a0 is a positive number to be
determined and K(θ) is a 3 × 3 positive de�nite matrix for θ > 0 de�ned as
K(θ) := D(θ)K1D(θ) where

D(θ) :=

 θ−
5
2 0 0

0 θ−
3
2 0

0 0 θ−
1
2

 ,

and

K1 :=


40a1
a1+30

−240−12a1
a1+30

− 120
a1+30

−240−12a1
a1+30

−180−4a1
a1+30

− 60
a1+30

− 120
a1+30

− 60
a1+30

− 12
a1+30

 , (15)

for
a1 < −40. (16)

Furthermore,
1

θ
K − d

dθ
K =

1

θ
D(θ)K2D(θ),

K2 :=


240a1
a1+30

−5(240−12a1)

a1+30
− 480
a1+30

−5(240−12a1)

a1+30
−4(180−4a1)

a1+30
− 180
a1+30

− 480
a1+30

− 180
a1+30

− 24
a1+30

 (17)

and

2a0 ≤
36

a2
1 + 12a1 + 360

w2
1. (18)
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The bounded positional control w(z) that solves the synthesis problem for the
system (13) is given by

w(z) = aᵀ(θ(z))z, (19)

where

a(θ) :=


a1
θ3(

a1
3
− 10

)
1
θ2

−6
θ

 (20)

and θ(z) is the solution of the implicit equation (14).
The fact that the value θ(z0) coincides with T (z0) is guaranteed by the equality

θ̇ = −1, (21)

which in turn is a special case of the inequality (11).
In terms of the matrices A0, K = K(θ), the vector b and a = a(θ), Equality

(21) is equivalent to the following matrix equation

KA0 +Aᵀ0K + abᵀK +Kbaᵀ +
1

θ
K − d

dθ
K = 03.

Here 03 is the 3× 3 null matrix.

5. The CF for nonlinear control systems

The controllability function method for nonlinear control systems with non
controllable linear part was considered in [3], [4]. In the case when the linear part
of the nonlinear control system is completely controllable, the general solution of
the synthesis problem was proposed by V. I. Korobov in [14]. This is the case for
the controlled R�ossler system (2), so, we develop for it a rather speci�c family of
bounded controls based on the control (19). We also focus on the speci�c form of
the nonlinear part of the control system (2).

Note that the nonlinear part of the translated system (4)

g(y) := (0, 0, y1y3)ᵀ

is a Lipschitz function in a neighborhood of the origin; consequently, a positive
number C1 exists such that

||g(y)|| ≤ C1||y||. (22)

Let us introduce the positional control given by

u = w − pᵀz, (23)

where w is de�ned as in (19). To deal with the linear control part of the system
(7) as if it were the canonical control system (13), we look for the restriction on
control w. Here we use the same idea as in [14]. We set

w1 := u1 − u2

3∑
j=1

|pj |. (24)
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We assume that u2 <
u1

3∑
j=1
|pj |

. As in [14], we require that the system (7) is consi-

dered in the neighborhood

Q := {z : |zj | ≤ u2, j = 1, 2, 3}. (25)

Note that the linear part of the system (2) at equilibrium points described in
Section 2 is completely controllable.

In the following result, we calculate the time derivative of the CF θ with respect
to the system (7). Our goal is to verify the inequality (11) for some function ϕ.

Notation. Let S be an n× n matrix. The norm of S is de�ned by

||S|| := max
1≤j≤n

m∑
i=1

|sij |.

The number λmin,S is the smallest eigenvalue of matrix S. Here we suppose that
S is a symmetric matrix.

Theorem 1. Let K1, K2 and C1 be as in (15), (17) and (22). The following
inequality is valid:

θ̇ ≤ −1 + 2θ
C1||K1||
λmin,K2

. (26)

Proof. By taking the derivative of the equality (14) with respect to time t and the
system (7), we have

θ̇ =
((KA0 +Aᵀ0K + abᵀK +Kbaᵀ)z, z)

((1
θK −

d
dθK)z, z)

+ 2
(Kz,Fg(F−1z))

((1
θK −

d
dθK)z, z)

=− 1 + 2
(Kz,Fg(F−1z))

((1
θK −

d
dθK)z, z)

(27)

≤− 1 + 2θ
C1||K1||
λmin,K2

.

In the last inequality, we used the obvious inequality

(Kz,Fg(F−1z))

((1
θK −

d
dθK)z, z)

≤ θC1||K1||
λmin,K2

.

�
Note that inequality (12) is satis�ed if ϕ(θ) = 1−Mθ, for some positive M :

θ̄∫
0

1

1−Mθ
dθ = − 1

M
ln(1−Mθ̄), 1 ≥ θ̄M.

By employing inequality (26), the following remark yields. A similar remark
appeared in [9].
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Remark 1.2. Let θ̂ > 0, C2 > 0 such that for θ ≤ θ̂

− 1 + θ
C1||K1||
λmin,K2

≤ −C2. (28)

Then, the following inequality is valid:

θ̇ ≤ −C2. (29)

And the next bound on the arriving time is obtained

T (z) ≤ θ0

C2
. (30)

Proof. In view of (26), the inequality (29) readily follows. To prove (30), we inte-
grate (29) on the trajectory z = z(t). We attain θ(z(t))−θ0 ≤ −C2t. By employing
[14, page 552], we have that z(T ) = 0. This implies θ(z(T )) = 0; thus we obtain
inequality (30).

Remark 1.3. The following optimization problem will be useful for improving the
size of the neighborhood of the origin where initial conditions must be chosen to
achieve the control objective:

max
θ>0

χ(z, θ)

for ||z|| ≤ C and such that χ < 0, where

χ(z, θ) := −1 + 2
(Kz,Fg(F−1z))

((1
θK −

d
dθK)z, z)

.

Let θ̂ be the value at which the maximum of χ is achieved. This value of θ̂ can be
employed instead of θ̂ of Remark 1.2. On the other hand, for applications, available
software should be more adequate.

The existence of such θ̂ is veri�ed by Remark 1.2. The proof of this remark
can be carried out by using the Lagrange multipliers.

Remark 1.4. Considering the control system (10), in the case when the origin
is an equilibrium point of (10), according to [14, Theorem 1], the state variables
zk(t), for k = 1, 2, 3 do not leave a certain neighborhood of the origin and approach
the equilibrium point as t → T . For t > T the trajectory z(t) stays at the equili-
brium point. Both these phenomena are explained by the fact that the control is a
positional control that stabilizes the system at �nite time.

Lemma 1. Let ¯̄x be one of the equilibrium points described in Section 2. Let
a :=

(
a1, (

a1
3 − 10),−6

)ᵀ
, with a1 < −40. Furthermore, let (kj,`)

3
j,`=1 := K1, and

let the parameter a0 satisfy (18). Thus, θ(x− ¯̄x) is the unique positive solution of

E(x, θ, ¯̄x) = 0 (31)
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with

E(x, θ, ¯̄x) := 2a0θ
6 −

3∑
j,`=1

kj,`θ
j+`−2(c, Aj−1(x− ¯̄x))(c, A`−1(x− ¯̄x)), (32)

where vector c is such that (b, c) = 0, (Ab, c) = 0 and (A2b, c) = 1.

The proof of this lemma repeats the proof of the �rst part of [14, page 540].

Remark 1.5. Fixed θ, the set E := {x ∈ R3 : E(x, θ, ¯̄x) = 0} is an ellipsoid. The
trajectories of the system (2) starting from the volume embraced by E or on E do
not escape from this set. For t → T the trajectory of the system approaches the
equilibrium point ¯̄x.

Let Q1 be the domain in R3 that corresponds to (25), i.e., after the transfor-
mation y = F−1z and the translation y = x − ¯̄x, that is, Q1 := {x ∈ R3 : x =
F−1z + ¯̄x, z ∈ Q}. De�ne

Q2 := {x ∈ R3|θ(x− ¯̄x) < θ̃} (33)

where θ̃ ≤ θ̂ and such that Q2 ⊂ Q1. The main result of our work is seen below.

Theorem 2. Let p be de�ned as in (9). Under the conditions of Lemma 1, let

u(x, ¯̄x) =

3∑
j=1

aj(θ
j−3(x− ¯̄x))(c, Aj−1(x− ¯̄x))−

3∑
j=1

pj(x− ¯̄x)(c, Aj−1(x− ¯̄x)).

(34)

Suppose that x0 = (x0
1, x

0
2, x

0
3) belongs to Q2.

Thus, a) the control (34) satis�es the condition |u(x)| ≤ u1 and solves the syn-
thesis problem. b) The time taken by the trajectory from x0 to the equilibrium
point ¯̄x satis�es the following inequality:

T (x0, ¯̄x) ≤ θ0

C2
. (35)

Proof. Part a) is proven by employing (13), (23) and (25). Part b) readily follows
from (30), the transformation z = Fy and the translation y = x− ¯̄x. Recall that
u1 is a number that indicates the boundaries of the control set.

Remark 1.6. The parameter a1 determines the vector (20). For each a1 < −40, a
positional control which solves the synthesis problem is computed by (34). Besides,
both the neighborhood Q2 where the initial conditions must be taken to achieve
control objective and an upper bound of the time to reach the equilibrium, are also
obtained (formulae (33) and (35), respectively).

Remark 1.7. The value θ̂ as introduced in Remark 1.4, involves to solve on
optimization problem but it provides a better optimization of Q2 than if the value
θ̂ of Remark 1.6 is applied.
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6. Graph of the trajectory and control

For a given initial point (x0
1, x

0
2, x

0
3), to plot the graph of the trajectory x(t),

the di�erential equation (27) is extended as follows:

ẋ1 =− x2 − x3,

ẋ2 =x1 + αx2,

ẋ3 =β + x3(x1 − γ) + u(x, θ, ¯̄x),

θ̇ =− 1 + 2ψ(x, θ, ¯̄x)

with initial conditions x1(0) = x0
1, x2(0) = x0

2, x3(0) = x0
3 and θ(0) = θ0. Here θ0

is the root equation (31), and

ψ(x, θ, ¯̄x) :=
(D(θ)K1D(θ)(x− ¯̄x), Fg(F−1(x− ¯̄x)))

1
θ (D(θ)K2D(θ)(x− ¯̄x), (x− ¯̄x))

(36)

with θ = θ(x− ¯̄x).

Example 1. For α = β = 0.2 and γ = 5.7, we have the R�ossler chaotic system
and x̄+ = (5.69297,−28.4649, 28.4649) is one of the corresponding equilibrium
points. Let u1 = 3.2 and let a1 = −45. The positional control has the form

u(x) = −6(0.2(5.69297−x1)+0.96(x2+28.4649)+x3−28.4649)
θ + 45(x2+28.4649)

θ3
− −25x1−5x2

θ2
−

29.4249x1− 0.392x2− 0.192974x3 + 161.85. The graphs of x1(t)− x̄1
+, x2(t)− x̄2

+

and x3(t)− x̄3
+ are shown in Fig. 1.

0.2 0.4 0.6 0.8
t

-0.05

0.05

0.10

0.15

x(t)-x +

Fig. 1. Trajectories of x1(t)− x̄1
+, x2(t)− x̄2

+ and x3(t)− x̄3
+.

The graph of the position control u(x(t)) is displayed in Fig. 2.

The controllability function on the trajectory θ(x(t) is shown in Fig. 3.
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0.2 0.4 0.6 0.8
t

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

u(x(t))

Fig. 2. The positional control u(x(t)).

0.2 0.4 0.6 0.8
t

0.2

0.4

0.6

0.8

θ(x(t)

Fig. 3. The controllability function θ(x(t)).

By using Wolfram Mathematica, we have calculated that the time of arriving
from x0 = (5.80077379,−28.5038689, 28.6238689) to the equilibrium point x̄+ is
T (x0, x̄+) = 0.8898539650858471 and that |x1(T ) − 5.69297| ≤ 1.05197 ∗ 10−9,
x2(T ) = −28.4649 and |x3(T )− 28.6238689| ≤ 1.177185658 ∗ 10−5.

0.2 0.4 0.6 0.8 1.0
t

-0.10

-0.05

x(t)-x

Fig. 4. Trajectories of x1(t)− x̄1, x2(t)− x̄3 and x3(t)− x̄3.
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Example 2. Let α = 0, β = 1/5 and γ = 1. The corresponding equilibrium point
is equal to x̄ = (0,−1

5 ,
1
5). Let u1 = 1.1 and let a1 = −45. The positional control

has the form u(x) =
45(x2+ 1

5)
θ3

+ 25x1
θ2
− 6(x2+x3)

θ − 6x1
5 + x3 − 1

5 . The graphs of
x1(t)− x̄1, x2(t)− x̄3 and x3(t)− x̄3 are shown in Fig. 4.

The graph of the position control u(x(t)) is seen in Fig. 5.

0.2 0.4 0.6 0.8 1.0
t

-0.4

-0.2

0.2

0.4

0.6

0.8

1.0

u(x(t))

Fig. 5. The positional control u(x(t)).

The controllability function on the trajectory θ(x(t)) is shown in Fig. 6.

0.2 0.4 0.6 0.8 1.0
t

0.2

0.4

0.6

0.8

1.0

θ(x(t))

Fig. 6. The controllability function θ(x(t)).

By using Wolfram Mathematica, we have calculated that the time of arri-
ving from x0 = (−0.05,−0.17, 0.07) to the equilibrium point x̄ is T (x0, x̄) =
1.0528937566 and that |x1(T )| ≤ 3.19427 ∗ 10−11, |x2(T ) + 1

5 | ≤ 6.57807 ∗ 10−15

and |x3(T )− 1
5 | ≤ 3.48898 ∗ 10−8.

7. Conclusion

In this paper, a family of bounded �nite-time stabilizing positional controls for
the R�ossler system is built. By using the controllability function method, which is
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a Lyapunov-type function, the �nite time to reach the desired equilibrium point is
estimated. This is obtained for an arbitrary given control bound and an adequate
set Q2 of initial conditions to achieve the control objective is computed. Let us
note that this proposal may also be developed for any controlled system of the
form:

ẋ = f(x) + bu

being f(x) = A(x− x̄) + g(x), x̄ an equilibrium point of f , A the jacobian matrix
of f evaluated in x̄ and g the corresponding nonlinear part of f such that {A, b} is
completely controllable and g is a lipschitzian function in a neighborhood of x̄. We
claim that the smaller the constant bound is, the more reduced is the set of initial
conditions for which stabilization is guaranteed; see (14), (18) and (23). Moreover,
the smaller the bound is, the longer is the time to arrive at the equilibrium point
from the the same initial point; see (14), (18).

For the cases in which the R�ossler system is chaotic, this technique may
be implemented as a tool for control chaos. Indeed, if the equilibrium point is
embedded in the strange attractor, a trajectory initiated in the basin of attracti-
on of the attractor can reach the region Q2 and by this moment, this �nite-time
control strategy can be activated, so, the equilibrium point will be reached in
�nite time. The use of �nite-time stabilizing control for control chaos or for chaos
synchronization is not new (see for example [26]). Hence, the introduction of this
control strategy in these scenarios promises interesting future research.
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×îêå-Ðiâåðî À. Å., Ãîíçàëåñ Ãðàñiåëà À., Êðóç Ìóëëiñàêà Å. Ìåòîä ôóíêöi¨ êå-

ðîâàíîñòi Êîðîáîâà, çàñòîñîâàíèé äî ñòàáiëiçàöi¨ ñèñòåìè Ðîññëåðà çà îá-

ìåæåíèé ÷àñ çà äîïîìîãîþ îáìåæåíèõ êåðóâàíü. Ñèñòåìà Ðîññëåðà ñòàëà
îäíi¹þ ç ðåôåðåíòíèõ õàîòè÷íèõ ñèñòåì. �¨ íîâèçíà ïðè ââåäåííi, áóëà â òîìó, ùî
âîíà äåìîíñòðó¹ õàîòè÷íèé àòðàêòîð, ïîðîäæåíèé áiëüø ïðîñòèì íàáîðîì íåëiíié-
íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, íiæ ñèñòåìà Ëîðåíöà. Öÿ ñèñòåìà çà ïåâíèõ çíà÷åíü
¨¨ òðèïëåòà ïàðàìåòðiâ äåìîíñòðó¹ õàîòè÷íó ïîâåäiíêó. Ïèòàííÿ êåðóâàííÿ ñèñòå-
ìîþ Ðîññëåðà øëÿõîì ñòàáiëiçàöi¨ îäíi¹¨ ç ¨¨ íåñòiéêèõ òî÷îê ðiâíîâàãè ðàíiøå ðîç-
ãëÿäàëîñÿ â ëiòåðàòóði. Ó öié ðîáîòi çàïðîïîíîâàíî êåðóâàííÿ ñèñòåìîþ Ðîññëåðà
íà îñíîâi çàäà÷i ñèíòåçó. Äëÿ çàäàíî¨ ñèñòåìè òà îäíi¹¨ ç ¨¨ òî÷îê ðiâíîâàãè, çàäà-
÷à ñèíòåçó ïîëÿãà¹ ó ïîáóäîâi îáìåæåíîãî ïîçèöiéíîãî êåðóâàííÿ òàêèì ÷èíîì, ùî
äëÿ áóäü-ÿêîãî x0, ùî íàëåæèòü ïåâíîìó îêîëó òî÷êè ðiâíîâàãè, òðà¹êòîðiÿ x(t),
ùî ïî÷èíà¹òüñÿ â x0, äiñòà¹òüñÿ äî öi¹¨ òî÷êè ðiâíîâàãè çà ñêií÷åííèé ÷àñ. À ñàìå,
ç âèêîðèñòàííÿì ìåòîäó Â. I. Êîðîáîâà, ÿêèé òàêîæ íàçèâàþòü ìåòîäîì ôóíêöi¨
êåðîâàíîñòi, ïðîïîíó¹òüñÿ ñiì'ÿ îáìåæåíèõ ïîçèöiéíèõ êåðóâàíü, ÿêi ðîçâ'ÿçóþòü
çàäà÷ó ñèíòåçó äëÿ ñèñòåìè Ðîññëåðà. Â îñíîâíîìó ìè âèêîðèñòîâó¹ìî äâà êîìïî-
íåíòè. Ïåðøèé ñòîñó¹òüñÿ çàãàëüíî¨ òåîði¨ ôóíêöi¨ êåðîâàíîñòi. Äðóãèé êîìïîíåíò
- öå ñiì'ÿ îáìåæåíèõ ïîçèöiéíèõ êåðóâàíü, ÿêà áóäó¹òüñÿ â öié ðîáîòi. Íà âiäìiíó
âiä ïîïåðåäíiõ ðîáiò ùîäî ñòàáiëiçàöi¨ çà ñêií÷åíèé ÷àñ, ìè ïðîïîíó¹ìî ÿâíó ñiì'þ
îáìåæåíèõ êåðóâàíü, ïîáóäîâàíó ç óðàõóâàííÿì ëèøå íåëiíiéíîñòi ñèñòåìè Ðîññëå-
ðà, ÿêà ¹ êâàäðàòè÷íîþ ôóíêöi¹þ. Çà äîïîìîãîþ ìåòîäó ôóíêöi¨ êåðîâàíîñòi, ÿêà
¹ ôóíêöi¹þ òèïó Ëÿïóíîâà, îöiíþ¹òüñÿ ñêií÷åííèé ÷àñ, ïîòðiáíèé äëÿ äîñÿãíåííÿ
áàæàíî¨ òî÷êè ðiâíîâàãè. Öþ îöiíêó îòðèìàíî äëÿ äîâiëüíî çàäàíî¨ ìåæi êåðóâà-
ííÿ,à òàêîæ íàâåäåíî âiäïîâiäíó ìíîæèíó ïî÷àòêîâèõ óìîâ äëÿ äîñÿãíåííÿ ìåòè
êåðóâàííÿ. Öåé ïiäõiä ìîæå áóòè òàêîæ ðîçâèíóòèé äëÿ áóäü-ÿêî¨ êåðîâàíî¨ ñèñòå-
ìè, ëiíiéíà ÷àñòèíà ÿêî¨ ¹ ïîâíiñòþ êåðîâàíîþ, à ¨¨ âiäïîâiäíà íåëiíiéíà ÷àñòèíà -
ëiïøèöåâîþ ôóíêöi¹þ â îêîëi òî÷êè ðiâíîâàãè. Ó ñâîþ ÷åðãó, öÿ òåõíiêà ìîæå áóòè
ðåàëiçîâàíà ÿê iíñòðóìåíò êåðóâàííÿ õàîñîì.
Êëþ÷îâi ñëîâà: Ñèñòåìà Ðîññëåðà; ôóíêöiÿ êåðîâàíîñòi Êîðîáîâà; îáìåæåíå êåðó-
âàííÿ; ñòàáiëiçàöiÿ çà ñêií÷åííèé ÷àñ.

A. E.Choque-Rivero, Graciela A. Gonz�alez, E.CruzMullisaca. Korobov's controllabi-
lity function method applied to �nite-time stabilization of the R�ossler system

via bounded controls. R�ossler system has become one of the reference chaotic systems.
Its novelty when introduced, being that exhibits a chaotic attractor generated by a si-
mpler set of nonlinear di�erential equations than Lorenz system. It develops chaotic
behaviour for certain values of its parameter triplet. The issue of controlling R�ossler
system by stabilizing one of its unstable equilibrium points has been previously dealt
with in the literature. In this work, control of the R�ossler system is stated by consi-
dering the synthesis problem. Given a system and one of its equilibrium points, the
synthesis problem consists in constructing a bounded positional control such that for any
x0 belonging to a certain neighborhood of the equilibrium point, the trajectory x(t) initi-
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https://doi.org/10.1007/BF02115741
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ated in x0 arrives at this equilibrium point in �nite time. Namely, by using V. I. Korobov's
method, also called the controllability function method, a family of bounded positional
controls that solve the synthesis problem for the R�ossler system is proposed. We mai-
nly use two ingredients. The �rst one concerns the general theory of the controllability
function The second ingredient is a family of bounded positional controls that was obtai-
ned in. Di�erent from previous works on �nite-time stabilization we propose an explicit
family of bounded controls constructed by taking into account the only nonlinearity of
the R�ossler system, which is a quadratic function. By using the controllability function
method, which is a Lyapunov-type function, the �nite time to reach the desired equi-
librium point is estimated. This is obtained for an arbitrary given control bound and
an adequate set of initial conditions to achieve the control objective is computed. This
proposal may also be developed for any controlled system for which its linear part is
completely controllable and its corresponding nonlinear part is a lipschitzian function in
a neighborhood of the equilibrium point. In turn, this technique may be implemented as
a tool for control chaos.
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me stabilization.

Article history: Received: 15 February 2020; Final form: 15 May 2020;
Accepted: 18 May 2020.


