
ÂIÑÍÈÊ ËÜÂIÂ. ÓÍ-ÒÓ VISNYK LVIV UNIV.Ñåðiÿ ìåõ.-ìàò. 2009. Ser. Meh. Math. 2009.Âèï. 71. Ñ. 156�174 Is. 71. P. 156�174ÓÄÊ 517.95 ÌIØÀÍÀ ÇÀÄÀ×À ÄËß ÍÅËIÍIÉÍÎ��IÏÅ�ÁÎËI×ÍÎ-ÏÀ�ÀÁÎËI×ÍÎ� ÑÈÑÒÅÌÈ �IÂÍßÍÜÂ ÍÅÎÁÌÅÆÅÍIÉ ÎÁËÀÑÒIÌàêñèì ÍÅ×ÅÏÓ�ÅÍÊÎËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1e-mail: m.nehepurenko�mf.in.ua�îçãëÿíóòî íåëiíiéíó çâ'ÿçíó åâîëþöiéíó ãiïåðáîëi÷íî-ïàðàáîëi÷íó ñèñ-òåìó â íåîáìåæåíié çà ïðîñòîðîâèìè çìiííèìè îáëàñòi. Îäåðæàíî óìîâèiñíóâàííÿ òà ¹äèíîñòi óçàãàëüíåíîãî ðîçâ'ÿçêó. �îçøèðåíî íàøi ïîïåðåä-íi ðåçóëüòàòè [8℄ äî íåîáìåæåíî¨ îáëàñòi. Êëàñè iñíóâàííÿ òà ¹äèíîñòi ¹ïðîñòîðàìè ëîêàëüíî iíòåãðîâíèõ �óíêöié.Êëþ÷îâi ñëîâà: íåëiíiéíà ñèñòåìà, ìiøàíà çàäà÷à.Ìiøàíi òà êðàéîâi çàäà÷i äëÿ ëiíiéíèõ ñèñòåì çâ'ÿçàíèõ ãiïåðáîëi÷íî-ïàðàáî-ëi÷íèõ ðiâíÿíü ðîçãëÿíóòî â ïðàöÿõ [1℄-[3℄. Ïðàöÿ [1℄ ìiñòèòü äîñëiäæåííÿ ìiøàíî¨çàäà÷i äëÿ êâàçiëiíiéíèõ åâîëþöiéíèõ ñèñòåì çi ñòàëèìè êîå�iöi¹íòàìè â îáìåæå-íié îáëàñòi. Çíàéäåíî óìîâè çà ÿêèõ ðîçâ'ÿçîê òàêèõ çàäà÷ iñíó¹ òà ¹äèíèé, òàêîæäîñëiäæåíî àñèìïòîòè÷íó ïîâåäiíêó ïîâíî¨ åíåðãi¨, àñîöiéîâàíî¨ çi ñëàáêèì ðîçâ'ÿç-êîì. Ó [3℄ ïîêàçàíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i, àñîöiéîâàíî¨ çíåëiíiéíîþ ñèñòåìîþ. Ó ïðàöi [5℄ äîñëiäæåíî êâàçiëiíiéíó ñèñòåìó òåðìîïðóæíîñòiòà ïîêàçàíî, ùî åíåðãiÿ äîâiëüíîãî ñëàáêîãî ðîçâ'ÿçêó âèáóõà¹ çà ñêií÷åííèé ÷àñ,ÿêùî ïî÷àòêîâà åíåðãiÿ âiä'¹ìíà.Íåëiíiéíiñòü |v|ρv ÷àñòî âèíèêà¹ â ðåëÿòèâiñòñüêié êâàíòîâié ìåõàíiöi (äèâ.Øè�� [11℄, Ñåãàë [12℄), i ðîçãëÿäàþòü ¨¨ áàãàòî àâòîðiâ äëÿ ãiïåðáîëi÷íèõ, ïàðà-áîëi÷íèõ i åëiïòè÷íèõ ðiâíÿíü. Ëiîíñ [15℄ äîñëiäæóâàâ õâèëüîâå ðiâíÿííÿ ç òàêîþíåëiíiéíiñòþ, òîáòî |v|ρv â ãëàäêié îáìåæåíié i âiäêðèòié îáëàñòi Ω ç ïðîñòîðó R
n äëÿ

n ∈ N i äîâiâ iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çà äîïîìîãîþ ìåòîäó Ôàåäî-�àëüîðêiíàòà ìåòîäó êîìïàêòíîñòi. Êëàðê â [2℄ ðîçãëÿäàâ ñèñòåìó çi ñòàëèìè êîå�iöi¹íòàìèé îäíîðiäíèìè óìîâàìè íà ìåæi Γ. Âií äîâiâ iñíóâàííÿ ãëîáàëüíîãî ñèëüíîãî òàñëàáêîãî ðîçâ'ÿçêó çà ìåòîäîì Ôàåäî-�àëüîðêiíà, âèêîðèñòîâóþ÷è ñïåöiàëüíó áàçó© Íå÷åïóðåíêî Ì., 2009
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0 (Ω) ∩ H2(Ω), òàêîæ ïîêàçàâ ñòiéêiñòü ïîâíî¨ åíåðãi¨ àñîöiéîâàíî¨ çiñëàáêèì ðîçâ'ÿçêîì, âèêîðèñòîâóþ÷è ìåòîä Êîìîðíiêà-Çóçè [10℄.Ó öié ïðàöi â íåîáìåæåíié îáëàñòi ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ íåëiíié-íî¨ åâîëþöiéíî¨ ñèñòåìè, ÿêà, çîêðåìà, ìiñòèòü íåëiíiéíi äîäàíêè çi ñòåïåíÿìè

p, q ∈ (1, 2], âèêîðèñòàíî ìåòîä ââåäåííÿ ïàðàìåòðà äëÿ äîñëiäæåííÿ åâîëþöiéíèõðiâíÿíü (äèâ., íàïðèêëàä, [13℄-[14℄).1. Ôîðìóëþâàííÿ çàäà÷i. Íåõàé Ω � íåîáìåæåíà îáëàñòü â R
n ç ìåæåþ

∂Ω ∈ C1; Qτ = (0, τ)×Ω, 0 < τ 6 T ; ST = (0, T )× ∂Ω; Ωτ = QT ∩{t = τ}. Â îáëàñòi
QT ðîçãëÿíåìî ñèñòåìó

A1(u, θ) ≡ utt −

n
∑

i,j=1

(aij(t, x)uxi
)xj

+

n
∑

i=1

ai(t, x)uxi
+

n
∑

i=1

bi(t, x)θxi
+

+ α0(t, x)u + α1(t, x)θ + γ1(t, x)|ut|
p−2ut = f1(t, x), (1)

A2(u, θ) ≡ θt −
n
∑

i,j=1

(cijθxi
)xj

−
n
∑

i=1

(ci(t, x)ut)xi
+

n
∑

i=1

di(t, x)uxi
+

n
∑

i=1

ei(t, x)θxi
+

+ β0(t, x)u + β1(t, x)θ + γ2(t, x)|θ|q−2θ = f2(t, x), (2)ç ïî÷àòêîâèìè óìîâàìè
u(0, x) = u0(x), ut(0, x) = u1(x), θ(0, x) = θ0(x) íà Ω. (3)Êðiì ïî÷àòêîâèõ óìîâ (3), çàäàìî äëÿ ñèñòåìè (1)-(2) êðàéîâi óìîâè âèãëÿäó

u(t, x) = 0, θ(t, x) = 0 íà ST . (4)Äëÿ ñïðîùåííÿ âèêëàäåííÿ ïðèïóñêàòèìåìî, ùî ΩR = Ω ∩ BR ¹ îáëàñòþ äëÿâñiõ R > R0 > 0, ðåãóëÿðíîþ â ñåíñi Êàëüäåðîíà [7, . 44℄, BR = {x ∈ R
n : |x| < R}.Ïîçíà÷èìî Qτ,R = (0, τ)×ΩR, τ ∈ (0, T ]; Ωτ,R = QT,R∩{t = τ}; Sτ,R = (0, τ)×∂Ωτ,R.Ââåäåìî ïðîñòîðè

Lr
loc(Ω) = {v : v ∈ Lr(ΩR), ∀ R > R0}, r ∈ [1, +∞],

H1
0,loc(Ω) = {v : v ∈ H1(ΩR), u

∣

∣

∂Ω∩BR
= 0 ∀ R > R0},

H2
loc(Ω) = {v : v ∈ H2(ΩR), ∀ R > R0}.Ïðèïóñòèìî, ùî äëÿ êîå�iöi¹íòiâ ñèñòåìè (1) - (2) âèêîíóþòüñÿ òàêi óìîâè:(A): aij , aijt ∈ L∞(QT ), aij(t, x) = aji(t, x) ìàéæå âñþäè â QT , i, j ∈ {1, . . . , n};

a0|ξ|
2 6

n
∑

i,j=1

aij(t, x)ξiξj 6 a0|ξ|2ìàéæå äëÿ âñiõ (t, x) ∈ QT i äëÿ âñiõ ξ ∈ R
n, a0 i a0 � äîäàòíi êîíñòàíòè;(C): cij , cijt ∈ L∞(QT ), i, j ∈ {1, . . . , n};

c0|ξ|
2 6

n
∑

i,j=1

cij(t, x)ξiξj 6 c0|ξ|2ìàéæå äëÿ âñiõ (t, x) ∈ QT i äëÿ âñiõ ξ ∈ R
n, c0 i c0 � äîäàòíi êîíñòàíòè;(D): ai, , ait, bi, bit, ci, cit, di, dit, ei, eit ∈ L∞(QT );



158 Ìàêñèì ÍÅ×ÅÏÓ�ÅÍÊÎ(E): α0, α0t, α1, β0, β1 ∈ L∞(QT );(G): γ1, γ2 ∈ L∞(QT ); γ1(t, x) > γ̃1, γ2(t, x) > γ̃2 ìàéæå âñþäè â QT , γ̃1 i γ̃2 �äîäàòíi êîíñòàíòè; p > 1, q > 1, min{p, q} 6 2.Íåõàé Φ ∈ C1(R), Φ(η) = 1 ïðè η 6 0, Φ(η) = 0 ïðè η > 1 i 0 6 Φ(η) 6 1 ïðè
η ∈ R.Ïðèéìåìî

hR(x) = Φ

(

|x| − R

χ

)

, äå χ > 0,

ωR(x) = [hR(x)]γ , γ > 2.Òîäi ωR(x) = 1 ïðè |x| 6 R, ωR(x) = 0 ïðè |x| > R + χ, 0 6 ωR(x) 6 1 ïðè x ∈ R
n,

|ωR,xi
(x)| 6 γ

d

χ
[hR(x)]

γ−1
, x ∈ R

n, i = {1, . . . , n}, d = const > 0.Ââàæàòèìåìî, ùî ïðàâi ÷àñòèíè ñèñòåìè (1)-(2) i ïî÷àòêîâi �óíêöi¨ â (3) çàäî-âîëüíÿþòü óìîâó (F), ÿêùî:
fj , fjt ∈ L2(0, T ; L2

loc(Ω)) j ∈ {1, 2}, u0 ∈ H1
0,loc(Ω) ∩ H2

loc(Ω),
u1 ∈ H1

0,loc(Ω) ∩ L
2(p−1)
loc (Ω), θ0 ∈ H1

0,loc(Ω) ∩ L
2(q−1)
loc (Ω).Äëÿ êîìïàêòíîñòi çàïèñiâ ââåäåìî ïîçíà÷åííÿ V1 = L2(0, T ; H1

0,loc(Ω)) ∩ C(0, T ;
L2

loc(Ω)), V2 = V1 ∩ Lp(0, T ; Lp
loc(Ω)), V3 = V1 ∩ Lq(0, T ; Lq

loc(Ω)).Îçíà÷åííÿ 1. Ïàðó �óíêöié {u, θ}, ÿêi çàäîâîëüíÿþòü âêëþ÷åííÿ u ∈ V1, ut ∈ V2,
θ ∈ V3 íàçèâàòèìåìî ñèëüíèì óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (1)-(4), ÿêùî âî-íà ¹ ãðàíèöÿìè ó âiäïîâiäíèõ ïðîñòîðàõ ïîñëiäîâíîñòåé {uk}, {θk} òàêèõ, ùîäëÿ êîæíîãî k ∈ N �óíêöi¨ uk ∈ V1, uk

t ∈ V2, uk
tt ∈ L2(0, T ; L2

loc(Ω)), θk ∈ V3,
θk

t ∈ L2(0, T ; L2
loc(Ω)) i äëÿ äîâiëüíîãî k ∈ N ïàðà �óíêöié {uk, θk} çàäîâîëüíÿ¹ ñèñ-òåìó

∫

Ωτ

uk
t v dx −

∫

Ω0

uk
1(x)v dx +

∫

Qτ

[

−uk
t vt +

n
∑

i,j=1

aij(t, x)uk
xi

vxj
+

+

n
∑

i=1

ai(t, x)uk
xi

v +

n
∑

i=1

bi(t, x)θk
xi

v + α0(t, x)ukv + α1(t, x)θkv+

+ γ1(t, x)|uk
t |

p−2uk
t v
]

dx dt =

∫

Qτ

fk
1 (t, x)v dx dt, (5)

∫

Ωτ

θkw dx −

∫

Ω0

θk
0 (x)w dx +

∫

Qτ

[

−θkwt +

n
∑

i,j=1

cij(t, x)θk
xi

wxj
+

n
∑

i=1

ci(t, x)uk
t wxi

+

+

n
∑

i=1

di(t, x)uk
xi

w +

n
∑

i=1

ei(t, x)θk
xi

w + β0(t, x)ukw + β1(t, x)θkw+

+ γ2(t, x)|θk|q−2θkw
]

dx dt =

∫

Qτ

fk
2 (t, x)w dx dt, (6)



ÌIØÀÍÀ ÇÀÄÀ×À ÄËß ÍÅËIÍIÉÍÎ� ÑÈÑÒÅÌÈ �IÂÍßÍÜ 159äëÿ âñiõ τ ∈ (0, T ] i äëÿ äîâiëüíèõ �óíêöié v, w ∈ C∞(0, T ; C∞
0 (Ω)) òàêèõ, ùî

supp v ∈ QT,k i supp w ∈ QT,k, äå �óíêöi¨ fk
j , uk

0, uk
1 , θk

0 çàäîâîëüíÿþòü óìîâó
(F) i

fk
j → fj â L2(0, T ; L2

loc(Ω)) j ∈ {1, 2},

uk
0 → u0 â H1

0,loc(Ω),

uk
1 → u1 â L2

loc(Ω),

θk
0 → θ0 â L2

loc(Ω), k → ∞, (7)i ïî÷àòêîâó óìîâó u(0, x) = u0(x).2. Iñíóâàííÿ ðîçâ'ÿçêó. Äîâåäåìî òåîðåìó iñíóâàííÿ ðîçâ'ÿçêó äëÿ âèïàäêó
max{p, q} 6 2.Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A), (C), (D), (E), (G) i, êðiì òîãî,
fi ∈ L2(0, T ; L2

loc(Ω)), i ∈ {1, 2}, u0 ∈ H1
0,loc(Ω), u1 ∈ L2

loc(Ω), θ0 ∈ L2
loc(Ω),

∫

ΩR

[

|u0(x)|2 + |∇u0(x)|2 + |u1(x)|2 + |θ0(x)|2
]

dx+

+

∫

QT,R

2
∑

j=1

|fj(t, x)|2 dx dt 6 2a exp{bR2} ∀ R > R0 + 1 > 0,äå a, b � äåÿêi äîäàòíi ñòàëi. Òîäi iñíó¹ òàêå T0 6 T , ùî çàäà÷à (1)-(4) ìà¹ ñèëüíèéóçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i â îáëàñòi QT0 .Äîâåäåííÿ. Íåõàé {fk
i }, i ∈ {1, 2}, uk

0 , uk
1 , θk

0 òàêi ïîñëiäîâíîñòi �óíêöié, ùî êîæíèé÷ëåí öèõ ïîñëiäîâíîñòåé çàäîâîëüíÿ¹ óìîâó (F) i âèêîíóþòüñÿ óìîâè (7).Íåõàé R = R(k) = 2k > R0 + 1. Â îáëàñòi QT,R(k) ðîçãëÿíåìî ñèñòåìó ðiâíÿíü
A1(u, θ) = f

k,R(k)
1 (t, x), (8)

A2(u, θ) = f
k,R(k)
2 (t, x), (t, x) ∈ QT,R(k), (9)ç ïî÷àòêîâèìè óìîâàìè

u(0, x) = u
k,R(k)
0 (x), ut(0, x) = u

k,R(k)
1 (x), θ(0, x) = θ

k,R(k)
0 (x), x ∈ ΩR(k), (10)i êðàéîâèìè óìîâàìè

u
∣

∣

ST,R(k)
= 0, θ

∣

∣

ST,R(k)
= 0, (11)äå

f
k,R(k)
i (t, x) =

{

fk
i (t, x), (t, x) ∈ QT,R(k);

0, (t, x) ∈ QT \ QT,R(k), i = 1, 2.Òóò u
k,R(k)
0 (x) = uk

0(x)ξR(k)(x), u
k,R(k)
1 (x) = uk

1(x)ξR(k)(x), θ
k,R(k)
0 (x) = θk

0 (x)ξR(k)(x),äå ξR � �óíêöiÿ çðiçêè òàêà, ùî ξR ∈ C2(Rn), ξR
k (x) = 1 ïðè |x| 6 R − 1, ξR(x) = 0ïðè |x| > R, i 0 6 ξR(x) 6 1 ïðè x ∈ R

n.Ó ïðàöi [8℄ äîâåäåíî, ùî ïðè âèêîíàííi óìîâ (A), (C), (D), (E), (G) iñíó¹ óçà-ãàëüíåíèé ðîçâ'ÿçîê (uR, θR) çàäà÷i (8)-(11) ç òàêèìè âëàñòèâîñòÿìè:
uR ∈ L∞(0, T ; H1

0,loc(ΩR)), uR
t ∈ L∞(0, T ; H1

0 (ΩR)) ∩ Lp(0, T ; Lp(ΩR)),
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uR

tt ∈ L2(QT,R), θR ∈ L∞(0, T ; H1
0,loc(ΩR)) ∩ Lq(0, T ; Lq(ΩR)), θR

t ∈ L2(QT,R).Êðiì òîãî, �óíêöi¨ uR, θR çàäîâîëüíÿþòü ñèñòåìó ðiâíîñòåé
∫

Ωτ

uR
t v dx −

∫

Ω0

uR
1 (x)v dx +

∫

Qτ

[

−uR
t vt +

n
∑

i,j=1

aij(t, x)uR
xi

vxj
+

+
n
∑

i=1

ai(t, x)uR
xi

v +
n
∑

i=1

bi(t, x)θR
xi

v + α0(t, x)uRv+

+ α1(t, x)θRv + γ1(t, x)|uR
t |

p−2uR
t v
]

dx dt =

∫

Qτ

fR
1 (t, x)v dx dt, (12)

∫

Qτ

[

θR
t w +

n
∑

i,j=1

cij(t, x)θR
xi

wxj
+

n
∑

i=1

ci(t, x)uR
t wxi

+
n
∑

i=1

di(t, x)uR
xi

w+

+
n
∑

i=1

ei(t, x)θR
xi

w + β0(t, x)uRw + β1(t, x)θRw+

+ γ2(t, x)|θR|q−2θRw
]

dx dt =

∫

Qτ

fR
2 (t, x)w dx dt (13)äëÿ äîâiëüíèõ τ ∈ (0, T ] i äîâiëüíèõ �óíêöié v ∈ L∞(0, T ; H1

0 (ΩR))∩Lp(0, T ; Lp(ΩR)),
w ∈ L∞(0, T ; H1

0,loc(ΩR)) ∩ Lq(0, T ; Lq(ΩR)).Ïðîäîâæèìî �óíêöi¨ uR(k), θR(k) íóëåì íà îáëàñòü QT \QT,R(k) i ïîçíà÷èìî ¨õ,âiäïîâiäíî, uk, θk. Òîäi äëÿ öèõ �óíêöié áóäóòü ïðàâèëüíi ðiâíîñòi (5), (6), âiäïîâiä-íî ç âiëüíèìè ÷àñòèíàìè f
k,R(k)
i , i ∈ {1, 2} i ïî÷àòêîâèìè óìîâàìè u

k,R(k)
0 , u

k,R(k)
1 ,

θ
k,R(k)
0 .Íåõàé R = R(l) = 2l > R0 + 1. Ïiäñòàâèìî (uk, θk) i (ul, θl) â iíòåãðàëüíó ñèñ-òåìó ðiâíîñòåé (5)-(6), âiäíiìåìî âiäïîâiäíi ðiâíÿííÿ i çà ïðîáíi �óíêöi¨ âiçüìåìî

v = u
k, l
t ωRe−λt, w = θk, lωRe−λt, äå uk, l = (uk − ul), θk, l = (θk − θl), λ > 0, à R äåÿêå�iêñîâàíå ÷èñëî òàêå, ùî R > R0 + 1 i R < min{R(k), R(l)}. Òîäi îäåðæèìî ðiâíîñòi

1

2

∫

Ωτ

|uk, l
t |2ωRe−λt dx +

∫

Qτ

[λ

2
|uk, l

t |2ωR +

n
∑

i,j=1

aij(t, x)uk, l
xi

u
k, l
xjtωR+

+

n
∑

i,j=1

aij(t, x)uk, l
xi

u
k, l
t ωRxj

+

n
∑

i=1

ai(t, x)uk, l
xi

u
k, l
t ωR+

+

n
∑

i=1

bi(t, x)θk, l
xi

u
k, l
t ωR + α0(t, x)uk, lu

k, l
t ωR + α1(t, x)θk, lu

k, l
t ωR+

+ γ1(t, x)
[

|uk
t |

p−2uk
t − |ul

t|
p−2ul

t

]

u
k, l
t ωR

]

e−λt dx dt =
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=

1

2

∫

Ω0

|u
k,R(k)
1 − u

l,R(l)
1 |2ωR dx +

∫

Qτ

(f
k,R(k)
1 − f

l,R(l)
1 )uk, l

t ωRe−λt dx dt, (14)
1

2

∫

Ωτ

|θk, l|2ωRe−λt dx +

∫

Qτ

[λ

2
|θk, l|2ωR +

n
∑

i,j=1

cij(t, x)θk, l
xi

θk, l
xj

ωR+

+

n
∑

i,j=1

cij(t, x)θk, l
xi

θk, lωRxj
+

n
∑

i=1

ci(t, x)uk, l
t θk, l

xi
ωR +

n
∑

i=1

ci(t, x)uk, l
t θk, lωRxi

+

+

n
∑

i=1

di(t, x)uk, l
xi

θk, lωR +

n
∑

i=1

ei(t, x)θk, l
xi

θk, lωR + β0(t, x)uk, lθk, lωR+

+ β1(t, x)θk, lθk, lωR + γ2(t, x)
[

|θk|q−2θk − |θl|q−2θl
]

θk, lωR

]

e−λt dx dt =

=
1

2

∫

Ω0

|θ
k,R(k)
0 − θ

l,R(l)
0 |2ωR dx +

∫

Qτ

(f
k,R(k)
2 − f

l,R(l)
2 )θk, lωRe−λt dx dt, (15)äëÿ âñiõ τ ∈ (0, T ].Îöiíèìî êîæíèé äîäàíîê ñèñòåìè (14) - (15). Íà ïiäñòàâi óìîâè (A)

Ia
1 =

∫

Qτ

n
∑

i,j=1

aij(t, x)uk, l
xi

u
k, l
xjtωR(x)e−λt dx dt >

a0

2

∫

Ωτ

|∇uk, l|2ωR(x)e−λt dx−

−
a2

2

∫

Ω0

|∇u
k,R(k)
0 −∇u

l,R(l)
0 |2ωR(x) dx −

a1

2

∫

Qτ

|∇uk, l|2ωR(x)e−λt dx dt+

+
λa0

2

∫

Qτ

|∇uk, l|2ωR(x)e−λt dx dt,äå a1 = ess sup
QT

n
∑

i,j

|aijt(t, x)|2, a2 = ess sup
QT

n
∑

i,j

|aij(0, x)|2. Âiäïîâiäíî äî óìîâ (A), (D)

Ia
2 =

∫

Qτ

n
∑

i,j=1

aij(t, x)uk, l
xi

u
k, l
t ωR(x)xj

e−λt dx dt 6
δa
0

2

∫

Qτ

|∇uk, l|2ωR(x)e−λt dx dt+

+
a0nγ2d2

2δa
0χ2

∫

Qτ

[hR(x)]
γ−2

|uk, l
t |2e−λt dx dt, δa

0 > 0.Äàëi, äëÿ äîâiëüíî¨ êîíñòàíòè δa
1 > 0

Ia
3 =

∫

Qτ

n
∑

i=1

ai(t, x)uk, l
xi

u
k, l
t ωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

νaδa
1 |∇uk, l|2 +

1

δa
1

|uk, l
t |2

]

ωR(x)e−λt dx dt.
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2 > 0

Ia
4 =

∫

Qτ

n
∑

i=1

bi(t, x)θk, l
xi

u
k, l
t ωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

νbδ
a
2 |∇θk, l|2 +

1

δa
2

|uk, l
t |2

]

ωR(x)e−λt dx dt.Çâàæàþ÷è íà óìîâè òåîðåìè
Ia
5 =

∫

Qτ

α0(t, x)uk, lu
k, l
t ωR(x)e−λt dx dt > −

1

2
δa

∫

Qτ

|uk, l
t |2ωR(x)e−λt dx dt−

−
να0

2

∫

Ω0

|u
k,R(k)
0 − u

l,R(l)
0 |2ωR(x) dx, δa > 0,îñêiëüêè ïðàâèëüíà íåðiâíiñòü

∫

Qτ

|uk, l|2ωR(x)e−λτ dx dt 6 c1

∫

Ω0

|u
k,R(k)
0 − u

l,R(l)
0 |2ωR(x) dx+

+ c2

∫

Qτ

|uk, l
t |2ωR(x)e−λt dx dt, (16)äå c1, c2 êîíñòàíòè, ÿêi çàëåæàòü âiä T .Ëåãêî îòðèìàòè òàêó îöiíêó, âðàõîâóþ÷è äîâiëüíiñòü δa

3 > 0

Ia
6 =

∫

Qτ

α1(t, x)θk, lu
k, l
t ωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

να1δ
a
3 |θ

k, l|2 +
1

δa
3

|uk, l
t |2

]

ωR(x)e−λt dx dt.Âèêîðèñòîâóþ÷è âiäîìó íåðiâíiñòü, îòðèìà¹ìî
Ia
7 =

∫

Qτ

γ1(t, x)
[

|uk
t |

p−2uk
t − |ul

t|
p−2ul

t

]

(uk
t − ul

t)ωR(x)e−λt dx dt > 0, p ∈ (1, 2].Ñòàëi νa = max
i

ess supQT
|ai(t, x)|2, νb = max

i
ess sup

QT

|bi(t, x)|2, να0 = ess sup
QT

|α0(t, x)|2,
να1 = ess sup

QT

|α1(t, x)|2.Çàçíà÷èìî, ùî
Ia
8 =

1

2

∫

Ω0

|u
k,R(k)
1 − u

l,R(l)
1 |2ωR(x) dx 6

6

∫

Ω0

[

|u
k,R(k)
1 − u1|

2 + |u1 − u
l,R(l)
1 |2

]

ωR(x) dx.
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Ia
9 =

∫

Qτ

(f
k,R(k)
1 − f

l,R(l)
1 )uk, l

t ωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

(f
k,R(k)
1 − f1)

2 + (f1 − f
l,R(l)
1 )2

]

ωR(x)e−λt dx dt +

∫

Qτ

|uk, l
t |2ωR(x)e−λt dx dt.Ïåðåòâîðèìî êîæíèé äîäàíîê ðiâíîñòi (15), âèêîðèñòàâøè óìîâè òåîðåìè. Çãiäíî çóìîâîþ (C)

Ic
1 =

∫

Qτ

n
∑

i,j

cij(t, x)θk, l
xi

θk, l
xj

ωR(x)e−λt dx dt > c0

∫

Qτ

|∇θk, l|2ωR(x)e−λt dx dt.Âèêîðèñòà¹ìî óìîâó (D) äëÿ îöiíêè òàêèõ äîäàíêiâ:
Ic
2 =

∫

Qτ

n
∑

i,j=1

cij(t, x)θk, l
xi

θk, lωR(x)xj
e−λt dx dt 6

δc
0

2

∫

Qτ

|∇θk, l|2ωR(x)e−λt dx dt+

+
c0nγ2d2

2δc
0χ

2

∫

Qτ

[hR(x)]
γ−2

|θk, l|2e−λt dx dt, δc
0 > 0,

Ic
3 =

∫

Qτ

n
∑

i=1

ci(t, x)uk, l
t θk, lωR(x)xi

e−λt dx dt 6
νcδ

c
1

2

∫

Qτ

|uk, l|2ωR(x)e−λt dx dt+

+
νcnγ2d2

2δc
1χ

2

∫

Qτ

[hR(x)]
γ−2

|θk, l|2e−λt dx dt, δc
1 > 0.Äàëi, çâàæàþ÷è íà (E), îäåðæèìî íåðiâíîñòi

Ic
4 =

∫

Qτ

n
∑

i=1

ci(t, x)uk, l
t θk, l

xi
ωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

νcδ
c
2|∇θk, l|2 +

1

δc
2

|uk, l
t |2

]

ωR(x)e−λt dx dt,

Ic
5 =

∫

Qτ

n
∑

i=1

di(t, x)uk, l
xi

θk, lωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

νdδ
c
3|∇uk, l|2 +

1

δc
3

|θk, l|2
]

ωR(x)e−λt dx dt,

Ic
6 =

∫

Qτ

n
∑

i=1

ei(t, x)θk, l
xi

θk, lωR(x)e−λt dx dt 6
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6

1

2

∫

Qτ

[

νeδ
c
4|∇θk, l|2 +

1

δc
4

|θk, l|2
]

ωR(x)e−λt dx dt,

Ic
7 =

∫

Qτ

β0(t, x)uk, lθk, lωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

νβ0δ
c
5|u

k, l|2 +
1

δc
5

|θk, l|2
]

ωR(x)e−λt dx dt,

Ic
8 =

∫

Qτ

β1(t, x)|θk, l|2ωR(x)e−λt dx dt 6

∫

Qτ

νβ1 |θ
k, l|2ωR(x)e−λt dx dt,

Ic
9 =

∫

Qτ

γ2(t, x)
[

|θk|q−2θk − |θl|q−2θl
]

(θk − θl)ωR(x)e−λt dx dt > 0, q ∈ (1, 2]Ñòàëi δc
l > 0, l ∈ {2, . . . , 5}, à νc, νd, νe, νβ0 , νβ1 çàëåæàòü âiä �óíêöié ci, di, ei, β0, β1 iâèçíà÷åíi òàê:

νc = max
i

ess sup
QT

|ci(t, x)|2, νd = max
i

ess sup
QT

|di(t, x)|2, νe = max
i

ess sup
QT

|ei(t, x)|2,

νβ0 = ess sup
QT

|β0(t, x)|2, νβ0 = ess sup
QT

|β0(t, x)|2.Âðàõîâóþ÷è ïîïåðåäíi îöiíêè, îäåðæó¹ìî
Ic
10 =

1

2

∫

Ω0

|θ
k,R(k)
0 − θ

l,R(l)
0 |2ωR(x) dx 6

∫

Ω0

[

|θ
k,R(k)
0 − θ0|

2 + |θ0 − θ
l,R(l)
0 |2

]

ωR(x) dx.Äàëi
Ic
11 =

∫

Qτ

(f
k,R(k)
2 − f

l,R(l)
2 )θk, lωR(x)e−λt dx dt 6

6
1

2

∫

Qτ

[

(f
k,R(k)
2 − f2)

2 + (f2 − f
l,R(l)
2 )2

]

ωR(x)e−λt dx dt +

∫

Qτ

|θk, l|2ωR(x)e−λt dx dt.Âðàõîâóþ÷è îöiíêè iíòåãðàëiâ Ia
1 − Ia

9 òà Ic
1 − Ic

11, ç ñèñòåìè (14)-(15) îòðèìà¹ìîíåðiâíiñòü
∫

Ωτ

[

|uk, l|2 + |uk, l
t |2 + a0|∇uk, l|2 + |θk, l|2

]

ωR(x)e−λt dx+

+

∫

Qτ

[

(

λ − δa −
1

δa
1

−
1

δa
2

−
1

δa
3

− νcδ
c
1 −

1

δc
2

− νβ0δ
c
5 − 2

)

|uk, l
t |2+

+ (λa0 − a1 − δa
0 − νaδa

1 − νdδ
c
3) |∇uk, l|2+
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+

(

λ − να1δ
a
3 − νβ1 −

1

δc
3

−
1

δc
4

−
1

δc
5

− 2

)

|θk, l|2

]

ωR(x)e−λt dx dt+

+ (2c0 − νbδ
a
2 − δc

0 − νcδ
c
2 − νeδ

c
4)

∫

Qτ

|∇θk, l|2ωR(x)e−λt dx dt 6 F (τ), (17)äå
F (τ) =

ã0nγ2d2

δa
0χ2

∫

Qτ

[hR(x)]
γ−2

|uk, l
t |2e−λt dx dt+

+

(

c̃0

δc
0

+
νc

δc
1

)

nγ2d2

χ2

∫

Qτ

[hR(x)]
γ−2

|θk, l|2e−λt dx dt+

+ να0

∫

Ω0

[

|u
k,R(k)
0 − u0|

2 + |u0 − u
l,R(l)
0 |2

]

ωR(x)e−λt dx+

+ a2

∫

Ω0

[

|∇u
k,R(k)
0 −∇u0|

2 + |∇u0 −∇u
l,R(l)
0 |2

]

ωR(x)e−λt dx+

+ 2

∫

Ω0

[

|u
k,R(k)
1 − u1|

2 + |u1 − u
l,R(l)
1 |2

]

ωR(x)e−λt dx+

+ 2

∫

Ω0

[

|θ
k,R(k)
0 − θ0|

2 + |θ0 − θ
l,R(l)
0 |2

]

ωR(x)e−λt dx+

+

∫

Qτ

2
∑

i=1

[

(f
k,R(k)
i − fi)

2 + (fi − f
l,R(l)
i )2

]

ωR(x)e−λt dx dt+äëÿ τ ∈ (0, T ).Âèáåðåìî äîäàòíi ÷èñëà λ0, δa, δa
k , k ∈ {0, . . . , 3; δc

l }, l ∈ {0, . . . , 5} òàê, ùîáâèêîíóâàëèñÿ íåðiâíîñòi
λ0 − δa −

1

δa
1

−
1

δa
2

−
1

δa
3

− νcδ
c
1 −

1

δc
2

− νβ0δ
c
5 > 2

λ0a0 − a1 − δa
0 − νaδa

1 − νdδ
c
3 > 0,

λ0 − να1δ
a
3 − νβ1 −

1

δc
3

−
1

δc
4

−
1

δc
5

> 2,

2c0 − νbδ
a
2 − δc

0 − νcδ
c
2 − νeδ

c
4 > 0,äå λ + λ0 + λ1, λ1 > 0.Òîäi îäåðæèìî

∫

Ωτ

[

|uk, l|2 + |uk, l
t |2 + |∇uk, l|2 + |θk, l|2

]

ωR(x)e−λ1t dx+

+

∫

Qτ

[

|uk, l|2 + λ1

(

|uk, l
t |2 + |∇uk, l|2 + |θk, l|2

)]

ωR(x)e−λ1t dx dt+
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+

∫

Qτ

|∇θk, l|2ωR(x)e−λ1t dx dt 6

6 C1





∫

Qτ

1

χ2

[

|uk, l
t |2 + |θk, l|2

]

[hR(x)]γ−2
e−λ1t dx dt + FR(τ)



 , (18)äå ñòàëà C1 âèçíà÷à¹òüñÿ êîå�iöi¹íòàìè ñèñòåìè (1) - (2) i ÷èñëîì T , à
FR(τ) = να0

∫

Ω0

[

|u
k,R(k)
0 − u0|

2 + |u
l,R(l)
0 − u0|

2
]

ωR(x)e−λt dx+

+ a2

∫

Ω0

[

|∇u
k,R(k)
0 −∇u0|

2 + |∇u
l,R(l)
0 −∇u0|

2
]

ωR(x)e−λt dx+

+ 2

∫

Ω0

[

|u
k,R(k)
1 − u1|

2 + |u
l,R(l)
1 − u1|

2
]

ωR(x)e−λt dx+

+ 2

∫

Ω0

[

|θ
k,R(k)
0 − θ0|

2 + |θ
l,R(l)
0 − θ0|

2
]

ωR(x)e−λt dx+

+

∫

Qτ

[

(f
k,R(k)
1 − f1)

2 + (f
l,R(l)
1 − f1)

2
]

ωR(x)e−λt dx dt+

+

∫

Qτ

[

(f
k,R(k)
2 − f2)

2 + (f
l,R(l)
2 − f2)

2
]

ωR(x)e−λt dx dt,äëÿ τ ∈ (0, T ).Íà ïiäñòàâi óìîâ òåîðåìè iñíó¹ òàêå s0 ∈ N, ùî äëÿ âñiõ s > s0 ïðàâèëüíiíåðiâíîñòi
∫

ΩR

[

|us
0(x)|2 + |∇us

0(x)|2 + |us
1(x)|2 + |θs

0(x)|2
]

dx +

∫

QT,R

2
∑

j=1

|fs
j (t, x)|2 dx dt 6

6 2a exp{bR2}, (19)
∫

ΩR

[

|us
0(x) − u0(x)|2 + |∇us

0(x) −∇u0(x)|2 + |us
1(x) − u1(x)|2+

+ |θs
0(x) − θ0(x)|2

]

dx +

∫

QT,R

2
∑

j=1

|fs
j (t, x) − fj(t, x)|2 dx dt 6 exp{−m + bR2}, (20)äå m � íàòóðàëüíå ÷èñëî, a, b = const > 0.Ç (18), çîêðåìà, îäåðæèìî, ùî

∫

Qτ,R(k)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λ1t dx dt 6
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6

C1

λ1χ2

∫

Qτ,R(k+1)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λt dx dt +
C1

λ1
FR(k+1)(τ), (21)ïðè χ2 = 2k.Ïîäiëèìî âiäðiçîê [R(k), R(k) + χ] íà m ÷àñòèí. Âèáåðåìî m = σ22k,

λ1 = χ02
2kC1, äå σ íàòóðàëüíå ÷èñëî, ùî σ2 6 χ0e

−1.Òîäi àíàëîãi÷íî ÿê â [14℄ ç (21) îäåðæó¹ìî îöiíêó
∫

Qτ,R(k)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λ1t dx dt 6

6 e−m

∫

Qτ,R(k+1)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λ1t dx dt +
C1e

e − 1
FR(k+1)(τ). (22)Îñêiëüêè

|f
k+3,R(k+3)
i − f

k+2,R(k+2)
i |2 6 2

(

|f
k+3,R(k+3)
i − fi|

2 + |f
k+2,R(k+2)
i − fi|

2
)

,

|u
k+3,R(k+3)
0 − u

k+2,R(k+2)
0 |2 6 2

(

|u
k+3,R(k+3)
0 − u0|

2 + |u
k+2,R(k+2)
0 − u0|

2
)

,

|∇u
k+3,R(k+3)
0 −∇u

k+2,R(k+2)
0 |2 6

6 2
(

|∇u
k+3,R(k+3)
0 −∇u0|

2 + |∇u
k+2,R(k+2)
0 −∇u0|

2
)

,

|u
k+3,R(k+3)
1 − u

k+2,R(k+2)
1 |2 6 2

(

|u
k+3,R(k+3)
1 − u1|

2 + |u
k+2,R(k+2)
1 − u1|

2
)

,

|θ
k+3,R(k+3)
0 − θ

k+2,R(k+2)
0 |2 6 2

(

|θ
k+3,R(k+3)
0 − θ0|

2 + |θ
k+2,R(k+2)
0 − θ0|

2
)

,äëÿ i ∈ {1, 2}, òî íà ïiäñòàâi (19)
FR(k+1)(τ) 6 2C2 exp{−m + b(R(k + 1))2}, C2 = max{a0, να0} + 2. (23)Îòæå, ç (22) âèïëèâà¹ íåðiâíiñòü

∫

Qτ,R(k)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λ1t dx dt 6

6 e−m

∫

Qτ,R(k+1)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

ωR(x)e−λ1t dx dt+

+ C3 exp{−m + b(R(k + 1))2}. (24)Âèêîðèñòîâóþ÷è ñèñòåìó (12)-(13) ïðè v = uk
t ωRe−λt, w = θkωRe−λt, λ > 0, îòðè-ìà¹ìî ñèñòåìó ðiâíîñòåé

1

2

∫

Ωτ,R(k)

|uk
t |

2ωRe−λt dx +

∫

Qτ,R(k)

[λ

2
|uk

t |
2ωR +

n
∑

i,j=1

aij(t, x)uk
xi

uk
xjtωR+

+

n
∑

i,j=1

aij(t, x)uk
xi

uk
t ωRxj

+

n
∑

i=1

ai(t, x)uk
xi

uk
t ωR +

n
∑

i=1

bi(t, x)θk
xi

uk
t ωR+
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+α0(t, x)ukuk

t ωR + α1(t, x)θkuk
t ωR + γ1(t, x)|uk

t |
pωR

]

e−λt dx dt =

=
1

2

∫

Ω0,R(k)

|u
k,R(k)
1 |2ωR dx +

∫

Qτ,R(k)

f
k,R(k)
1 uk

t ωRe−λt dx dt, (25)
1

2

∫

Ωτ,R(k)

|θk|2ωRe−λt dx +

∫

Qτ,R(k)

[λ

2
|θk|2ωR +

n
∑

i,j=1

cij(t, x)θk
xi

θk
xj

ωR+

+
n
∑

i,j=1

cij(t, x)θk
xi

θkωRxj
+

n
∑

i=1

ci(t, x)uk
t θk

xi
ωR +

n
∑

i=1

ci(t, x)uk
t θkωRxi

+

+
n
∑

i=1

di(t, x)uk
xi

θkωR +
n
∑

i=1

ei(t, x)θk
xi

θkωR + β0(t, x)ukθkωR+

+ β1(t, x)θkθkωR + γ2(t, x)|θk|qωR

]

e−λt dx dt =

=
1

2

∫

Ω0,R(k)

|θ
k,R(k)
0 |2ωR dx +

∫

Qτ,R(k)

f
k,R(k)
2 θkωRe−λt dx dt, (26)äëÿ âñiõ τ ∈ (0, T ].Íà ïiäñòàâi óìîâ (A)-(G) òà ëåìè �ðîíóîëëà-Áåëìàíà ç (25)-(26) ëåãêî îäåð-æàòè îöiíêó

∫

Ωτ,R(k)

[

|uk|2 + |uk
t |

2 + |∇uk|2 + |θk|2
]

dx+

+

∫

Qτ,R(k)

[

|uk|2 + |uk
t |

2 + |∇uk|2 + |θk|2
]

dx dt +

∫

Qτ,R(k)

|∇θk|2 dx dt+

+

∫

Qτ,R(k)

[

|uk
t |

p + |θk|q
]

dx dt 6 C4

[

∫

Qτ,R(k)

[

|f
k,R(k)
1 |2 + |f

k,R(k)
2 |2

]

dx dt+

+

∫

Ω0,R(k)

[

|u
k,R(k)
0 |2 + |u

k,R(k)
1 |2 + |∇u

k,R(k)
0 |2 + |θ

k,R(k)
0 |2

]

dx

]

. (27)Âðàõîâóþ÷è (19), ç (24) îòðèìà¹ìî, ùî
∫

Qτ,R(k)

|uk
t |

2 dx dt 6 2C4a exp{b R2},

∫

Qτ,R(k)

|θk|2 dx dt 6 2C4a exp{b R2}. (28)Îñêiëüêè
|uk+3,k+2

t |2 6 2(|uk+3
t |2 + |uk+2

t |2), |θk+3, θk+2|2 6 2(|θk+3|2 + |θk+2|2),
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∫

Qτ,R(k+1)

[

|uk+3,k+2
t |2 + |θk+3,k+2|2

]

dx dt 6 4aC4 exp{−m + b(R(k + 4))2 + λ1τ}+

+ C3 exp{−m + b(R(k + 2))2} 6 C5 exp{−m + b(R(k + 4))2 + λ1τ}. (29)Òîìó iñíó¹ òàêå T0 6 T , ùî äëÿ âñiõ τ ∈ (0, T0] ÷èñëî σ ìîæíà âèáðàòè òàê, ùîá
σ > 28b + χ0C1T0. Òîäi ïðàâó ÷àñòèíó (29) ìîæíà îöiíèòè òàê:

exp{−m + b(R(k + 4))2 + λ1τ} 6 exp{−[22kσ0]},äå σ0 = σ − 28b − χ0C1T0.Íåõàé R̃ > R0 + 1 � äîâiëüíå �iêñîâàíå ÷èñëî, R(k) > R̃.Ç (29) âèïëèâàþòü îöiíêè
‖uk+3,k+2

t ‖
C(0,T0;L2(ΩR̃)) + ‖uk+3,k+2

t ‖
L2(0,T0;H1

0 (ΩR̃)) 6 C6 exp{−[22kσ0]},

‖θk+3,k+2‖
C(0,T0;L2(ΩR̃)) + ‖θk+3,k+2‖

L2(0,T0;H1
0 (ΩR̃)) 6 C7 exp{−[22kσ0]}.Òîäi

‖uk+l+2
t − uk+2

t ‖C(0,T0;L2(ΩR̃)) + ‖uk+l+2
t − uk+2

t ‖L2(0,T0;H1
0 (ΩR̃)) 6

6

l−1
∑

i=0

{‖uk+i+3
t − uk+i+2

t ‖
C(0,T0;L2(ΩR̃)) + ‖uk+i+2

t − uk+i+2
t ‖

L2(0,T0;H1
0 (ΩR̃))} 6

6 C6

l−1
∑

i=0

exp{−σ02
2(k+i)+1} 6 C8 exp{−σ02

2(k−1)}, (30)àíàëîãi÷íî
‖θk+l+2 − θk+2‖C(0,T0;L2(ΩR̃)) + ‖θk+l+2 − θk+2‖L2(0,T0;H1

0 (ΩR̃)) 6

6 C9 exp{−σ02
2(k−1)}, (31)äå ñòàëi C8, C9 íå çàëåæàòü âiä k, l.Âðàõîâóþ÷è (18), (30) òà (31), ëåãêî ïîêàçàòè, ùî ïàðà ïîñëiäîâíîñòåé {uk

t , θ
k}�óíäàìåíòàëüíà â ïðîñòîði

[

C(0, T0; L
2(ΩR̃)) ∩ L2(0, T0; H

1
0 (ΩR̃)) ∩ Lp(0, T0; L

p(ΩR̃))
]

×

×
[

C(0, T0; L
2(ΩR̃)) ∩ L2(0, T0; H

1
0 (ΩR̃)) ∩ Lq(0, T0; L

q(ΩR̃))
].Íà ïiäñòàâi äîâiëüíîñòi R̃ îäåðæó¹ìî, ùî uk → u ó ïðîñòîði L2(0, T0; H

1
0,loc(Ω))∩

∩C(0, T0; L
2
loc(Ω)) òà θk → θ ó ïðîñòîði L2(0, T0; H

1
0,loc(Ω)) ∩ C(0, T0; L

2
loc(Ω))∩

∩Lq(0, T0; L
q
loc(Ω)), òîáòî ïàðà �óíêöié {u, θ} � ñèëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê çà-äà÷i (1)-(4).Îñêiëüêè, uk → u â C(0, T ; H1

0,loc(Ω)) ∩ L2
loc(Ω)), θk → θ â C(0, T ; L2

loc(Ω)). Òîäi
uk(0) → u(0), uk

t → ut(0), θk(0) → θ(0) in L2
loc(Ω), âiäïîâiäíî, u(0) = u0, ut(0) = u1,

θ(0) = θ0. Òåîðåìó äîâåäåíî. �



170 Ìàêñèì ÍÅ×ÅÏÓ�ÅÍÊÎ3. Óìîâè ¹äèíîñòi ðîçâ'ÿçêó.Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A), (C)−(G). Òîäi çàäà÷à (1)-(4) íå ìîæåìàòè áiëüøå îäíîãî ñèëüíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó â êëàñi �óíêöié òàêèõ, ùî
∫

QT,R

(

|ut|
2 + θ|2

)

dx dt 6 a exp{bR2} ∀ R > R0 + 1, (32)äå a, b � äîäàòíi ñòàëi.Äîâåäåííÿ. Íåõàé iñíóþòü äâà ðîçâ'ÿçêè (u1, θ1), (u2, θ2) çàäà÷i (1)-(4). Çàäàìî äî-âiëüíå �iêñîâàíå ÷èñëî R̃ > R0 + 1 i ÿê çàâãîäíî ìàëå ÷èñëî ε > 0. Íåõàé
R(l) = 2l > R̃, l ∈ N.Çãiäíî ç îçíà÷åííÿì ñèëüíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó iñíóþòü ïàðè ïîñëiäîâ-íîñòåé {ui,k}, {θi,k} òàêèõ, ùî uk → u ó ïðîñòîði V1 òà θk → θ ó ïðîñòîði V3; ïðè÷îìóïàðà {ui,k}, {θi,k} çàäîâîëüíÿ¹ ñèñòåìó (5) - (6) ç ïðàâèìè ÷àñòèíàìè {f i,k

j }, j ∈ {1, 2}i ïî÷àòêîâèìè �óíêöiÿìè {ui,k
0 }, {ui,k

1 }, {θi,k
0 }, äå {f i,k

j }, j ∈ {1, 2} çàäîâîëüíÿþòüóìîâó (F), f
i,k
j → fj , j ∈ {1, 2} ó ïðîñòîði L2(0, T ; L2

loc(Ω)), u
i,k
0 → u0 ó ïðîñòîði

H1
0,loc(Ω), uk

1 → u1 òà θk
0 → θ0 âiäïîâiäíî ó ïðîñòîði L2

loc(Ω) ïðè k → ∞, i = 1, 2.Àíàëîãi÷íî ÿê (18) îäåðæèìî íåðiâíiñòü
∫

Qτ

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

ωR(x)e−λ1t dx dt 6

6
C2

λ1χ2

∫

Qτ

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

[hR(x)]γ−2
e−λ1t dx dt +

C2

λ1
F (R, τ), (33)äå �óíêöiÿ ωR i ñòàëà C2 âèçíà÷åíi ïðè äîâåäåííi iñíóâàííÿ ðîçâ'ÿçêó, R = R(l),

λ1 > 0, à
F (R, τ) =

να0

2

∫

Ω0

|u2,k
0 − u

1,k
0 |2ωR(x)e−λt dx +

a0

2

∫

Ω0

|∇u
2,k
0 −∇u

1,k
0 |2ωR(x)e−λt dx+

+2

∫

Ω0

|u1,k
1 − u

2,k
1 |2ωR(x)e−λt dx + 2

∫

Ω0

|θ1,k
0 − θ

2,k
0 |2ωR(x)e−λt dx+

+

∫

Qτ

|f1,k
1 − f

2,k
1 |2ωR(x)e−λt dx dt +

∫

Qτ

|f1,k
2 − f

2,k
2 |2ωR(x)e−λt dx dt.Âèáåðåìî m = σ[22l], λ1 = χ02

2lC2 Äëÿ χ = 2l, äå σ òàêå íàòóðàëüíå ÷èñëî, ùî
σ2 6 χ0e

−1.
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F (R, τ) 6 να0

∫

Ω0,R(l+1)

[

|u
k,R(k)
0 − u0|

2 + |u
l,R(l)
0 − u0|

2
]

ωR(x)e−λt dx+

+ a2

∫

Ω0,R(l+1)

[

|∇u
k,R(k)
0 −∇u0|

2 + |∇u
l,R(l)
0 −∇u0|

2
]

ωR(x)e−λt dx+

+ 2

∫

Ω0,R(l+1)

[

|u
k,R(k)
1 − u1|

2 + |u
l,R(l)
1 − u1|

2
]

ωR(x)e−λt dx+

+ 2

∫

Ω0,R(l+1)

[

|θ
k,R(k)
0 − θ0|

2 + |θ
l,R(l)
0 − θ0|

2
]

ωR(x)e−λt dx+

+

∫

Qτ,R(l+1)

[

(f
k,R(k)
1 − f1)

2 + (f
l,R(l)
1 − f1)

2
]

ωR(x)e−λt dx dt+

+

∫

Qτ,R(l+1)

[

(f
k,R(k)
2 − f2)

2 + (f
l,R(l)
2 − f2)

2
]

ωR(x)e−λt dx dt,äëÿ τ ∈ (0, T ). Òîäi, âðàõîâóþ÷è çáiæíîñòi ïîñëiäîâíîñòåé {f i,k
j }, {ui,k

0 }, {ui,k
1 },

{θi,k
0 }, i, j ∈ {1, 2}, ìîæåìî çàçíà÷èòè òàêå k0(l), ùî

F (R, τ) < e−mäëÿ âñiõ k > k0(l).Òîäi ç (33), àíàëîãi÷íî ÿê ïðè äîâåäåííi iñíóâàííÿ ðîçâ'ÿçêó, îäåðæèìî îöiíêó
∫

Qτ,R(l)

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

e−λt dx dt 6

6 e−m

∫

Qτ,R(l+1)

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

e−λt dx dt + e−m, (34)äëÿ l > l0(C2).Îñêiëüêè uk
t → ut ó ïðîñòîði L2(0, T ; H1

0,loc(Ω)) ∩ C(0, T ; L2
loc(Ω)) ∩ Lp(0, T ;

L
p
loc(Ω)) òà θk → θ ó L2(0, T ; H1

0,loc(Ω)) ∩ C(0, T ; L2
loc(Ω)) ∩ Lq(0, T ; Lq

loc(Ω)), òî iñíó¹òàêå k1(l, ε) ∈ N, k1 > k0, ùî
∫

Qτ,R(l+1)

|ui,k
t − ui

t| dx dt 6
ε

32
,

∫

Qτ,R(l+1)

|θi,k − θi| dx dt 6
ε

32
, i ∈ {1, 2}, (35)äëÿ âñiõ k > k1(l, ε).Âðàõîâóþ÷è òå, ùî

|u2,k
t − u

1,k
t |2 6 3

(

|u2,k
t − u2

t |
2 + |u1,k

t − u1
t | + 2|u1

t |
2 + 2|u2

t |
2
)

,

|θ2,k − θ1,k|2 6 3
(

|θ2,k − θ2|2 + |θ1,k − θ1| + 2|θ1|2 + 2|θ2|2
)



172 Ìàêñèì ÍÅ×ÅÏÓ�ÅÍÊÎi óìîâè (32), ç (34) îòðèìà¹ìî îöiíêó
∫

Qτ,R(l)

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

e−λt dx dt 6

6 e−m

(

3ε

8
+ 8a exp{b(R(l + 1))2} + 1

)

6 (2 + 8a) exp{−m + b(R(l + 1))2}, (36)ïðè k > k1(l, ε). Àíàëîãi÷íî ÿê ïðè äîâåäåííi òåîðåìè 1 ìîæåìî ñòâåðäæóâàòè ïðîiñíóâàííÿ òàêîãî T0 6 T , ùî −m+ b(R(l+1))2 < −[22l]σ0, σ0 > 0 äëÿ âñiõ τ ∈ (0, T0].Òîäi ç (36) âèïëèâà¹ îöiíêà
∫

Qτ,R(l)

[

|u2,k
t − u

1,k
t |2 + |θ2,k − θ1,k|2

]

e−λt dx dt 6 (2 + 8a) exp{−σ0[2
2l]}.Îòæå, iñíó¹ òàêå l1 ∈ N, l1 > l0, ùî

∫

QT0,R̃

|u2,k
t − u

1,k
t |2 dx dt <

ε

16
,

∫

QT0,R̃

|θ2,k − θ1,k|2 dx dt <
ε

16
(37)äëÿ âñiõ l > l1, k > k1(l, ε).Îñêiëüêè

|u2
t − u1

t |
2 6 3(|u2

t − u
2,k
t |2 + |u1

t − u
1,k
t |2 + |u2,k

t − u
1,k
t |2),

|θ2 − θ1|2 6 3(|θ2 − θ2,k|2 + |θ1 − θ1,k|2 + |θ2,k − θ1,k|2),òî íà ïiäñòàâi (35), (37)
∫

Q
T0,R̃

|u2
t − u1

t |
2 dx dt < ε,

∫

Q
T0,R̃

|θ2 − θ1|2 dx dt < ε.Ç îãëÿäó íà òå, ùî ïðàâèëüíà íåðiâíiñòü
∫

Qτ

|u2 − u1|2 dx dt 6 c1

∫

Ω0

|u2
0 − u1

0|
2 dx + c2

∫

Qτ

|u2
t − u1

t |
2 dx dt,äå c1, c2 êîíñòàíòè, ÿêi çàëåæàòü âiä T , òà âðàõîâóþ÷è òå, ùî u

i,k
0 → u0 ó ïðîñòîði

H1
0,loc(Ω), îòðèìà¹ìî

∫

Q
T0,R̃

|u2 − u1|2 dx dt < ε,òîáòî, âðàõîâóþ÷è äîâiëüíiñòü ε, u2(x, t) = u1, (x, t) òà θ2(x, t) = θ1, (x, t) ìàéæå âñþ-äè â QR̃
T0
. Îñêiëüêè R̃ � äîâiëüíå ÷èñëî, òî u2(x, t) = u1, (x, t) òà θ2(x, t) = θ1, (x, t)ìàéæå âñþäè â QT0 . ßêùî T0 > T , òî çà ñêií÷åííó êiëüêiñòü êðîêiâ äîâîäèìî ¹äè-íiñòü ó âñié îáëàñòi QT . Òåîðåìó äîâåäåíî. �
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