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om�îçãëÿíóòî ìiøàíó çàäà÷ó äëÿ ðiâíÿííÿ
utt +

n∑

i,j,s,l=1

(asl
ij(x)uxixj

)xsxl
−

n∑

i=1

(ai(x)|uxi
|q−2

uxi
)xi

+ b0(x)ut−

−a0(x)|u|p−2
u = 0â îáìåæåíié îáëàñòi. Îäåðæàíî äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíîãîðîçâ'ÿçêó òà íåiñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó.Êëþ÷îâi ñëîâà: ðiâíÿííÿ òèïó êîëèâàííÿ ïëàñòèíêè, ìiøàíà çàäà÷à.1. Âñòóï. Ó ïðàöi [1℄ äîâåäåíî iñíóâàííÿ ëîêàëüíîãî ðîçâ'ÿçêó òà äîñëiäæåíîàñèìïòîòè÷íó ïîâåäiíêó ðîçâ'ÿçêó çàäà÷i äëÿ íåëiíiéíîãî ðiâíÿííÿ ïëàñòèíêè òèïóÊiðõãî�à, ÿêå ìà¹ âèãëÿä

utt + △2u + a(x)ut + f(u) = 0.Ó ëiíiéíîìó âèïàäêó öå ðiâíÿííÿ äîáðå âèâ÷åíå. Îäíàê ó âèïàäêó íàÿâíîñòiíåëiíiéíèõ äîäàíêiâ ìiøàíi çàäà÷i äëÿ öüîãî ðiâíÿííÿ äîñëiäæåíi íåäîñòàòíüî. Óïðàöÿõ [2-12℄ äîñëiäæåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ãëîáàëüíîãî ðîçâ'ÿçêó çàäà-÷i Êîøi òà ìiøàíèõ çàäà÷ äëÿ ðiâíÿííÿ çàçíà÷åíîãî âèãëÿäó, äîñëiäæåíî åêñïî-íåíöiàëüíå ñïàäàííÿ ðîçâ'ÿçêó íåëiíiéíî¨ ñèñòåìè ðiâíÿíü áàëêè òèïó Êiðõãî�à çïàì'ÿòòþ i ñëàáêèì çàòóõàííÿì ïðè t ïðÿìóþ÷îìó äî íåñêií÷åííîñòi, äåÿêi âëàñòè-âîñòi ðîçâ'ÿçêiâ ðiâíÿííÿ êîëèâàíü áàëêè.Ó ïðàöi [13℄ äîâåäåíî iñíóâàííÿ äâîõ íåòðèâiàëüíèõ ðîçâ'ÿçêiâ ìiøàíî¨ çàäà÷iäëÿ ðiâíÿííÿ
utt + uxxxx + b[u]+ = c,ÿêå ìîäåëþ¹ êîëèâàííÿ êîðàáëÿ.
© Ëàâðåíþê Ñ. , Òîðãàí �., 2009



104 Ñåðãié Ëàâðåíþê , �àëèíà ÒîðãàíÂ îñòàííi äåñÿòèëiòòÿ çíà÷íèé iíòåðåñ ñòàíîâèëè äîñëiäæåííÿ çàäà÷ äëÿ åâî-ëþöiéíèõ ðiâíÿíü, ðîçâ'ÿçêè ÿêèõ ñòàþòü íåîáìåæåíèìè ó ñêií÷åííèé ìîìåíò ÷àñó.Ó öüîìó íàïðÿìi ñüîãîäíi ìîæíà çíàéòè ñîòíi ñòàòåé. Çàçíà÷èìî ëèøå äåÿêi ïðàöi,ïðèñâÿ÷åíi äîñëiäæåííþ "âèáóõîâîñòi" ðîçâ'ÿçêiâ íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíüç ïåðøîþ ïîõiäíîþ çà ÷àñîì. Öå [14-20℄, ó ÿêèõ, çîêðåìà, ìîæíà çíàéòè äîñòàòíüîïîâíèé îãëÿä ëiòåðàòóðè çi çãàäàíîãî ïèòàííÿ.Ó öié ïðàöi ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ íåëiíiéíîãî ðiâíÿííÿ òèïó êîëèâàííÿïëàñòèíêè â îáìåæåíié îáëàñòi. Çíàéäåíî äåÿêi äîñòàòíi óìîâè iñíóâàííÿ óçàãàëü-íåíîãî ðîçâ'ÿçêó íà ÷àñîâîìó iíòåðâàëi, äîâæèíà ÿêîãî çàëåæèòü âiä ïî÷àòêîâèõçáóðåíü, ìiðè îáëàñòi òà êîå�iöi¹íòiâ ðiâíÿííÿ. Òàêîæ äîâåäåíî, ùî çà ïåâíèõ óìîâãëîáàëüíèé ðîçâ'ÿçîê çàäà÷i íå iñíó¹.Íåõàé Ω � îáìåæåíà îáëàñòü â ïðîñòîði R
n ç ìåæåþ ∂Ω ∈ C1, QT = Ω× (0, T ),äå T < ∞, Ωτ = QT ∩{t = τ}, τ ∈ [0, T ], ST = ∂Ω× (0, T ). Â îáëàñòi QT ðîçãëÿíåìîçàäà÷ó äëÿ ðiâíÿííÿ ç äiéñíîçíà÷íèìè êîå�iöi¹íòàìè

utt +

n∑

i,j,s,l=1

(asl
ij(x)uxixj

)xsxl
−

n∑

i=1

(ai(x)|uxi
|q−2uxi

)xi
+ b0(x)ut −a0(x)|u|p−2u = 0 (1)ç ïî÷àòêîâèìè óìîâàìè

u
∣∣
t=0

= u0(x), ut

∣∣
t=0

= u1(x) (2)i êðàéîâèìè óìîâàìè
u
∣∣
ST

= 0,
∂u

∂ν

∣∣∣∣
ST

= 0, (3)äå ν � çîâíiøíÿ íîðìàëü äî ïîâåðõíi ST .Ó öié ïðàöi âèêîðèñòîâóþòü òàêi ïðîñòîðè: Lr((0, T ); B) ([21, ñ. 154, 157℄),
C((0, T ); B) ([21, ñ. 148℄), äå r ∈ [1, +∞), à B � äåÿêèé áàíàõiâ ïðîñòið; Hk(Ω), Hk

0 (Ω),
k ∈ N ([21, ñ. 44℄); W

1,r
0 (Ω), r ∈ (1, +∞) ([21, ñ. 44℄).Íåõàé Dα =

∂|α|

∂xα1
1 ...∂xαn

n
, |α| = α1 + ... + αn, αi ∈ N ∪ {0}, i ∈ {1, ..., n}.�îâîðèòèìåìî, ùî êîå�iöi¹íòè ðiâíÿííÿ (1) çàäîâîëüíÿþòü óìîâè (A) i (B), ÿêùî:(A): Dαasl

ij ∈ L∞(Ω), |α| 6 2, ai, aixi
, a0 ∈ L∞(Ω), i, j, s, l ∈ {1, ..., n},

asl
ij(x) = a

ij
sl(x) ìàéæå äëÿ âñiõ x ∈ Ω i âñiõ i, j, s, l ∈ {1, ..., n},

n∑

i,j,s,l=i

asl
ij(x)ξijξsl > A0

n∑

i,j=1

|ξij |
2, A0 = const > 0,äëÿ ìàéæå âñiõ x ∈ Ω i âñiõ ξij ∈ R òàêèõ, ùî ξij = ξji,

γ0 6 ai(x) 6 γ1, i ∈ {1, ..., n},

γ2 6 a0(x) 6 γ3äëÿ ìàéæå âñiõ x ∈ Ω, γ0 > 0, γ2 > 0;(B): b0 ∈ L∞(Ω), 0 < ̺0 6 b0(x) 6 ̺1 äëÿ ìàéæå âñiõ x ∈ Ω;Êðiì òîãî, íåõàé ïàðàìåòðè p i q çàäîâîëüíÿþòü óìîâó (P) :

q ∈ [3, +∞), p ∈ (q, +∞) ïðè n ∈ {1, 2},
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q ∈

[
3,

2n

n − 2

)
, p ∈ (q, +∞) ïðè n ∈ {3, 4},

q ∈
[
3, 5
)
, p ∈

(
q,

7q − 10

q

] ïðè n = 5.Îçíà÷åííÿ 1. Ôóíêöiþ u ∈ C([0, T1]; H
2
0 (Ω))∩L∞((0, T1); W

1,q
0 (Ω)∩Lp(Ω)) òàêó, ùî

ut ∈ C([0, T1]; L
2(Ω)) ∩ L∞((0, T1); H

2
0 (Ω)), utt ∈ L∞((0, T1); L

2(Ω)), |uxi
|q−2u2

txi
∈

∈ L∞((0, T1); L
1(Ω)), i ∈ {1, ..., n} i u çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè (2) òà ðiâíiñòü
∫

Ωt

[
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i,j,s,l=1
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ij(x)uxixj

vxsxl
+

n∑
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ai(x)|uxi
|q−2uxi

vxi
+

+b0(x)utv − a0(x)|u|p−2uv

]
dx = 0 (4)äëÿ ìàéæå âñiõ t ∈ (0, T1), âñiõ T1 ∈ [0, T ) i âñiõ v ∈ H2

0 (Ω) ∩ W
1,q
0 (Ω)) ∩ Lp(Ω),íàçèâà¹ìî óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)�(3). ßêùî T = +∞, òî ðîçâ'ÿçîêáóäåìî íàçèâàòè ãëîáàëüíèì.Çàóâàæåííÿ 1. Ëåãêî ïåðåêîíàòèñÿ, ùî ïðè n 6 6 i p 6

2n − 4

n − 4
äëÿ n > 4

∫

Ω

[
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n∑
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n∑

i=1

|u0xi
|q−2|u1xi

|2
]
dx < ∞,ÿêùî u0 ∈ H4(Ω), u1 ∈ H2(Ω). Äëÿ öüîãî äîñòàòíüî âèêîðèñòàòè òåîðåìó âêëàäåííÿÑîáîë¹âà ([21, ñ. 47℄).Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A), (B), (P ), u0 ∈ H2

0 (Ω) ∩ H4(Ω),
u1 ∈ H2

0 (Ω). Òîäi çíàéäåòüñÿ òàêå ÷èñëî T > 0, ùî óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i(1)-(3) iñíó¹.Äîâåäåííÿ. Äëÿ äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó âèêîðèñòà¹ìî ìåòîä Ôàåäî-�àëüîð-êiíà. Îñêiëüêè ïðîñòið H2
0 (Ω)∩H4(Ω) � ñåïàðàáåëüíèé áàíàõiâ, òî â íüîìó iñíó¹ òàêàçëi÷åííà ìíîæèíà {ωk}, ùî áóäü-ÿêà ñêií÷åííà êiëüêiñòü åëåìåíòiâ öi¹¨ ìíîæèíèëiíiéíî íåçàëåæíà i çàìèêàííÿ ¨¨ ëiíiéíî¨ îáîëîíêè â H2

0 (Ω)∩H4(Ω) çáiãà¹òüñÿ ç öèìïðîñòîðîì. Ìîæåìî ïðèéíÿòè, ùî {ωk} îðòîíîðìîâàíà â L2(Ω). �îçãëÿíåìî �óíêöi¨
uN(x, t) =

N∑
k=1

cN
k (t)ωk(x), N = 1, 2..., äå cN

1 , cN
2 , ...cN

N � ðîçâ'ÿçêè âiäïîâiäíèõ çàäà÷Êîøi ∫

Ω

[
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tt ω
k +

n∑

i,j,s,l=1

asl
ij(x)uN

xixj
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+

n∑

i=1

ai(x)|uN
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|q−2uN
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ωk
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+b0(x)uN
t ωk − a0(x)|uN |p−2uNωk

]
dx = 0, t ∈ [0, T ], (5)

cN
k (0) = uN

0,k, cN
kt(0) = uN

1,k, k = 1, ..., N, (6)
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uN

0 (x) =
N∑

k=1

uN
0,kωk(x), ‖uN

0 − u0‖H2
0 (Ω)∩H4(Ω) → 0,

uN
1 (x) =

N∑

k=1

uN
1,kωk(x), ‖uN

1 − u1‖H2
0(Ω) → 0 ïðè N → ∞. (7)Íà ïiäñòàâi òåîðåìè Êàðàòåîäîði [22, ñ. 54℄ iñíó¹ ðîçâ'ÿçîê çàäà÷i (5), (6), ÿêèéìà¹ àáñîëþòíî íåïåðåðâíó ïîõiäíó íà ïðîìiæêó [0, tN ). Ç îöiíîê, îäåðæàíèõ íèæ÷å,âèïëèâà¹, ùî tN = T , äå äîäàòíå ÷èñëî T çàëåæèòü âiä ïî÷àòêîâèõ äàíèõ çàäà÷i iêîå�iöi¹íòiâ ðiâíÿííÿ.Äîìíîæèìî (5) íà cN

kt, ïiäñóìó¹ìî çà k âiä 1 äî N i ïðîiíòåãðó¹ìî çà t âiä 0 äî
τ , äå τ ∈ (0, T ). Îäåðæèìî ðiâíiñòü

∫

Qτ

[
uN

tt u
N
t +

n∑

i,j,s,l=1

asl
ij(x)uN

xixj
uN

txsxl
+

n∑

i=1

ai(x)|uN
xi
|q−2uN

xi
uN

txi
+

+b0(x)|uN
t |2 − a0(x)|uN |p−2uNuN

t

]
dxdt = 0. (8)Î÷åâèäíî,

J1 :=

∫

Qτ

uN
tt u

N
t dxdt =

1

2

∫

Ωτ

|uN
t |2dx −

1

2

∫

Ω0

|uN
1 |2dx.Çãiäíî ç óìîâîþ (A)

J2 :=

∫

Qτ

n∑

i,j,s,l=1

asl
ij(x)uN

xixj
uN

txsxl
dxdt =

=
1

2

∫

Ωτ

n∑

i,j,s,l=1

asl
ij(x)uN

xixj
uN

xsxl
dx −

1

2

∫

Ω0

n∑

i,j,s,l=1

asl
ij(x)uN

0xixj
uN

0xsxl
dx >

>
A0

2

∫

Ωτ

n∑

i,j=1

|uN
xixj

|2dx −
1

2

∫

Ω0

n∑

i,j,s,l=1

asl
ij(x)uN

0xixj
uN

0xsxl
dx;

J3 :=

∫

Qτ

n∑

i=1

ai(x)|uN
xi
|q−2uN

xi
uN

txi
dxdt =

1

q

∫

Ωτ

n∑

i=1

ai(x)|uN
xi
|qdx−

−
1

q

∫

Ω0

n∑

i=1

ai(x)|uN
0xi

|qdx >
γ0

q

∫

Ωτ

n∑

i=1

|uN
xi
|qdx −

1

q

∫

Ω0

n∑

i=1

ai(x)|uN
0xi

|qdxdt;

J4 :=

∫

Qτ

a0(x)|uN |p−2uNuN
t dxdt 6

γ3

2

∫

Qτ

[
δ|uN

t |2 +
1

δ
|uN |2(p−1)

]
dxdt, δ > 0.



ÌIØÀÍÀ ÇÀÄÀ×À ÄËß �IÂÍßÍÍß ÒÈÏÓ ÊÎËÈÂÀÍÍß ÏËÀÑÒÈÍÊÈ 107Íà ïiäñòàâi òåîðåìè âêëàäåííÿ [21, ñ. 47℄ äëÿ ìàéæå âñiõ t ∈ (0, τ)
∫

Ωt

|uN |2(p−1)dx 6 C0

(∫

Ωt

n∑

i,j=1

|uN
xixj

|2dx

)p−1

,ïðè÷îìó p 6
2n − 4

n − 4
ïðè n > 4, C0 � äåÿêà äîäàòíà êîíñòàíòà. Îòæå,

J4 6
γ3δ

2

∫

Qτ

|uN
t |2dxdt +

γ3C0

2δ

τ∫

0

(∫

Ωt

n∑

i,j=1

|uN
xixj

|2dx

)p−1

dt.Çà óìîâîþ (B) ìà¹ìî
J5 :=

∫

Qτ

b0(x)|uN
t |2dxdt > ρ0

∫

Qτ

|uN
t |2dxdt.Âðàõîâóþ÷è îäåðæàíi îöiíêè iíòåãðàëiâ J1 − J5, ç (8) îòðèìà¹ìî íåðiâíiñòü

∫

Ωτ

[
1

2
|uN

t |2 +
A0

2

n∑

i,j=1

|uN
xixj

|2 +
γ0

q

n∑

i=1

|uN
xi
|q
]
dx +

(
ρ0 −

γ3δ

2

) ∫

Qτ

|uN
t |2dxdt 6

6
γ3C0

2δ

τ∫

0

(∫

Ωτ

n∑

i,j=1

|uN
xixj

|2dx

)p−1

dt + FN , (9)äå
FN =

∫

Ω0

[
1

2
|uN

1 |2 +
1

2

n∑

i,j,s,l=1

asl
ij(x)uN

0xixj
uN

0xsxl
+

1

q

n∑

i=1

ai(x)|uN
0xi

|q
]
dx.Íåõàé δ =

2ρ0

γ3
. Çãiäíî ç óìîâàìè íà u0 i u1 iñíó¹ òàêå N0, ùî FN 6 2F0 ïðè

N > N0, äå
F0 =

∫

Ω0

[
1

2
|u1|

2 +
1

2

n∑

i,j,s,l=1

asl
ij(x)u0xixj

u0xsxl
+

1

q

n∑

i=1

ai(x)|u0xi
|q
]
dx.Òîäi ç (9) âèïëèâà¹ íåðiâíiñòü

∫

Ωτ

n∑

i,j=1

|uN
xixj

|2dx 6 µ1

τ∫

0

(∫

Ωt

n∑

i,j=1

|uN
xixj

|2dx

)p−1

dt + µ2, (10)äå µ1 =
γ2
3C0

2A0
, µ2 =

4F0

A0
.Çàñòîñîâóþ÷è äî (10) ëåìó Áiõàði [23, 
. 110℄, îäåðæèìî îöiíêó

∫

Ωτ

n∑

i,j=1

|uN
xixj

|2dx 6
µ2

[1 − (p − 2)µp−2
2 µ1τ ]1/(p−2)

.



108 Ñåðãié Ëàâðåíþê , �àëèíà ÒîðãàíÍåõàé τ òàêå, ùî 1 − (p − 2)µp−2
2 µ1τ > 0. Òîäi ç (9) ìàòèìåìî

∫

Ωτ

[
|uN

t |2 +
n∑

i,j=1

|uN
xixj

|2 +
n∑

i=1

|uN
xi
|q
]
dx 6 µ3, (11)ïðè τ ∈ [0, T0], T0 <

1

(p − 2)µp−2
2 µ1

.Îòæå,
||uN

t ||L∞((0,T0);L2(Ω)) 6 µ3, ||uN ||L∞((0,T0);H2
0 (Ω)∩W 1,q

0 (Ω)) 6 µ3. (12)Ïðîäè�åðåíöiþ¹ìî çà t ðiâíiñòü (5) (öå ìîæëèâî íà ïiäñòàâi óìîâ òåîðåìè). Áóäåìîìàòè
∫

Ω

[
uN

tttω
k +

n∑

i,j,s,l=1

asl
ij(x)uN

txixj
ωk

xsxl
+ (q − 1)

n∑

i=1

ai(x)|uN
xi
|q−2uN

txi
ωk

xi
+

+b0(x)uN
tt ω

k − (p − 1)a0(x)|uN |p−2uN
t ωk

]
dx = 0.Äîìíîæèìî îñòàííþ ðiâíiñòü íà cN

ktt, ïiäñóìó¹ìî çà k âiä 1 äî N i ïðîiíòåãðó¹ìîçà t âiä 0 äî τ , äå τ ∈ (0, T0]. Ìàòèìåìî ðiâíiñòü
∫

Qτ

[
uN

tttu
N
tt +

n∑

i,j,s,l=1

asl
ij(x)uN

txixj
uN

ttxsxl
+ (q − 1)

n∑

i=1

ai(x)|uN
xi
|q−2uN

txi
uN

ttxi
+

+b0(x)|uN
tt |

2 − (p − 1)a0(x)|uN |p−2uN
t uN

tt

]
dxdt = 0. (13)Ïîäiáíî ÿê äëÿ J1, J2 ìà¹ìî

J6 :=

∫

Qτ

[
uN

tttu
N
tt +

n∑

i,j,s,l=1

asl
ij(x)uN

txixj
uN

ttxsxl

]
dxdt >

>
1

2

∫

Ωτ

[
|uN

tt |
2 + A0

n∑

i,j=1

|uN
txixj

|2
]
dx −

1

2

∫

Ω0

[
|uN

tt |
2 +

n∑

i,j,s,l=1

asl
ij(x)uN

1xixj
uN

1xsxl

]
dx.Çãiäíî ç óìîâîþ (A)

J7 :=
q − 1

2

∫

Qτ

n∑

i=1

ai(x)|uN
xi
|q−2[(uN

txi
)2]tdxdt =

q − 1

2

∫

Ωτ

n∑

i=1

ai(x)|uN
xi
|q−2|uN

txi
|2dx−

−
(q − 1)(q − 2)

2

∫

Qτ

n∑

i=1

ai(x)|uN
xi
|q−3(uN

txi
)3sign(uN

txi
)dxdt−

−
q − 1

2

∫

Ω0

n∑

i=1

ai(x)|uN
0xi

|q−2|uN
1xj

|2dx >
(q − 1)γ0

2

∫

Ωτ

n∑

i=1

|uN
xi
|q−2|uN

txi
|2dx−
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−

(q − 1)(q − 2)γ1

2

∫

Qτ

n∑

i=1

|uN
xi
|q−3(uN

txi
)3dxdt −

q − 1

2

∫

Ω0

n∑

i=1

ai(x)|uN
0xi

|q−2|uN
1xj

|2dx.Íåõàé q > 3, òîäi
J2

7 :=

∫

Qτ

n∑

i=1

|uN
xi
|q−3|uN

txi
|3dxdt 6

(q − 3)δ
q

q−3

1

q

∫

Qτ

n∑

i=1

|uN
xi
|qdxdt+

3

qδ
q

3
1

∫

Qτ

n∑

i=1

|uN
txi

|qdxdt,äå δ1 > 0. Çà òåîðåìîþ âêëàäåííÿ [21, 
. 47℄
∫

Qτ

n∑

i=1

|uN
txi

|qdxdt 6 C1

τ∫

0

(∫

Ωτ

n∑

i,j=1

|uN
txixj

|2dx

)q/2

dt,ÿêùî q 6
2n

n − 2
i n > 2 (q > 2 ïðè n ∈ {1, 2}).Ïðè q = 3 ìà¹ìî

J7 :=

∫

Qτ

n∑

i=1

ai(x)|uN
xi
|[(uN

txi
)2]tdxdt =

∫

Ωτ

n∑

i=1

ai(x)|uN
xi
||uN

txi
|2dx−

−

∫

Qτ

n∑

i=1

ai(x)(uN
txi

)3sign(uN
txi

)dxdt −

∫

Ω0

n∑

i=1

ai(x)|uN
0xi

||uN
1xj

|2dx > −
γ1

3

∫

Ωτ

n∑

i=1

|uN
xi
|qdx−

−
2γ1

3

∫

Ωτ

|uN
txi

|qdx − γ1

∫

Qτ

n∑

i=1

|uN
txi

|qdxdt −
γ1

3

∫

Ω0

n∑

i=1

|uN
xi
|qdx −

2γ1

3

∫

Ω0

|uN
txi

|qdx.Äàëi
J8 := (p − 1)

∫

Qτ

a0(x)|uN |p−2uN
t uN

tt dxdt 6 (p − 1)γ3

∫

Qτ

|uN |p−2uN
t uN

tt dxdt 6

6 (p − 1)γ3

[
δ2
2

2

∫

Qτ

|uN
tt |

2dxdt +
q − 2

2qδ
2q

q−2

2

∫

Qτ

|uN |
(p−2)2q

q−2 dxdt +
1

qδ
q
2

∫

Qτ

|uN
t |qdxdt

]
, δ2 > 0.Íà ïiäñòàâi òåîðåìè âêëàäåííÿ [21, 
. 47℄ i (12)

J2
8 :=

∫

Qτ

|uN |
(p−2)2q

q−2 dxdt 6 C2

τ∫

0

(∫

Ωτ

n∑

i,j=1

|uN
xixj

|2dx

) (p−2)q
q−2

dt 6 µ4,ïðè τ ∈ [0, T0] i p 6
3nq − 2n − 8q

nq − 4q
, ÿêùî n > 4, à òàêîæ

J3
8 :=

∫

Qτ

|uN
t |qdxdt 6 C3

τ∫

0

(∫

Ωτ

n∑

i,j=1

|uN
txixj

|2dx

) q

2

dtïðè q 6
2n

n − 4
i n > 4 (ïðè n 6 4 ìà¹ìî q > 3).
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J9 :=

∫

Qτ

b0(x)|uN
tt |

2dxdt > ρ0

∫

Qτ

|uN
tt |

2dxdt.Âðàõîâóþ÷è îäåðæàíi îöiíêè iíòåãðàëiâ J6 − J9, ç (13), îòðèìà¹ìî íåðiâíiñòü(ïðè q>3)
1

2

∫

Ωτ

[
|uN

tt |
2 + A0

n∑

i,j=1

|uN
txixj

|2
]
dx +

(q − 1)γ0

2

∫

Ωτ

n∑

i=1

|uN
xi
|q−2|uN

txi
|2dx+

+

(
ρ0 − (p − 1)γ3

δ2
2

2

) ∫

Qτ

|uN
tt |

2dxdt 6

(
3C1(q − 1)(q − 2)γ1

2qδ
q

3
1

+
(p − 1)γ3C3

qδ
q
2

)
×

×

τ∫

0

(∫

Ωτ

n∑

i,j=1

|uN
txixj

|2dx

) q

2

dt +
C2(q − 2)(p − 1)γ3

2qδ
2q

q−2

2

τ∫

0

(∫

Ωτ

n∑

i,j=1

|uN
xixj

|2dx

) (p−2)q
q−2

dt+

+
(q − 1)(q − 2)(q − 3)γ1δ

q

q−3

1

2q

∫

Qτ

n∑

i=1

|uN
xi
|qdxdt+

+

∫

Ω0

[
1

2
|uN

tt |
2 +

1

2

n∑

i,j,s,l=1

uN
1xixj

uN
1xsxl

]
dx +

q − 1

2

∫

Ω0

n∑

i=1

|uN
0xi

|q−2|uN
1xi

|2dx, (14)
τ ∈ [0, T0]. Âèáåðåìî δ2 =

[
2ρ0

γ3(p − 1)

]1/2, òîäi ïiäiíòåãðàëüíèé âèðàç ëiâî¨ ÷àñòèíèîñòàííüî¨ íåðiâíîñòi áóäå äîäàòíèì.Îöiíèìî ∫
Ω0

|uN
tt |

2dz. Äîìíîæèìî (5) íà cN
ktt(0) i ïiäñóìó¹ìî çà k âiä 1 äî N .Îòðèìà¹ìî

∫

Ω0

[
|uN

tt (0)|2 +

n∑

i,j,s,l=1

(asl
ij(x)uN

0xixj
)xsxl

uN
tt −

n∑

i=1

(ai(x)|uN
0xi

|q−2uN
0xi

)xi
uN

tt−

−a0(x)|uN
0 |p−2uN

0 uN
tt + b0(x)uN

1 uN
tt

]
dx = 0. (15)Çãiäíî ç óìîâîþ (A)

J10 :=

∫

Ω0

n∑

i,j,s,l=1

(asl
ij(x)uN

0xixj
)xsxl

uN
tt dx >

> −
1

2δ3

∫

Ω0

[ n∑

i,j,s,l=1

(asl
ij(x)uN

0xixj
)xsxl

]2
dx −

δ3

2

∫

Ω0

|uN
tt |

2dx,äå δ3 > 0;

J11 := −

∫

Ω0

n∑

i=1

(ai(x)|uN
0xi

|q−2uN
0xi

)xi
uN

tt dx >
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> −

1

2δ3

∫

Ω0

[ n∑

i=1

(ai(x)|uN
0xi

|q−2uN
0xi

)xi

]2
dx −

δ3

2

∫

Ω0

|uN
tt |

Ndx;

J12 := −

∫

Ω0

a0(x)|uN
0 |p−2uN

0 uN
tt dx > −

1

2δ3

∫

Ω0

[
a0(x)|uN

0 |p−2uN
0

]2
dx −

δ3

2

∫

Ω0

|uN
tt |

Ndx.Ç óìîâè (B) áóäåìî ìàòè
J13 :=

∫

Ω0

b0(x)uN
1 uN

tt dx > −
1

2δ3

∫

Ω0

[
b0(x)uN

1

]2
dx −

δ3

2

∫

Ω0

|uN
tt |

2dx.Âðàõîâóþ÷è îäåðæàíi îöiíêè iíòåãðàëiâ J10 − J13, ç (15) îòðèìà¹ìî
(1 − 2δ3)

∫

Ω0

|uN
tt |

2dx 6
1

2δ3

∫

Ω0




[ n∑

i,j,s,l=1

(asl
ij(x)uN

0xixj
)xsxl

]2
+

[
b0(x)uN

1

]2
+

+

[ n∑

i=1

(ai(x)|uN
0xi

|q−2uN
0xi

)xi

]2
+

[
a0(x)|uN

0 |p−2uN
0

]2)
dx,äå 0 < δ3 <

1

2
.Âðàõîâóþ÷è óìîâè íà u0, u1 i êîå�iöi¹íòè ðiâíÿííÿ (1), îäåðæèìî

∫

Ω0

|uN
tt |

2dx 6 µ5, (16)äå µ5 � äåÿêà êîíñòàíòà, ÿêà íå çàëåæèòü âiä N .Îòîæ, ç (14) îäåðæèìî íåðiâíiñòü
∫

Ωτ

n∑

i,j=1

|uN
txixj

|2dx 6 µ6 + µ7

τ∫

0

(∫

Ωτ

n∑

i,j=1

|uN
txixj

|2dx

)q/2

dt, τ ∈ [0, T0], (17)äå µ6, µ7 - äåÿêi êîíñòàíòè, ÿêi íå çàëåæàòü âiä N . Äî íåðiâíîñòi (17) çíîâó çàñòî-ñó¹ìî ëåìó Áiõàði [23, 
. 110℄
∫

Ωτ

n∑

i,j=1

|uN
txixj

|2dx 6
µ6

[
1 −

(
q
2 − 1

)
µ

q/2−1
6 µ7τ

] 1
q−2

, (18)äå τ ∈ [0, T1], T1 6 T0 i T1 <
2

(q − 2)µ
q/2−1
6 µ7

. Âèáåðåìî δ1, ìiíiìiçóþ÷è äîáóòîê
µ7µ

(q−2)/2
6 . Òîäi íà ïðîìiæêó [0, T1], T1 < T ç (14), (16) i (18) îäåðæèìî îöiíêó

∫

Ωτ

[
|uN

tt |
2 +

n∑

i,j=1

|uN
txixj

|2 +

n∑

i=1

|uN
xi
|q−2|uN

txi
|2
]
dx 6 µ8.
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{
1

(p − 2)µp−2
2 µ1

,
2

(q − 2)µ7µ
(q−2)/2
6

}. Îòæå,
||uN

t ||L∞((0,T1);H2
0 (Ω)) 6 µ8, ||uN

tt ||L∞((0,T1);L2(Ω)) 6 µ8,

|| |uN
xi
|q−2|uN

txi
|2||L∞((0,T1);L1(Ω)) 6 µ8, (19)äå ñòàëà µ8 íå çàëåæèòü âiä N . Àíàëîãi÷íi îöiíêè îäåðæèìî i äëÿ q = 3. Íà ïiäñòàâi(12), (19) iñíó¹ ïiäïîñëiäîâíiñòü {uNk} ⊂ {uN} òàêà, ùî

uNk → u ∗ - ñëàáêî â L∞((0, T1); H
2
0 (Ω) ∩ W

1,q
0 (Ω)),

uNk

t → ut ∗ - ñëàáêî â L∞((0, T1); H
2
0 (Ω)),

uNk

tt → utt ∗ - ñëàáêî â L∞((0, T1); L
2(Ω)) ïðè Nk → ∞. (20)Êðiì òîãî,

∫

QT1

∣∣∣∣∣

n∑

i=1

ai(x)|uN
xi
|q−2uN

xi

∣∣∣∣∣

q′

dxdt 6 µ9,

∫

QT1

∣∣a0(x)|uN |p−2uN
∣∣p′

dxdt 6 µ10.Òîìó
n∑

i=1

ai(x)|uNk
xi

|q−2uNk
xi

→ χ1 ñëàáêî â Lq′

(QT1),

a0(x)|uNk |p−2uNk → χ0 ñëàáêî â Lp′

(QT1).Çàçíà÷èìî, ùî ïîñëiäîâíiñòü {uN} îáìåæåíà â Lq((0, T1); H
2
0 (Ω)), à ïîñëiäîâ-íiñòü {uN

t } îáìåæåíà â Lq((0, T1); L
2(Ω)). Îñêiëüêè H2

0 (Ω) ⊂ W
1,q
0 (Ω) êîìïàêòíî ïðè

q ∈

[
3,

2n

n − 2

)
, n ∈ {3, 4, 5} i ïðè q ∈ [3, +∞), n ∈ {1, 2}, òî íà ïiäñòàâi òåîðåìè 5.1[24, ñ. 70℄ ìîæåìî ââàæàòè, ùî

uNk → u ñèëüíî â Lq((0, T1); W
1,q
0 (Ω))i ìàéæå âñþäè â QT1 . Òîìó

χ1 =

n∑

i=1

ai(x)|uxi
|q−2uxi

.Àíàëîãi÷íî, âðàõîâóþ÷è òå, ùî çà óìîâîþ òåîðåìè (ïðè âèáðàíèõ ïàðàìåòðàõ p i n)
H2

0 (Ω) ⊂ Lp(Ω) êîìïàêòíî, îäåðæèìî ðiâíiñòü
χ0 = a0(x)|u|p−2uìàéæå âñþäè â QT1 . Êðiì òîãî, äëÿ �óíêöi¨ u âèêîíó¹òüñÿ íåðiâíiñòü

∫

Ωt

n∑

i=1

|uxi
|q−2|utxi

|2dx 6 µ11
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∫

Ωt

[
uttv +

n∑

i,j,s,l=1

asl
ij(x)uxixj

vxsxl
+

n∑

i=1

ai(x)|uxi
|q−2uxi

vxi
+

+b0(x)utv − a0(x)|u|p−2uv

]
dx = 0 (21)ìàéæå äëÿ âñiõ t ∈ (0, T1), âñiõ T1 ∈ (0, T ) i âñiõ v ∈ H2

0 (Ω).Çàëèøèëîñÿ ïîêàçàòè, ùî âèêîíóþòüñÿ ïî÷àòêîâi óìîâè. Ïiäñòàâèìî â (21)
v = v(x, t), v ∈ C2([0, T1]; H

2
0 (Ω)), v(x, T1) = 0, vt(x, T1) = 0. Î÷åâèäíî, ùî

∫

QT1

uttvdxdt =

∫

Ωt

utvdx

∣∣∣∣
T1

0

−

∫

QT1

utvtdxdt = −

∫

Ω0

ut(x, 0)v(x, 0)dx −

∫

Ωt

uvtdx

∣∣∣∣
T1

0

+

+

∫

QT1

uvttdxdt = −

∫

Ω0

utvdx +

∫

Ω0

uvtdx +

∫

QT1

uvttdxdt.Áóäåìî ìàòè
∫

QT1

[
uvtt +

n∑

i,j,s,l=1

asl
ij(x)uxixj

vxsxl
+

n∑

i=1

ai(x)|uxi
|q−2uxi

vxi
+ b0(x)utv−

−a0(x)|u|p−2uv

]
dxdt =

∫

Ω0

utvdx −

∫

Ω0

uvtdx. (22)Äîìíîæèìî (5) íà dN0

k ∈ C2([0, T1]), dN0

k (T1) = 0, dN0

kt (T1) = 0. Îòðèìàíóðiâíiñòü ïiäñóìó¹ìî çà k âiä 1 äî N i ïðîiíòåãðó¹ìî çà t âiä 0 äî τ , äå τ ∈ (0, T1].Ïîçíà÷èìî vN0(x, t) =
N0∑
k=1

dN0

k (t)ωk(x). Îäåðæèìî
∫

Qτ

[
uNkvN0

tt +

n∑

i,j,s,l=1

asl
ij(x)uNk

xixj
vN0

xsxl
+ b0(x)uNk

t vN0 +

n∑

i=1

ai(x)|uxi
|q−2uxi

vxi
−

−a0(x)|uNk |p−2uNkvN0

]
dxdt =

∫

Ω0

uNk

1 vN0dx −

∫

Ω0

uNk

0 vN0
t dx.Â îñòàííié ðiâíîñòi ïåðåéäåìî äî ãðàíèöi ïðè Nk → ∞, Nk > N0. Ñó-êóïíiñòü âñiõ vN0 ïîçíà÷èìî ÷åðåç MN . Îñêiëüêè ⋃

MN ùiëüíå â H2
0 (QT1)∩

∩Lp((0, T1); W
1,p
0 (Ω)) ∩ Lq(QT1), òî ìîæåìî ïåðåéòè äî ãðàíèöi i ïðè N0 → ∞.Îäåðæèìî ðiâíiñòü

∫

Qτ

[
uvtt +

n∑

i,j,s,l=1

asl
ij(x)uxixj

vxsxl
+ b0(x)utv +

n∑

i=1

ai(x)|uxi
|q−2uxi

vxi
−

−a0(x)|u|p−2uv

]
dxdt =

∫

Ω0

u1vdx −

∫

Ω0

u0vtdx, (23)



114 Ñåðãié Ëàâðåíþê , �àëèíà Òîðãàíÿêà âèêîíó¹òüñÿ äëÿ äîâiëüíîãî v ∈ C2([0, T1]; H
2
0 (Ω)). Âiäíÿâøè âiä (22) ðiâíiñòü(23), ìàòèìåìî

∫

Ω0

(ut − u1)v(x, 0)dx −

∫

Ω0

(u − u0)vt(x, 0)dx = 0. (24)Íåõàé
v(x, t) = w(x)(T1 − t)2t, w ∈ H2

0 (Ω).Òîäi
vt(x, t) = −2w(x)(T1 − t)t + w(x)(T1 − t)2, v(x, 0) = 0, vt(x, 0) = w(x)T 2

1 .Îñêiëüêè w � äîâiëüíå, òî ç (24) îäåðæèìî, ùî
ut(x, 0) = u1(x).Àíàëîãi÷íî, âçÿâøè v(x, t) = w(x)(1 − t2), ç (24) îòðèìó¹ìî, ùî
u(x, 0) = u0(x).

�Çàóâàæåííÿ 2. Ôóíêöiÿ
g(t) :=

∫

Ω

n∑

i=1

ai(x)|uxi
|qdx ∈ C([0, T1])ïðè âèêîíàííi òåîðåìè 1. Ñïðàâäi,

∫

Ω

(
n∑

i=1

ai(x)|uxi
|q

)

t

dx = q

∫

Ω

n∑

i=1

ai(x)|uxi
|q−1utxi

sign(uxi
)dx.Àëå

∫

Ω

∣∣∣∣∣

n∑

i=1

ai(x)|uxi
|q−1utxi

sign(uxi
)

∣∣∣∣∣ dx 6
γ1

2

∫

Ω

n∑

i=1

[
|uxi

|q + |uxi
|q−2|utxi

|2
]
dx 6 µ12ìàéæå äëÿ âñiõ t ∈ (0, T1). Îòæå, g ∈ C([0, T1]). Êðiì òîãî, ut ∈ C([0, T1]; L

2(Ω)),
u ∈ C([0, T1]; H

2
0 (Ω)),

∫
Ω

a0(x)|u|p−2udx ∈ C([0, T1]).Ââåäåìî ïîçíà÷åííÿ
E(t) =

1

2

∫

Ωt

[
|ut|

2 +

n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl

]
dx+

+

∫

Ωt

[
1

q

n∑

i=1

ai(x)|uxi
|q −

1

p
a0(x)|u|p

]
dx. (25)Òåîðåìà 2. Íåõàé âèêîíó¹òüñÿ óìîâà (A) i, êðiì òîãî, b0 ∈ L∞(Ω), 0 6 b0(x) 6 ρ1ìàéæå äëÿ âñiõ x ∈ Ω, p > q > 2, ïðè÷îìó p 6

2n

n − 4
, ÿêùî n > 4, E(0) = −λ < 0.Òîäi íå iñíó¹ ãëîáàëüíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1)-(3).



ÌIØÀÍÀ ÇÀÄÀ×À ÄËß �IÂÍßÍÍß ÒÈÏÓ ÊÎËÈÂÀÍÍß ÏËÀÑÒÈÍÊÈ 115Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó¹ ãëîáàëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê u çàäà÷i (1)-(3). Ñïî÷àòêó ïîêàæåìî, ùî E(t) < 0 äëÿ âñiõ t > 0. Ïðîäè�åðåíöiþ¹ìî ðiâíiñòü (25)çà t. Çàçíà÷èìî, ùî íà ïiäñòàâi îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó òà çàóâàæåííÿ 2,ïîõiäíà E′ iñíó¹ ìàéæå äëÿ âñiõ t ∈ (0, T ). Îòæå,
E′(t) =

∫

Ωt

[
ututt +

n∑

i,j,s,l=1

asl
ij(x)uxixj

utxsxl

]
dx+

+

∫

Ωt

[ n∑

i=1

ai(x)|uxi
|q−2uxi

utxi
− a0(x)|u|p−2uut

]
dx. (26)Ïðèéìåìî â (4) v = ut

∫

Ωt

[
uttut +

n∑

i,j,s,l=1

asl
ij(x)uxixj

utxsxl
+ b0(x)|ut|

2+

+

n∑

i=1

ai(x)|uxi
|q−2uxi

utxi
− a0(x)|u|p−2uut

]
dx = 0. (27)Âiäíÿâøè ðiâíîñòi (26) i (27), îäåðæèìî

E′(t) = −

∫

Ωt

b0(x)u2
t dx 6 0ìàéæå äëÿ âñiõ t > 0. Îñêiëüêè E(0) < 0, òî E(t) < 0 äëÿ âñiõ t > 0.Ââåäåìî

H(t) = −E(t), L(t) = [H(t)]1−α + ε

∫

Ωt

uutdx, ε > 0, α ∈ (0, 1).Òîäi
L′(t) = (1 − α)H−α(t)H ′(t) + ε

∫

Ωt

[
u2

t + uutt

]
dx.Àëå ïðàâèëüíà ðiâíiñòü (4) ç v = u

∫

Ωt

[
uttu +

n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
+

n∑

i=1

ai(x)|uxi
|q + b0(x)uut − a0(x)|u|p

]
dx = 0,òîìó

L′(t) = (1 − α)H−α(t)

∫

Ωt

b0(x)u2
t dx + ε

∫

Ω

[
u2

t −
n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
−

−

n∑

i=1

ai(x)|uxi
|q + a0(x)|u|p − b0(x)uut

]
dx.Î÷åâèäíî

−

∫

Ωt

b0(x)uutdx > −
δ4

2

∫

Ωt

b0(x)u2
t dx −

1

2δ4

∫

Ωt

b0(x)u2dx =
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= −

1

4δ5
H−α(t)

∫

Ωt

b0(x)u2
t dx − δ5H

α(t)

∫

Ωt

b0(x)u2dxïðè δ5 > 0, δ4 =
H−α(t)

2δ5
. �îçãëÿíåìî iíòåãðàë

J14 := δ5H
α(t)

∫

Ωt

b0(x)u2dx.Îñêiëüêè
H(t) 6

1

p

∫

Ωt

a0(x)|u|pdx,òîìó
J14 6 ρ1δ5

(
γ3

p

)α(∫

Ωt

|u|pdx

)α ∫

Ωt

u2dx 6 ρ1δ5

(
γ3

p

)α(
mes Ω

) p−2
p

(∫

Ωt

|u|pdx

) χ
p

,äå χ = 2 +
α

p
. Âèáåðåìî α ç óìîâè χ 6 p. ßêùî ∫

Ωt

|u|pdx > 1, òî
(∫

Ωt

|u|pdx

) χ

p

6

∫

Ωt

|u|pdx.Íåõàé ∫
Ωt

|u|pdx < 1. Òîäi, âðàõîâóþ÷è óìîâó íà p,
(∫

Ωt

|u|pdx

) χ

p

6

(∫

Ωt

|u|pdx

) 2
p

6 µ13

∫

Ωt

n∑

i,j=1

u2
xixj

dx 6

6
µ13

A0

∫

Ωt

n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
dx,äå µ13 � ñòàëà ç òåîðåìè âêëàäåííÿ Ñîáîë¹âà [21. C. 47℄.Îòæå,

(∫

Ωt

|u|pdx

) χ

p

6

∫

Ωt

|u|pdx +
µ13

A0

∫

Ωt

n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
dx (28)i

−J14 > δ5µ14

∫

Ωt

|u|pdx − δ5µ15

∫

Ωt

n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
dx,
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(
γ3

p

)α

(mes Ω)(p−2)/p, µ15 =
µ14µ13

A0
. Îòîæ,

L′(t) >

(
1 − α −

ε

4δ5

)
H−α(t)

∫

Ωt

b0(x)u2
t dx − δ5εµ15

∫

Ωt

n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
dx−

−δ5εµ14

∫

Ωt

|u|pdx − ε

∫

Ωt

[ n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
+

n∑

i=1

ai(x)|uxi
|q − a0(x)|u|p − u2

t

]
dx.(29)Íåõàé ε 6 4(1 − α)δ5. Äîäàìî äî ïðàâî¨ ÷àñòèíè (29) δ6εH(t) − δ6εH(t), äå δ6 > 0.Òîäi

L′(t) > δ6εH(t) +
δ6ε

2

∫

Ωt

[
u2

t +
n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl

]
dx + δ6ε

∫

Ωt

[
1

q

n∑

i=1

ai(x)|uxi
|q−

−
a0(x)

p
|u|p
]
dx−

εδ5µ14

γ2

∫

Ωt

a0(x)|u|pdx−ε

∫

Ωt

[
(δ5µ15+1)

n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
−a0(x)|u|p+

+

n∑

i=1

ai(x)|uxi
|q − u2

t

]
dx = δ6εH(t) + ε

(
δ6

2
+ 1

)∫

Ωt

u2
t dx + ε

(
δ6

q
− 1

)∫

Ωt

n∑

i=1

|uxi
|qdx+

+ε

(
1 −

δ6

p
−

δ5µ14

γ2

)∫

Ωt

a0(x)|u|pdx + ε

(
δ6

2
− δ5µ15 − 1

)∫

Ωt

n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
dx.Íåõàé q < δ6 < p. Òîäi iñíóþòü òàêi δ5 > 0 i δ7 ∈ (0, 1), ùî âèêîíóþòüñÿíåðiâíîñòi

δ6

q
− 1 > δ7, 1 −

δ6

p
−

δ5µ13

γ2
> δ7,

δ6

2
− δ5µ15 − 1 > δ7.Îòæå,

L′(t) > εδ7

[
H(t) +

∫

Ωt

a0(x)|u|pdx +

∫

Ωt

u2
t dx +

∫

Ωt

n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
dx

]
. (30)�îçãëÿíåìî [L(t)]

1
1−α . Ìà¹ìî

[L(t)]
1

1−α 6 µ16

(
H(t) + ε

1
1−α

∣∣∣∣
∫

Ω

uutdx

∣∣∣∣

1
1−α
)

, µ16 = 2
1

1−α .Î÷åâèäíî ∣∣∣∣
∫

Ω

uutdx

∣∣∣∣

1
1−α

6

(∫

Ω

u2dx

) 1
2(1−α)

(∫

Ω

u2
t dx

) 1
2(1−α)

6

6
1

r0



∫

Ωt

u2
tdx




r0
2(1−α)

+
1

r1



∫

Ωt

u2dx




r1
2(1−α)

,
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2(1 − α)

1 − 2α
ïðè α <

1

2
.Òîäi ∣∣∣∣

∫

Ωt

uutdx

∣∣∣∣

1
1−α

6
1

r0

∫

Ωt

|ut|
2dx +

1

r1

(∫

Ωt

|u|2dx

) 1
1−2α

,

∣∣∣∣
∫

Ω

u2dx

∣∣∣∣

1
1−2α

6 (mes Ω)
p−2

p(1−2α)

(∫

Ωt

|u|pdx

) 2
p(1−2α)

.Àíàëîãi÷íî äî (28) îäåðæó¹ìî îöiíêó
(∫

Ωt

u2dx

) 2
p(1−2α)

6 µ17

∫

Ωt

|u|pdx + µ18

∫

Ωt

n∑

i,j=1

u2
xixj

dxïðè 2

1 − 2α
6 p, äå µ17, µ18 � çàëåæàòü âiä n i Ω. Îòîæ,

[L(t)]
1

1−α 6 µ16

[
H(t) +

1

r0

∫

Ωt

u2
t dx +

(mes Ω)
p−2

p(1−2α) µ17

r1γ2

∫

Ωt

a0(x)|u|pdx+

+
(mes Ω)

p−2
p(1−2α) µ18

r1A0

∫

Ωt

n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
dx

]
,îñêiëüêè ìîæåìî ïðèéíÿòè, ùî ε < 1. Íåõàé

µ19 = max

{
1;

1

r0
;

(mes Ω)
p−2

p(1−2α) µ17

r1γ2
;

(mes Ω)
p−2

p(1−2α) µ18

r1A0

}
.Òîäi

[L(t)]
1

1−α 6 µ16µ19

[
H(t) +

∫

Ωt

u2
tdx +

∫

Ωt

a0(x)|u|pdx+

+

∫

Ωt

n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
dx

]
. (31)Âðàõóâàâøè íåðiâíîñòi (30) i (31), îäåðæèìî

L′(t) > µ20[L(t)]
1

1−α , (32)äå µ20 =
εδ7

µ16µ19
. Êðiì òîãî, L(0) = [H(0)]1−α + ε

∫

Ω0

u0u1dx. Îñêiëüêè H(0) = λ > 0,òî çìåíøèâøè ó ðàçi ïîòðåáè ε ìîæåìî ââàæàòè, ùî L(0) >

(
λ

2

)1−α

> 0.Íåõàé σ =
1

1 − α
(σ > 1). Òîäi íåðiâíiñòü (32) ìîæåìî çàïèñàòè ó âèãëÿäi

dL

Lσ
> µ20. (33)
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Lσ−1(t) >

1

L1−σ(0) − µ20t(σ − 1)
. (34)Îñêiëüêè

H(t) 6
1

p

∫

Ωt

a0(x)|u|pdx,òî âðàõóâàâøè íåðiâíîñòi (31) i (34), îäåðæèìî òàêå: iñíó¹ ñêií÷åííå T > 0, äëÿÿêîãî
lim

t→T−0

∫

Ωt

[
u2

t + |u|p +
n∑

i,j=1

u2
xixj

]
dx = +∞.Îäåðæàíå ïðîòèði÷÷ÿ çàâåðøó¹ äîâåäåííÿ òåîðåìè. �1. Jaime E. Muñoz Rivera. Smoothing E�e
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