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We will prove that the join R™ x R is isomorphic to the half-space RT’l
and extend this result onto the class of v-weakly convex and §-weakly concave
geodesic spaces. We will also show that the cone over divergent sequence is not
isomorphic to the join of this sequence and Ry in the asymptotic category A.
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1. Introduction.

Asymptotic topology is a part of mathematics dealing with large scale properties of
metric spaces and, more generally, coarse spaces. Backgrounds of the asymptotic topology
are described in [1]. In particular, this paper contains basic functorial constructions in
the coarse categories.

Some of these constructions are considered in the present note. We establish relations
between the cones and joins in the asymptotic categories.

2. Terminology and notation.

A metric space (X, d) is proper if every closed ball in X is compact.

A map f: X — Y is proper if the preimage of every compact subset is compact. A
map f: X — Y is coarsely proper, if the preimage of every bounded set id bounded.

A map f: (X,d) — (Y, p) is coarsely uniform, if there is a non-decreasing function
@: [0,00) — [0,00) such that lim; . p(t) = oo and p(f(x), f(y)) < p(d(z,y)) for all
z,y € X.

A map fis coarse, if f is coarse uniform and coarse proper.

Amap f: (X,d) — (Y, p) is asymptotically Lipschitz, if there are Ai s (A > 0, s > 0)
such that

p(f(z), f(y) < Ad(z,y) +s, z,y€X.

The objects of the asymptotic category A are proper metric spaces, the morphisms
of this category are proper asymptotically Lipschitz maps.

The objects of the asymptotic category A are proper metric spaces (actually, one
can consider all metric spaces), the morphisms of this category are coarsely proper,
asymptotically Lipschitz maps.
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An isomorphism in the category A is a homeomorphism f: X — Y such that f
and f~! are asymptotically Lipschitz. A morphism f: X — Y B A is called a coarse
isomorphism, if there is a morphism ¢g: Y — X such that fog and go f are equivalent to
the identity maps 1x and 1y respectively. Metric spaces X and Y are coarse isomorphic
(quasi-isometric), if there exists a coarse isomorphism f: X — Y.

A map f: X — Y of metric spaces (X,d) and (Y, p) is called a quasi-isometry if
there exist C, D > 0, A > 0 such that
1
S(e,5) = € < (@), f)) S M(a,y) +C, € X
and the D-neighborhood of the set f(X) equals Y.

Let C' > 0. A set in a metric space is called C-connected if, for every x,y € M,
there exist g = z,21,...,Zn-1,2, =y € M such that d(x;,2;-1) < C,i=1,...,n.

3. Main result.

_ Let X be a metric space. The cone CX of X is defined as follows: CX =
XxR?2 /iy (X), where iy: X — XxR% is the embedding defined by the formula

iy () = (2, [[z]|,0) (see [1]).

Lemma 1. The cone CR is not isomorphic to the half-space Ri in the asymptotic
category A.

Proof. Suppose that the cone CR is isomorphic (quasi-isometric) to the half-plane Rﬁ_.
Thus, there exists f: CR — R%r such that, for some C' > 0 and A > 0,

1

1@ y) = C < p(f(2), f(y)) < Ad(z,y) + C, 2,y € OR.

Pick and infinite sequence x1,z2,z3,... in CR and d(z;,z;) = 2X\C + 1 for all 4,j € N.
This is easy to construct in CR, let, e.g.,

1 — 8k? V16k2 — 1
oy = (kz(2>\0+1),(2)\0+1) Ssk ,(2)\C+1)6§k>.

The images 21, 2, x3,... belong to the neighborhood Oy (,,)(2A*C 4+ A + C) and

d(f (). f(z;)) > %d(mi,xj) —C-= %mc +1)-C=C+ %

which provides a contradiction. O

Lemma 1 contradicts to the statement from [1] that for geodesic spaces X the cone
can be defined by the formula CX = X x Ry.

3.1. Kantorovich-Rubinstein metric on the join X * R, .

For any two pointed metric spaces X and Y one can define the bouquet X VY. We
endow the bouquet with the natural quotient metric. The join X R is the subspace of
P,(X VR,) of probability measures with supports of cardinality < 2. Let us define the
Kantorovich-Rubinstein distance on the join X * R, between two probability measures
wand v,

w=ad; + (1 —a)dy
v = [0y + (1 =)0y
Hx” =Y, ”I/” = ylv {:Z?,l‘/} C X, {y7yl} C Ry,
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dip(p,v) =inf{ed(y’,z) + (o —e)d(z,2') + (1 = B —€)d(y.y)
+(B-a+e)d@,y)|e>0e>a—p}=
inf {E(d(y/,l‘) - d(l’,;{,'/) - d(yu y/) + d(x/u y)) + Oéd({,l?71:/) + (1 - ﬁ)d(:%yl)
+(B—a)d(@',y) [e > 0,e > a— B} =
_ (B - Oé)d($/7y) + Oéd(ﬂj/727) + (1 - B)d(y7y/)7 /8 >,
(a = B)d(z,y) + Bd(z,2') + (1 —a)d(y,y'), B<a,
la — Bl(y + ') + min{a, B}d(z,2") + (1 — max{c, B})|y — v/'|.
Lemma 2. The join R™ x Ry is isomorphic to the half-space RQL_H in the asymptotic
topology A.
Proof. Consider the map ¢: R* * R, — R’}r“ defined by the formula
plads + (1 —a)dy) = (az, (1 —a)y)
zeR" yeRy.
The inverse map ¢~ *: Ri“ — R™ xR, is defined by the formula
t 121
l t 5 1 5 l 1
S = 2 e Ot
Denoting = = |”||t+tl, o= HllHt’ y= HHHZH t, we obtain
o Yaz, (1 - a)y) = (ad, + (1 - a)dy).
Show that the map ¢~ is Lipschitz.
drp(p™ (az, (1 - a)y)ip~ ' Ba’, (1 = B)y) = drp(ady + (1 — @)dy, B0 + (1 — B)dy).
Without loss of generality one may assume that ' > y.
First, prove that ¢! is Lipschitz for 3 > a.
drp(ady, + (1 —a)dy, B0 + (1 — )0y ) =
= (B —a)d(z',y) + ad(z,2") + (1 - B)d(y,y') <
< (B —a)d(@',y) + d(az, fz') + (B — a)[|2']| + (1 — B)d(y, y') =
= d(az, ") +2(B— )y’ + (B— )y + (1= B)(¥' —y)
Taking into account that
A= -y <|A-a)y—A=B)yI+(B-a)y
for 5 > « and y’ > y, we obtain
<d(az, ') +2(8 — )y’ +2(8 —a)y + (1 —a)y — (1 = B)y'| <
< d(aw, B2') +4(8 — )y + (1 —a)y — (1= B)y
Since (8 — o)y’ < By’ — ay < d(azx, Bz'), we obtain
< bd(az, fa') +d((1 — )y, (1 - B)y') <
< By (e, (1 = a)y); (B, (1~ B/)).
Let us check that ¢! is Lipschitz for < «
drp(ady + (1 —a)dy, B0 + (1 — B)dy) =
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= (a = B)d(z,y) + fd(z,2") + (1 — a)d(y,y') <
< (a=P)d(z,y) + (a = B)llzl| + d(ax, B2") + (1 — a)d(y,y") =
=d(ar,fr’) +(a-B+1-a)y+(a-B+a—-F-1+a)y=
= d(az,f2’) + (1= B)y' — (1 — )y +2(a = By
Since 2(a — 8)y < 2d((1 — B)y/, (1 — a)y), we obtain
< 3d(ax, ') + 3d((1 - a)y, (1= B)y') =
= B (. (1~ @)y): (B, (1~ B)).

Show that ¢ is Lipschitz with constant 1. Suppose that ¢y’ > y. Consider two cases:
1. 8>a and 2. 8 < a.

1. dR1+1(§D(C¥5I, (1 —a)dy); p(Boa, (1 — B)oy)) =

= drnxr, ((z, (1 — a)y); (B2', (1 = B)y"))
= dgn (az, Ba’) + dr, (1 — @)y, (1 = B)Y) <

<ad(@,2’) + (B—a)lla'|+ (1= B)y —y) + (B—a)y =
The latter inequality is a consequence of the following two inequalities:

d(az, Bz') < ad(z,2’) + (B — a)||l'||
d(1-a)y,(1-B)y) < (1 =By —y) +(B—a)y
= ad(z,2") + (B — a)d(@,y) + (1 - B)d(y,y') =
= dgp(ad, + (1 — a)dy, oy + (1 — B)dy).

2. dgn(ax, B2") + dr (1 — )y, (1 - B)y) <
Since d(azx, fz') < Bd(z,2') + (o — B)]|z||, we obtain
Bd(z,2") + (= )] + (1= By — (1 — )y =
= pd(z,2) + (a = B)llz| + oy’ = By —ay/ +¢' — (1 - a)y =
= pd(z,2') + (o = B)([lz] + ) + L =)y —y) =
= dxp(ady + (1 = @)dy, Bz + (1 = B)dy).

Lemmas 1 and 2 imply the following

Corollary 1. The join R * Ry is not isomorphic to the cone CR in the asymptotic
category A.

Lemma 3. Let X = {n? | n € N} CR. The join X xR, is not isomorphic to the cone
CX in the asymptotic category A.
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Proof. Let f: CX — X xRy be a coarse map. The image of every segment [z,y]| from
CX is contained in the ball O,1)(f(x)).
Consider in CX a segment [zo, 2], d(xo, ) = n. Construct a sequence
L0, X1, X2,y .y Ty = &, d(xi,Tip1) = 1.

Since the image of every segment [z, 2;11] is contained in the ball Oy1)(f(%;)), the image
[0, 2] is a bounded set, since X * Ry is not S(1)-connected for all S(1) > 0.

Thus, there is no coarse uniform map of the cone CX into the join X x Ry with
unbounded image. (]

Lemma 3 also holds in the asymptotic category A.

4. Weakly ~-convex and weakly d-concave geodesic spaces.

A metric space (X, d) is called geodesic if, for any z,y € X, there is an isometric
embedding c¢: [0,d(z,y)] — X such that ¢(0) = « and ¢(d(x,y)) = y. Any isometric
embedding ¢, : [0,d(z,y)] — X such that ¢, (0) = z, cgy(d(z,y)) =y, will be called an
isometric segment connecting x € X and y € Y.

A geodesic space (X, d) is called y-weakly convex (v > 1), if every pair of geodesic
segments, c,, and c,,, satisfies the inequality

d(Cay(t - d(2,y)), cox(t - d(z,2))) <7 -t d(y, 2).

A geodesic space (X,d) is called weakly é-concave (0 < § < 1), if every pair of
geodesic segments, c,, and c,., satisfies the inequality

d(cgy(t-d(z,y)), coo(t - d(z, 2))) =6 -t - d(y, 2).

Lemma 4. Let X be a weakly v-conver and weakly §-concave geodesic space. The join
X xRy is isomorphic to the space X x Ry in the asymptotic category A.

Proof. The proof is similar to that of Lemma 2. Let zg € X be a fixed point. Define the
norm ||z|| of z € X as dx (z,zo). For the sake of brevity, ¢y, (- d(zo, z)) will be denoted
T in the sequel.

Consider the map ¢: X * Ry — X x Ry, defined by the formula

p(ady + (1 — a)dy) = (za, (1 — a)y)
reX,yeR,.
The inverse map ¢~ ': X x R, — X xR, is defined by the formula
¢ (2, (1= a)y) = (ady + (1 — a)dy).
Show that ¢! is a Lipschitz map.
dip(e™ (o, (1 — @)y); o (@h, (1= B)y) = dip(ads + (1 — )8y, Boar + (1 — B)dy).

Without loss of generality we may assume that 3’ > v.
We first prove that ¢! is Lipschitz for 8 > a.

de(Oé(Sx + (1 — a)5y,,35x/ + (1 — 6)63/)
= (8 — a)d(2',y) + ad(z,2) + (1 - B)d(y,y")

< (B~ @)dla'y) + 5d(za,h) + 38— )|/ + (1 - B)d(y, ¥
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= Sd(ra, ) + (1 + 5B~ +(B—a)y+ (1= B — )

Taking into account that (1 — 8)(v' —y) < |(1 —a)y — (1 — B)Y'| + (B — a)y for
B> a iy’ >y, the inequality cam be continued:

< Sda,a) + (14 2)(8 — a)y +2(8 — )y +](L—a)y — (1= )y’

< 30, + B+ 58— a)y +(1—a)y ~ (1 - 5}y

Since (8 — )y’ < By’ — ay < d(z4, 7)), we obtain

g)d(%,x;}) +d((1—a)y, (1-B)y)

< @+ 2k (@, (1 — @)y)s (&, (1= W)
Let us check that (p_l is Lipschitz for 8 < «
drp(ady + (1 — )by, Bz + (1 — B)dy)
= (a— B)d(z,y') + pd(z,2") + (1 — a)d(y,y")

< (o= B)d(a,y) + 30— B)all + 5d(wa, ) + (1= @)y )

= Sdla, )+ (@ B+ 1—a)y +(a—f+ (o~ ) ~1+a)y

<B4+

1

= 5(@a,75) + (1= )y’ = (1 - )y +(

Taking into account that (o — 8)y < d((1 — B)y/, (1 — a)y), we obtain
1

< §(Easah) + 2+ D)1~ aly, (1 - 5)y)

< @+ $)dxce (@, (1~ a)y)s (&, (1= )

Show that ¢ is a Lipschitz map with constant ~. Take y
1.3>a and 2. B < a.

L dxxr, (p(ads, (1 — a)dy); (B0, (1 — B)dy))
= dxxr, ((Za, (1 — @)y); (x5, (1 = B)Y)
= dx (a,23) + dr, (1 - )y, (1 - B)y
<ved(z,a') + (B — o)l + (1= B)(y —y) + a)y
The latter inequality is a consequence of the following two inequalities:
d(za,7) < vad(z,2') + (B — a)l|l2’||
d((1—a)y,1=B)y) <1 =B) Y —y) +(B—a)y
= vyad(z,2') + (B — a)d(2’,y) + (1 = B)d(y,y')
<vdrp(ady + (1 —a)dy, B0 + (1= B)dy).

" > y. Consider two cases:

)
)
(5 -

2. dx(dia,I//B) +dr, (1 —a)y, (1—=8)y)
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Since dx (7q, ) < 78d(x, ") + (o — B)||z]|, we obtain
< yBd(x,a’) + (o= B)|lzll + (1 = B)y = (1 = a)y
=7Bd(z,2") + (o = B)||z| + ay’ = By —ay/ +y' — (1 —a)y
= yBd(z,2") + (a = B)(lzll +¥) + 1 — ) (¥ — )
< ydgp(ady + (1 — )by, Boz + (1 — )0y).
O

5. Remarks and open questions.

It was asked in [1] whether the cone CX and the join X x R, are isomorphic.
Corollary 1 provides a negative answer to this question; in particular, these spaces are
not isomorphic for X = R. Lemma 3 contains an example of a non-geodesic space X for
which these spaces are not isomorphic.

This leads to the following questions.

1. Is there a non-bounded metric space X for which the C'X and the join X xR,
are isomorphic in the asymptotic category A7

2. Are the join X * Ry and X x R, isomorphic for all geodesic spaces X7
For X = R", the answer is given by Lemma 2.

3. Let H denote the hyperbolic space. Are the spaces Hx R, and Hx*R isomorphic?
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KOHYC I JI?>KO B ACUMIITOTUYHUX KATETIOPISIX
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. n : - - : n+1 .
Hoseneno, mo mxoitn R” x R, isomopduuit mismpocroposi R’y Ileit pe-
3yJIbTAT HOUIMPEHO Ha KJIAC Y-CJIabKO OIyKaux i 0-cs1abKo BrHY TUX reofe3iinux
npocTopiB. JloBe1eHo TaKOXK, [0 KOHYC HAJT PO30iKHOIO ITOC/IITOBHICTIO He i30-
MopdHI MKOKHOBI miel mocaigosaocTi i Ry B acumnrormaniit kareropii A.

Karwost crosa: OxKOMH, KOHYC, aCHMITOTHYHA KaTeropid.



