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BuBgaernhcst mpocTip 3 HEKOMYTATUBHICTIO KOOPIMHAT Ta, HEKOMYTATHBHICTIO iM-
mynbeiB. Mu mocimimzKyeMo CIiBBiIHONITEHHS HEBU3HAYEHOCTEH /JTst (PI3UIHUX Be-
JIMYWH, 3yMOBJIEHI HEKOMYTaTUBHICTIO. PO3TIsiIaeThes OBKMHA, IO, 00’€M,
iMmmysibe Ta hazoBuit 06’eM y HEKOMYTaTHBHOMY (DA30BOMY IIPOCTOPI.

Kuro4yosi ciioBa: HekoMmyTaTuHMiT (pa30BUil IPOCTIP, MapaMeTpu HEKOMYTa-
TUBHOCTI, CIIiBBiTHOIIIEHHS HEBU3HAYEHOCTEH

1 Bcryn

Y 3B’43Ky 3 PO3BUTKOM TeOpil CTPYH Ta KaBAHTOBOI I'paBiTallil aKTUBHO BUBYAETHCS
KBAHTOBAHUM MPOCTIP, peasii3oBaHuil 3a JOMOMOroi0 jedopMariiii 3BUIHUX KOMYTAITii-
HUX CHIBBIJHOIIEHB JUisi KOOpAMHAT Ta iMmysbcis [1,2]. OO0 3 anrebp, sika 103BOJIsIE
BUpIimMTH pobJIeMy KBAHTYBaHHS IIPOCTODPY, € ajredpa

[Xi, X;j] = ihbij, (1)
(X, Pj] = ihdij, (2)

3BepHIMO yBary Ha Te, [0 y MOPIBHSIHHI 31 3BUYHIMEI KOMY TAIIIHUMY CITiBBITHONTEHHIMHI
MAEMO HEKOMYTATUBHICTH KOODJMHAT Ta HEKOMYTaTUBHICTH imiyibeis (1), (3). Komyra-
TOp KOOpJAMHAT JOpiBHIOE 1hf;;, me 0;; — ejleMeHTH cTajol aHTHCHMETPHYHOI MaTpHII,
JKi Ha3WBAIOTH MMapaMeTPaMu KOOPIUHATHOI HEKOMYTaTUBHOCTI. KomyTaTop iMmysibciB
JIOpiBHIOE ih1);j, TYT 1);; — €IEeMeHTH CTaJIOli aHTHUCAMETPHIHOI MATPHIl, AKi HA3WBAIOThH
mapaMeTpaMy IMITyJIbCHOI HEKOMYTaTHBHOCT].

IikaBo Big3HAYNTH, IO i/esT HEKOMYTATUBHOCTI Ma€ JIOBrY icropio [3]. I aBTOPOM €
Taitzen6epr. [lepina HayKoBa mpalis, IPUCBsIYeHa I1iii i11el, Oys1a omybsikoBana CHaiigepom
y 1947 pomui [4].
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Hocaimzkenuss Bpi3sUIHUX CUCTEM Y KBAHTOBAHOMY IIPOCTOPi JI03BOJISIE BCTAHOBUTH
BIUINB KBAHTOBAHOCTI IpocTOpPY (iCHYBaHHSI MiHIMAJILHOT JTOBXKWHM, KBAHTA IIPOCTOPY ) HA
X BaacTUBOCTI. ¥ HEKOMYyTATUBHOMY (ba30BOMY IPOCTOPI BUBYAJIUCS aTOM BOJHIO [5-§],
rapMoHiuHuii ocruiiaTop [9-15], wacrunka y rpasitamiiinomy monai [16,17,19], cucrema
GaraTbox gacTuHOK [19] Ta 6araro iHmmx Gi3UIHAX cHCTEM.

Y crarTi ME PO3IJISIAEMO CIIIBBIIHOIIEHHST HEBU3HAYEHOCTEH Y HEKOMYTATHBHOMY
dazoBomy mpoctopi. Mu 3uax0 Mo 06MekeHHsT Ha, (Di3UYHI BEJIMIUHU, SKi BUILJINBAIOTH
i3 CHiBBITHOIIEHb HEBU3HAYEHOCTEN Ta € 3yMOBJIIEHIMHU HEKOMYTATHBHICTIO KOOD/IMHAT
Ta HEKOMYTATUBHICTIO IMITyJIbCiB. 30KpeMa, MU PO3IVIAMAEMO TOBYXKHUHY, IIJIOILY, 00’'€M,
iMmysibe Ta hazoBuit 06’eM y HEKOMYTATHBHOMY (pa30BOMY IIPOCTOPI.

Y po3mdini 2 JoCTiIKYIOThCs CIIiBBITHOIIEHHST HEBU3HAMEHOCTEH, SIKi BUIIJIUBAIOTDH i3
criBBinHOmMEHs HekOMyTaTuBHOI asnrebpu (1)-(3). Posrasmarorscst oOMesKeHHST HA JI0B-
JKUHY, TJIOIMLY, 00’eM, iMirysbe, dha30Buit 00’eM y HEKOMYTATUBHOMY (pa30BOMY IIPOCTOPI.
Bucnosku npeacrasieno y posmii 3.

2 (OOwmexeHHs Ha (Pi3WYHI BEJIMIYMHU y HEKOMYTATHUB-
HOMY (pa30oBOMYy HPOCTOPI

YV HEKOMyTaTUBHOMY (Da30BOMY IPOCTOPI, BPAXOBYIOYHN Te, IO IIE€PECTaBHI CIiBBif-
HOIIIEHHsI JIJIsl KOOPJAMHAT Ta IMITysbcis MaoTh Buriss (1), (3), Mmoxkemo 3anmcatu Taki
CITIBBi/THOIIIEHHS HEBU3HAYEHOCTEI:

202
h=0;;

<AX1'2><AXJ2> > v

5277.2,
2 2
(AP)(AP;) > TU
SanuinemMo onepaTop KBaJapara, J0BKIHN

R? = Z X2, (6)

SayBaxkumo, 1o koopaunaru X; He KomyTyiorh (1). CupaBemyuBoio € Taka HepiBHICTD
(AR?)? > 2(AXT)(AXG) + 2(AX3)(AXE) + 2(AX3)(AXT), (7)
TYT
(AR?) = (AXY) + (AXF) + (AXF). (8)

BpaxyBaBmm CIiBBiTHOMEHHST HEBU3HAMEHOCTEH (4), MOXKeMO 3ammcaTn OOMEKEeHHS Ha
JIOBXKUHY Y HEKOMyTaruBHOMY (azoomy npocropi. I3 (7), (4) smaxomumo:

h2
(AR?)* > > (635 + 035 + 03,) - 9)

I3 orpumanol HepisHOCTI (9) Maemo:

4

h2
AR > (5 (6%, +9§3+9§1)) : (10)
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tyTr AR = /(AR?) [18].

PosrisirbMo omepaTop kBagpara iMITyJIbCy y HEKOMYTATHBHOMY (ha30BOMY IIPOCTOPI

P2 =) P (11)

Tyt onepartopu P; 3a/0BOJIBHSIIOTH CIIBBITHOIIEHHST HEKOMyTaTuBHOI aarebpu (3). Mo-
2KEMO 3allCaTh

(AP?) = (AP?) + (AP3) + (APS). (12)
Minzecemo (12) 70 KBaapaTy Ta 3aIUIIeMO TaKy HEPIBHICTH
(AP?)? = (AP?)? + (AP3)? + (AP3)? + 2(APY)(APS) 4+ 2(AP3) (APS) +
+2(APS)(APY) > 2{APP)(APS) + 2(AP;) (APS) + 2(APF)(APT),  (13)
BasBim 10 yBaru CuiBBiIHOIIEHHS HeBH3HAaYeHOCTel (5), MOXKEMO 3aIicaTi

h?
(AP%)? > = (niz + 135+ 0i1) - (14)
BBeﬂel\lO IIO3BHAYEHHA:

AP = \/{AP2). (15)

Bpaxysapum (14), 3HAX0/MMO HEDIBHICTH, sIKa 3aJa€ OOMEXKeHHsI 3HU3Y HA IMILYJIbC Y
HEKOMYTaTHUBHOMY (pa30BOMY IIPOCTOPI

FL2 1
sz (% G+ +ii)) (16)

HikaBo 3ayBaxkuTu, 1o i3 HepiBHOCTEl (4) BUIIMBAE TAKOXK HAABHICTH OOMEKEHD HA
Ha 1wIoNLy Ta 06’eM y HEKOMyTaTuBHOMY (basoBomy 1poctopi (1)-(3). Bukopucrasmm (4),
MOZKEeMO 3alliCaTh TaKy HEepiBHICTH, sIKa BU3HAYAE OOMEKEHHs Ha ILIOILY

h|0s]

(AX)(AX)) = 25

AX; = \/(AX2). (18)

I3 (17) BunsmBae anizoTpomist IO y HeKOMyTaTUBHOMY (asoBomy mpoctopi. Ile mo-
B’sI3aHO 3 THUM, 110 |912| 75 |923| 75 |931| [18]
Posriagabmo AX1A XA X3 y mpocTopi 3 HEKOMYTATUBHICTIO KOODJMHAT Ta HEKOMY-

(17)

TYyT

raruBHicTIO iMitysbciB (1)-(3). Bpaxysasmu (4), 3anunmemMo Taki HepiBHOCTI

(AX1){AXy) > @, (19)
(axo)(axs) > Ml (20)
(Axsyaxy) > Mol (21)

2
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I3 (19)-(21) orpumaemo:

hB
(AX1)2(AX5)?(AX5)? > §|(912923¢931|. (22)

Bukopucrapim (22) MOXKeMO 3aIucaTn oOMeXKeHHsI Ha 00’€M y HEeKOMyTaTHUBHOMY baszo-
BOMY IIPOCTOPI

(AXIAX ) (AXS) > 2—%|912923931|a. (23)

Posrisiabmo dazoBmit 06’eMm y mpocTopi 3 HEKOMYTATHBHICTIO KOOP/IMHAT Ta HEKOMY-
TATUBHICTIO IMITYJIbCIB.

3ayBaKUMO, 110 Y HEKOMYTATUBHOMY (Da30BOMY IPOCTOPi onepaTopr KOOPMHAT Ta
IMITysIbCiB 3a/10BOJIBHAIOTH 3BMYHI KoMyTaniitni cnisignomenns (1)-(3). Moxemo 3anu-
CaTH CHIiBBIIHOIIEHHST HEBU3HAYIEHOCTEN

h2
(AX7Y(AP?) > T (24)
I3 mepisrOCT (24) BUIILBAE:
3 52
[[iaxiar) > 3 (25)
i=1
3 inmoro 6oky, Bpaxysasm (5), (15), MOKeMO 3anmucaT Taki HEPIBHOCTI
h
(aP)(aR) > Mzl (26)
h
(AR APy > sl (27)
h
(AP (AP) > @ (28)
Bukopucrasmm (19)-(21), (26)-(28), orpumaemo:
3 16
(AX)?(AP)? > a|912923931771277237731|- (29)
i=1
I3 (29) sHaxomumo:
& h2 .
[[(axiyap) > §|912923931771277237731|5- (30)
i=1

Hepisaicts (30) BusHauae obMmerxkeHHst 3HM3Y Ha (as30Buil 06’eM, 3yMOBJIEHEe HEKOMYTa-
THUBHICTIO KOODJWHAT Ta HEKOMYTATUBHICTIO IMITYJIBCIB.

Topisusiemo uepisaocTi (25) Ta (30). HepisaicTs (30) BusHauae cusbHime 0OGMeKeH-
Ha Ha Pa30BUil 00’€M y BUNAIKY, KOJIU |912923931771277237731|% > 1. Baxkaerncs, 1mo ma-
paMeTpyu HEKOMYTATHBHOCTI € MOPSIKY IUIAHKIBCHKUX MACIITabiB, TOMY OOMEXKEHHS Ha
dazosuii 06’em y HeKOMyTATUBHOMY (ha30BOMY IIPOCTOPI BUBHAYAETHCS HepiBHICTIO (25).
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Bucunosku

Y cTaTTi pO3IVISHYTO TPUBUMIPHHUN TIPOCTIp i3 HEKOMYTATUBHICTIO KOOPIUHAT Ta He-
KOMyTaTnBHICTIO iMItysibciB (1)-(3). BuBueno cuiBBijiHOMEHHS HeBU3HAYEHOCTElH Jist (i-
3UYHUX BEJUYUH y HEKOMYTATHBHOMY (pa30BOMY IIPOCTOPI.

Tlokazano, 1m0 y HEKOMYyTATHBHOMY (ha30BOMY IIPOCTOPI AOBXKUHA, ILIOMA Ta 00’e€M
HE MOXKYTb HAOYBATHU SK 3aBrOJHO MAJNX 3HAYEHb. [CHYIOTH OOMEXKEHHsI 3HU3y HA BU-
me3a3Haveri BeJTUINHA, 3yMOBJIEHI HEKOMYTATHBHICTIO KOODJANHAT Ta HEKOMYTATHBHICTIO
immysibeiB. O6MeXKeHHsI Ha JIOBXKUHY, ILJIONLYy Ta 00’€éM BH3HAYAIOTHCS ITapaMeTpaMy KO-
OPJIMHATHOT HEKOMYTATHUBHOCTI BimmosimHo 1o Hepisaocredt (10), (17), (23). Baxsmso
3ayBayKUTH, 110 i3 HepiBHOcT] (17) BUILIMBaE aHI30TPOINs IUIONII y IPOCTOPI 3 HEKOMY-
TATUBHICTIO KOODJMHAT Ta HEKOMYTATHBHICTIO iMITy/bciB. Takok y pobOTi pO3TJIsSHYTO
oOMeKeHHSI Ha IMITyJIbC, 3yMOBJIeHI HeKOMyTaTuBHicTIO. [loKazaHo, M0 0OMeKeHHsT 3HM-
3y Ha IMILYJIbC BUBHAYAETHCS ITapaMeTPaMu IMITYJIbCHOI HEKOMYTATUBHOCTI BiJIITOBITHO J10
HepisrOCTI (16).

PozrasuyTo dazoBuit 06’eM y pocTOpi 3 HEKOMYTATUBHICTIO KOOOPIMHAT Ta HEKOMY-
TATUBHICTIO iMITy/IbCiB. Mu mmokaszaJu, 1Mo y HeKOMyTaTUBHOMY (a30BOMY ITPOCTOPI icHYy€E
obmerxkeHHs Ha (az3oBuit 06’eM, sTKe BU3HAYAETHCA JTOOYTKOM IMapaMeTpPiB KOOPAMHATHOT
Ta iMmynbeHOl HeKoMyTaTuBHOCTI (30).
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UNCERTAINTY RELATIONS IN NONCOMMUTATIVE PHASE
SPACE

Kh. P. Gnatenko

Ivan Franko National University of Lviv, Department for Theoretical
Physics
12 Drahomanov St., Lviv, 79005, Ukraine
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A space with noncommutativity of coordinates and noncommutativity of
momenta is studied. We examine uncertainty relations for physical values caused
by the noncommutativity. Length, area, volume, momentum, phase volume are
considered in noncommutative phase space.

Key words: noncommutative phase space, parameters of noncommutativity,
uncertainty relations

COOTHOIIIEHU Y HEOIIPEAEJEHHOCTU B
HEKOMYTATNUBHOM ®A30BOM ITPOCTPAHCTBE

X. II. 'marenko
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W3sy4aercs mpocTpaHCTBO ¢ HEKOMYTATUBHOCTHIO KOOPIMHAT U HEKOMYTATUBHO-
CTBHIO UMITYJIbCOB. MBI HCC/IeyeM COOTHOIIIEHNE HEeOTPeIeIEHHOCTEH /it (hu3n-
YeCKUX BEJUYINH, 0OYCJIOB/IEHHBIE HEKOMYTATUBHOCTBIO. PaccMaTpuBaeTcst -
Ha, TJIOIIA/Ih, 00beM, UMIYJIbC U Pa30BbI 00beM B HEKOMMYTATUBHOM (ha30BOM
IIPOCTPAHCTBE.

KuroyeBbie cioBa: HEKOMMYTATHBHOE (Hha30BOE MPOCTPAHCTBO, IMapaMeTphI
HEKOMMYTATUBHOCTHU, COOTHOIIIEHIE HEOTPEJIEIEHHOCTEH



