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Äîñëiäæåíî ðóõ ñèñòåìè âiëüíèõ ÷àñòèíîê ó ñôåðè÷íî-ñèìåòðè÷íîìó ïðî-
ñòîði ç íåêîìóòàòèâíiñòþ êîîðäèíàò òà íåêîìóòàòèâíiñòþ iìïóëüñiâ. Ìè
ïîêàçàëè, ùî íåêîìóòàòèâíiñòü iìïóëüñiâ çóìîâëþ¹ çàëåæíiñòü òðà¹êòîði¨
âiëüíî¨ ÷àñòèíêè âiä ¨¨ ìàñè. ßê íàñëiäîê, âiëüíi ÷àñòèíêè ó âèïàäêó, êî-
ëè ¨õ ïî÷àòêîâi øâèäêîñòi îäíàêîâi, íå ðóõàþòüñÿ ðàçîì. Íåêîìóòàòèâíiñòü
iìïóëüñiâ çóìîâëþ¹ ïðîáëåìó ðîçëiòàííÿ ñèñòåìè âiëüíèõ ÷àñòèíîê. Ìè äi-
éøëè äî âèñíîâêó, ùî öÿ ïðîáëåìà ìîæå áóòè ðîçâ'ÿçàíà íà îñíîâi iäå¨ ïðî
çàëåæíiñòü ïàðàìåòðiâ íåêîìóòàòèâíî¨ àëãåáðè âiä ìàñè.

Êëþ÷îâi ñëîâà: íåêîìóòàòèâíèé ôàçîâèé ïðîñòið, ñôåðè÷íà ñèìåòðiÿ,
âiëüíà ÷àñòèíêà

1 Âñòóï

Äîñëiäæåííÿ ôiçè÷íèõ ñèñòåì ó ïðîñòîði ç äåôîðìîâàíèìè êîìóòàöiéíèìè ñïiâ-
âiäíîøåííÿìè äëÿ îïåðàòîðiâ êîîðäèíàò òà îïåðàòîðiâ iìïóëüñiâ ïðèâåðíóëè âåëèêó
óâàãó ó çâ'ÿçêó ç ðîçâèòêîì òåîði¨ ñòðóí òà êâàíòîâî¨ ãðàâiòàöi¨ [1, 2]. Áàãàòî çàäà÷
âèâ÷àëè ó ïðîñòîði ç êàíîíi÷íîþ íåêîìóòàòèâíiñòþ êîîðäèíàò òà iìïóëüñiâ

[Xi, Xj ] = i~θij , (1)

[Xi, Pj ] = i~(δij + γij), (2)

[Pi, Pj ] = i~ηij , (3)

äå θij , ηij � ïàðàìåòðè êîîðäèíàòíî¨ òà iìïóëüñíî¨ íåêîìóòàòèâíîñòåé, ÿêi ¹ åëåìåí-
òàìè ñòàëèõ àíòèñèìåòðè÷íèõ ìàòðèöü, γij =

∑
k θikηjk/4.

Âàæëèâî çàçíà÷èòè, ùî êîìóòàöiéíi ñïiââiäíîøåííÿ (1)-(3) äàþòü çìîãó îïèñàòè
êâàíòîâàíèé ïðîñòið (ïðîñòið ç ìiíiìàëüíîþ äîâæèíîþ), âîäíî÷àñ âîíè çóìîâëþþòü
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ðÿäíèçêó ôóíäàìåíòàëüíèõ ïðîáëåì, ñåðåä ÿêèõ ïðîáëåìà ïîðóøåííÿ ñôåðè÷íî¨ ñè-
ìåòði¨. Äëÿ ðîçâ'ÿçàííÿ öèõ ïðîáëåì áóëî çàïðîïîíîâàíî ðiçíi äåôîðìàöi¨ êîìóòà-
öiéíèõ ñïiââiäíîøåíü äëÿ îïåðàòîðiâ êîîðäèíàò òà îïåðàòîðiâ iìïóëüñiâ [3�6]. Çîêðå-
ìà, äîñëiäæóâàëèñÿ àëãåáðè ç êîîðäèíàòíî çàëåæíîþ íåêîìóòàòèâíiñòþ [7�13], çi
ñïiíîâîþ íåêîìóòàòèâíiñòþ [14, 15]. Öi àëãåáðè ¹ ñôåðè÷íî-ñèìåòðè÷íi, ïðîòå âîíè
íå åêâiâàëåíòíi àëãåáði êàíîíi÷íîãî òèïó.

Ó ïðàöi [16] çàïðîïîíîâàíî íåêîìóòàòèâíó àëãåáðó, ÿêà ¹ ñôåðè÷íî-ñèìåòðè÷íà
òà åêâiâàëåíòíà äî íåêîìóòàòèâíî¨ àëãåáðè êàíîíi÷íîãî òèïó. Äëÿ ïîáóäîâè öi¹¨
àëãåáðè áóëî ðîçãëÿíóòî iäåþ óçàãàëüíåííÿ ïàðàìåòðiâ íåêîìóòàòèâíîñòi. À ñàìå, ó
ñòàòòi [16] ðîçãëÿíóòî òåíçîðè íåêîìóòàòèâíîñòåé, âèçíà÷åíi ÿê

θij =
cθl

2
P

~
∑
k

εijkãk, (4)

ηij =
cη~
l2P

∑
k

εijkp̃
b
k, (5)

äå cθ, cη � áåçðîçìiðíi êîíñòàíòè, lP � äîâæèíà Ïëàíêà, ãi, b̃i p̃
a
i , p̃

b
i � äîäàòêî-

âi êîîðäèíàòè òà iìïóëüñè, ÿêi âiäïîâiäàþòü ãàðìîíi÷íèì îñöèëÿòîðàì Ha
osc =

~ωosc((p̃a)2+ ã2)/2, Hb
osc = ~ωosc((p̃b)2+ b̃2)/2. Îñêiëüêè ââàæàþòü, ùî ïàðàìåòðè íå-

êîìóòàòèâíîñòi ¹ ïîðÿäêó ïëàíêiâñüêèõ ìàñøòàáiâ, òî ïðèïóñêà¹òüñÿ, ùî äîâæèíè
îñöèëÿòîðiâ äîðiâíþþòü ïëàíêiâñüêié äîâæèíi

√
~/√moscωosc = lP . ×àñòîòè îñöèëÿ-

òîðiâ äóæå âåëèêi, ÿê íàñëiäîê îñöèëÿòîðè, ÿêi ¹ â îñíîâíèõ ñòàíàõ, çàëèøàòèìóòüñÿ
ó íèõ. Îòæå, ïîáóäîâàíî òàêó ñôåðè÷íî-ñèìåòðè÷íó íåêîìóòàòèâíó àëãåáðó

[Xi, Xj ] = icθl
2
P

∑
k

εijkãk, (6)

[Xi, Pj ] = i~
(
δij +

cθcη
4

(ã · p̃b)δij −
cθcη

4
ãj p̃

b
i

)
, (7)

[Pi, Pj ] =
cη~2

l2P

∑
k

εijkp̃
b
k. (8)

Äîäàòêîâi êîîðäèíàòè òà iìïóëüñè ãi, b̃i, p̃
a
i , p̃

b
i çàäîâîëüíÿþòü çâè÷íi êîìóòàöié-

íi ñïiââiäíîøåííÿ [ãi, ãj ] = [b̃i, b̃j ] = [ãi, b̃j ] = [p̃ai , p̃
a
j ] = [p̃bi , p̃

b
j ] = [p̃ai , p̃

b
j ] = 0,

[ãi, p̃
a
j ] = [b̃i, p̃

b
j ] = iδij . Òàêîæ âèêîíóþòüñÿ òàêi ðiâíîñòi [ãi, p̃

b
j ] = [b̃i, p̃

a
j ] = 0,

[ãi, Xj ] = [ãi, Pj ] = [p̃bi , Xj ] = [p̃bi , Pj ] = 0. [θij , Xk] = [θij , Pk] = [ηij , Xk] = [ηij , Pk] =
[γij , Xk] = [γij , Pk] = 0. Îòæå, êîîðäèíàòè Xi, iìïóëüñè Pi òà òåíçîðè íåêîìóòà-
òèâíîñòåé θij , ηij çàäîâîëüíÿþòü òàêi ñàìi ñïiââiäíîøåííÿ, ÿê ó âèïàäêó àëãåáðè
êàíîíi÷íîãî òèïó (1)-(3). Ó öüîìó ñåíñi àëãåáðè (1)-(3) òà (6)-(8) ¹ åêâiâàëåíòíèìè.

Âèâ÷åííÿ ñèñòåì áàãàòüîõ ÷àñòèíîê ó ïðîñòîði ç äåôîðìîâàíèìè êîìóòàöiéíèìè
ñïiââiäíîøåííÿìè äëÿ êîîðäèíàò òà iìïóëüñiâ ¹ âàæëèâèì äëÿ ðîçøèðåííÿ îáëàñòi
äîñëiäæåííÿ íà ìàêðîñêîïi÷íi òiëà òà çíàõîäæåííÿ íîâèõ åôåêòiâ, çóìîâëåíèõ êâàí-
òîâàíiñòþ ïðîñòîðó íà ïëàíêiâñüêèõ ìàñøòàáàõ ó ôiçèöi ìàêðîñêîïi÷íèõ ñèñòåì.

Ó öié ñòàòòi ìè äîñëiäæó¹ìî îñîáëèâîñòi ðóõó ñèñòåìè âiëüíèõ ÷àñòèíîê ó
ñôåðè÷íî-ñèìåòðè÷íîìó íåêîìóòàòèâíîìó ïðîñòîði (6)-(8). Ìè äîõîäèìî âèñíîâêó,
ùî ó òàêîìó ïðîñòîði ñèñòåìà âiëüíèõ ÷àñòèíîê ðîçëiòà¹òüñÿ íàâiòü ó âèïàäêó, êî-
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ëè ïî÷àòêîâi øâèäêîñòi ÷àñòèíîê ¹ îäíàêîâèìè. Öå çóìîâëåíî òèì, ùî òðà¹êòîðiÿ
âiëüíî¨ ÷àñòèíêè ó ïðîñòîði ç íåêîìóòàòèâíiñòþ iìïóëüñiâ çàëåæèòü âiä ¨¨ ìàñè.

Ñòàòòÿ ìà¹ òàêó ñòðóêòóðó. Ó äðóãîìó ðîçäiëi ðîçãëÿíóòî ãàìiëüòîíiàí ñèñòåìè
âiëüíèõ ÷àñòèíîê ó ñôåðè÷íî-ñèìåòðè÷íîìó íåêîìóòàòèâíîìó ôàçîâîìó ïðîñòîði.
Òðåòié ðîçäië ïðèñâÿ÷åíî äîñëiäæåííþ âïëèâó íåêîìóòàòèâíîñòi êîîðäèíàò òà íå-
êîìóòàòèâíîñòi iìïóëüñiâ íà ðóõ ñèñòåìè âiëüíèõ ÷àñòèíîê. Çíàõîäèìî âèðàç äëÿ
òåíçîðà iìïóëüñíî¨ íåêîìóòàòèâíîñòi, ÿêèé äà¹ çìîãó âiäíîâèòè íåçàëåæíiñòü òðà¹-
êòîði¨ âiëüíî¨ ÷àñòèíêè âiä ¨¨ ìàñè. Ó ÷åòâåðòîìó ðîçäiëi ïðåäñòàâëåíî âèñíîâêè.

2 Ãàìiëüòîíiàí ñèñòåìè âiëüíèõ ÷àñòèíîê ó íåêîìó-

òàòèâíîìó ôàçîâîìó ïðîñòîði çi çáåðåæåíîþ ñôå-

ðè÷íîþ ñèìåòði¹þ

Ðîçãëÿíüìî N âiëüíèõ ÷àñòèíîê ó ñôåðè÷íî-ñèìåòðè÷íîìó íåêîìóòàòèâíîìó
ïðîñòîði êàíîíi÷íîãî òèïó (6)-(8). Îñêiëüêè òåíçîðè íåêîìóòàòèâíîñòåé âèçíà÷àþ-
òüñÿ çà äîïîìîãîþ äîäàòêîâèõ êîîðäèíàò òà äîäàòêîâèõ iìïóëüñiâ äëÿ äîñëiäæåííÿ
öi¹¨ ñèñòåìè ìà¹ìî ðîçãëÿäàòè ãàìiëüòîíiàí ç äîäàíêàìè, ÿêi âiäïîâiäàþòü ãàðìîíi-
÷íèì îñöèëÿòîðàì

H =
∑
n

(P(n))2

2mn
+Ha

osc +Hb
osc. (9)

Òóò iíäåêñ n ïîçíà÷à¹ ÷àñòèíêè. Ó âèïàäêó ñèñòåìè áàãàòüîõ ÷àñòèíîê ñïiââiäíîøå-
ííÿ íåêîìóòàòèâíî¨ àëãåáðè (6)-(8) ìîæóòü áóòè óçàãàëüíåíi ÿê

[X
(n)
i , X

(m)
j ] = i~δmnθ(n)ij , (10)

[X
(n)
i , P

(m)
j ] = i~δmn

(
δij +

∑
k

θ
(n)
ik η

(m)
jk

4

)
, (11)

[P
(n)
i , P

(m)
j ] = i~δmnη(n)ij , (12)

äå θ
(n)
ij = c

(n)
θ l2P

∑
k εijkãk/~, η

(n)
ij = c

(n)
η ~

∑
k εijkp̃

b
k/l

2
P , � òåíçîðè íåêîìóòàòèâíîñòi,

ÿêi îïèñóþòü ðóõ ÷àñòèíêè ç ìàñîþ mn.
Äëÿ äîñëiäæåííÿ ðóõó ñèñòåìè ÷àñòèíîê çðó÷íî ïåðåéòè äî ïðåäñòàâëåííÿ íåêî-

ìóòàòèâíèõ êîîðäèíàò òà íåêîìóòàòèâíèõ iìïóëüñiâ ÷åðåç êîîðäèíàòè òà iìïóëüñè,
ÿêi çàäîâîëüíÿþòü çâè÷íi êîìóòàöiéíi ñïiââiäíîøåííÿ

X
(n)
i = x

(n)
i +

1

2
[θ(n) × p(n)]i, (13)

P
(n)
i = p

(n)
i − 1

2
[x(n) × η(n)]i, (14)

θ
(n)
i =

1

2

∑
jk

εijkθ
(n)
jk , (15)

η
(n)
i =

1

2

∑
jk

εijkη
(n)
jk . (16)
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Êîîðäèíàòè òà iìïóëüñè x
(n)
i , p

(n)
i çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

[x
(n)
i , x

(m)
j ] = 0, (17)

[x
(n)
i , p

(m)
j ] = i~δijδnm, (18)

[p
(n)
i , p

(m)
j ] = 0. (19)

Ãàìiëüòîíiàí (9) ó ïðåäñòàâëåííi (13)-(14) ìà¹ òàêèé âèãëÿä

H =
∑
n

(
(p(n))2

2mn
− (η(n) · L(n))

2mn
+

[η(n) × x(n)]2

8mn

)
+

+~ωosc
(

(p̃a)2

2
+
ã2

2

)
+ ~ωosc

(
(p̃b)2

2
+
b̃2

2

)
, (20)

òóò

L(n) = [x(n) × p(n)]. (21)

Çðó÷íî ïåðåïèñàòè (20) òàê

H = H0 + ∆H., (22)

H0 =
∑
n

〈
(p(n))2

2mn
− (η(n) · L(n))

2mn
+

[η(n) × x(n)]2

8mn

〉
ab

+

+~ωosc
(

(p̃a)2

2
+
ã2

2

)
+ ~ωosc

(
(p̃b)2

2
+
b̃2

2

)
, (23)

∆H =
∑
n

(
(p(n))2

2mn
− (η(n) · L(n))

2mn
+

[η(n) × x(n)]2

8mn

)
−

−
∑
n

〈
(p(n))2

2mn
− (η(n) · L(n))

2mn
+

[η(n) × x(n)]2

8mn

〉
ab

, (24)

äå 〈...〉ab ïîçíà÷à¹ óñåðåäíåííÿ çà õâèëüîâèìè ôóíêöiÿìè ãàðìîíi÷íèõ îñöèëÿòîðiâ
Ha
osc, H

b
osc â îñíîâíèõ ñòàíàõ

〈...〉ab = 〈ψa0,0,0ψb0,0,0|...|ψa0,0,0ψb0,0,0〉. (25)

Âçÿâøè äî óâàãè

〈ψb0,0,0|p̃bi |ψb0,0,0〉 = 0, (26)

îòðèìà¹ìî, ùî ïiñëÿ óñåðåäíåííÿ âñi äîäàíêè ç òî÷íiñòþ äî ïåðøîãî ïîðÿäêó çà
ïàðàìåòðîì iìïóëüñíî¨ íåêîìóòàòèâíîñòi çíèêàþòü. Âèêîðèñòàâøè ïîçíà÷åííÿ

〈(η(n))2〉 = 3〈(η(n)i )2〉 =
3~2(c

(n)
η )2

l4P
〈ψb0,0,0|(p̃bi )2|ψb0,0,0〉 =

3~2(c
(n)
η )2

2l4P
, (27)
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çàïèøåìî

H0 =
∑
n

(
(p(n))2

2mn
+
〈(η(n))2〉(x(n))2

12mn

)
+ (28)

+~ωosc
(

(p̃a)2

2
+
ã2

2

)
+ ~ωosc

(
(p̃b)2

2
+
b̃2

2

)
, (29)

∆H =
∑
n

(
− (η(n) · L(n))

2mn
+

[η(n) × x(n)]2

8mn
− 〈(η

(n))2〉(x(n))2

12m

)
. (30)

Ó ïîïåðåäíüîìó äîñëiäæåííi [17] áóëî ïîêàçàíî, ùî äî äðóãîãî ïîðÿäêó òåîði¨
çáóðåíü ïîïðàâêè äî ñïåêòðà ãàìiëüòîíiàíà H0, çóìîâëåíi äîäàíêàìè ∆H, äîðiâíþ-
þòü íóëåâi. Âðàõóâàâøè âèãëÿä ∆H (30), ìà¹ìî, ùî ç òî÷íiñòþ äî äðóãîãî ïîðÿäêó
çà ïàðàìåòðîì iìïóëüñíî¨ íåêîìóòàòèâíîñòi äëÿ äîñëiäæåííÿ ñèñòåìè âiëüíèõ ÷à-
ñòèíîê ìîæåìî ðîçãëÿäàòè ãàìiëüòîíiàí H0 (29).

Âàæëèâî, ùî[∑
n

(
(p(n))2

2mn
+
〈(η(n))2〉(x(n))2

12mn

)
, Ha

osc +Hb
osc

]
= 0. (31)

Òàêîæ çâåðíiìî óâàãó íà òå, ùî êîîðäèíàòè x
(n)
i òà iìïóëüñè p

(n)
i çàäîâîëüíÿþòü

çâè÷íi êîìóòàöiéíi ñïiââiäíîøåííÿ òà ó êëàñè÷íié ãðàíèöi âiäïîâiäíî çâè÷íi äóæêè
Ïóàññîíà

{x(n)i , x
(m)
j } = 0, (32)

{x(n)i , p
(m)
j } = δijδnm, (33)

{p(n)i , p
(m)
j } = 0. (34)

Îòæå, ãàìiëüòîíiàí, ÿêèé îïèñó¹ ñèñòåìó âiëüíèõ ÷àñòèíîê ó ñôåðè÷íî-
ñèìåòðè÷íîìó íåêîìóòàòèâíîìó ôàçîâîìó ïðîñòîði

Hs =
∑
n

(
(p(n))2

2mn
+
〈(η(n))2〉(x(n))2

12mn

)
(35)

âiäïîâiäà¹ ãàìiëüòîíiàíó ñèñòåìè N ãàðìîíi÷íèõ îñöèëÿòîðiâ ç ÷àñòîòàìè, ÿêi âè-
çíà÷àþòüñÿ 〈(η(n))2〉 òà ìàñàìè ÷àñòèíîê i ìàþòü òàêèé âèãëÿä:

ωn =

√
〈(η(n))2〉

6m2
n

. (36)

3 Îñîáëèâîñòi ðóõó ñèñòåìè âiëüíèõ ÷àñòèíîê, çó-

ìîâëåíi íåêîìóòàòèâíiñòþ iìïóëüñiâ

Íà ïiäñòàâi âèñíîâêiâ, ïðåäñòàâëåíèõ ó ïîïåðåäíüîìó ðîçäiëi, âðàõóâàâøè òå,
ùî ç òî÷íiñòþ äî äðóãîãî ïîðÿäêó çà ïàðàìåòðàìè iìïóëüñíî¨ íåêîìóòàòèâíîñòi ðóõ
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ñèñòåìè âiëüíèõ ÷àñòèíîê îïèñó¹òüñÿ ãàìiëüòîíiàíîì (35), îòðèìà¹ìî ùî òðà¹êòîðiÿ
÷àñòèíêè ó ñôåðè÷íî-ñèìåòðè÷íîìó íåêîìóòàòèâíîìó ôàçîâîìó ïðîñòîði ìà¹ òàêèé
âèãëÿä

x
(n)
i (t) = x

(n)
0i cos

(√
〈(η(n))2〉

6m2
n

t

)
+ υ

(n)
0i

√
6m2

n

〈(η(n))2〉
sin

(√
〈(η(n))2〉

6m2
n

t

)
, (37)

äå x
(n)
0i , υ

(n)
0i � ïî÷àòêîâà êîîðäèíàòà òà øâèäêiñòü. Âàæëèâî çàçíà÷èòè, ùî òðà¹-

êòîðiÿ âiëüíî¨ ÷àñòèíêè (37) çàëåæèòü âiä ¨¨ ìàñè, ùî çóìîâëåíî íåêîìóòàòèâíiñòþ
iìïóëüñiâ. ßê íàñëiäîê íàâiòü ó âèïàäêó, êîëè âñi ÷àñòèíêè ñèñòåìè ìàþòü îäíàêîâó

ïî÷àòêîâó øâèäêiñòü υ
(n)
0i = υ0i ìà¹ìî, ùî ñèñòåìà âiëüíèõ ÷àñòèíîê ðîçëiòà¹òüñÿ.

Òðà¹êòîði¨ öåíòðà ìàñ ñèñòåìè òà âiäíîñíîãî ðóõó âèçíà÷àþòüñÿ ÿê

x̃i(t) =
∑
n

µnx
(n)
0i cos

(√
〈(η(n))2〉

6m2
n

t

)
+
∑
n

µnυ
(n)
0i

√
6m2

n

〈(η(n))2〉
sin

(√
〈(η(n))2〉

6m2
n

t

)
, (38)

∆x
(n)
i (t) = x

(n)
0i cos

(√
〈(η(n))2〉

6m2
n

t

)
+ υ

(n)
0i

√
6m2

n

〈(η(n))2〉
sin

(√
〈(η(n))2〉

6m2
n

t

)
−

−
∑
l

µlx
(l)
0i cos

(√
〈(η(l))2〉

6m2
l

t

)
+
∑
l

µlυ
(l)
0i

√
6m2

l

〈(η(l))2〉
sin

(√
〈(η(l))2〉

6m2
l

t

)
, (39)

äå µn = mn/
∑
lml. Çàçíà÷èìî, ùî ó âèïàäêó, êîëè òåíçîð iìïóëüñíî¨ íåêîìóòàòèâ-

íîñòi, ÿêèé îïèñó¹ ðóõ ÷àñòèíêè ó íåêîìóòàòèâíîìó ïðîñòîði, ¹ ïðîïîðöiéíèé äî ¨¨
ìàñè, à ñàìå

η
(n)
ij =

α̃mn~
l2P

∑
k

εijkp̃
b
k. (40)

(α̃ � êîíñòàíòà, ÿêà íå çàëåæèòü âiä ìàñè ÷àñòèíêè) ìîæåìî çàïèñàòè

〈(η(n))2〉
m2
n

=
3~2α̃2

2l4P
= B, (41)

äå B � êîíñòàíòà, ÿêà ¹ îäíàêîâîþ äëÿ ÷àñòèíîê ç ðiçíèìè ìàñàìè. Âçÿâøè äî
óâàãè (41), ìà¹ìî, ùî òðà¹êòîðiÿ âiëüíî¨ ÷àñòèíêè ó ñôåðè÷íî-ñèìåòðè÷íîìó íåêî-
ìóòàòèâíîìó ôàçîâîìó ïðîñòîði íå çàëåæèòü âiä ¨¨ ìàñè

x
(n)
i (t) = x

(n)
0i cos

(√
B

6
t

)
+ υ

(n)
0i

√
6

B
sin

(√
B

6
t

)
. (42)

Âiäïîâiäíî êîëè ïî÷àòêîâi øâèäêîñòi ÷àñòèíîê îäíàêîâi υ
(n)
0i = υ0i, òðà¹êòîðiÿ öåí-

òðà ìàñ (38) âèçíà÷à¹òüñÿ ÿê

x̃i(t) = x̃0i cos

(√
B

6
t

)
+ υ0i

√
6

B
sin

(√
B

6
t

)
, (43)
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(òóò x̃0i =
∑
n µnx

(n)
0i ) òà âiäíîñíi êîîðäèíàòè ÷àñòèíîê íå çìiíþþòüñÿ ç ÷àñîì

∆x
(n)
i (t) = x

(n)
0i − x̃0i. (44)

Îòæå, ó âèïàäêó, êîëè òåíçîð iìïóëüñíî¨ íåêîìóòàòèâíîñòi ïðîïîðöiéíèé äî ìàñè,
òðà¹êòîðiÿ âiëüíî¨ ÷àñòèíêè íå çàëåæèòü âiä ìàñè òà ñèñòåìà âiëüíèõ ÷àñòèíîê ç
îäíàêîâèìè ïî÷àòêîâèìè øâèäêîñòÿìè íå ðîçëiòà¹òüñÿ, ÿê öå ¹ ó ïðîñòîði çi çâè-
÷íèìè êîìóòàöiéíèìè ñïiââiäíîøåííÿìè äëÿ êîîðäèíàò òà iìïóëüñiâ.

Íà çàâåðøåííÿ ðîçäiëó âàðòî çàçíà÷èòè, ùî iäåÿ ïðî çàëåæíiñòü òåíçîðà iìïóëü-
ñíî¨ íåêîìóòàòèâíîñòi âiä ìàñè òàêîæ ¹ âàæëèâîþ äëÿ âiäíîâëåííÿ ñëàáêîãî ïðèí-
öèïó åêâiâàëåíòíîñòi ó ñôåðè÷íî-ñèìåòðè÷íîìó íåêîìóòàòèâíîìó ôàçîâîìó ïðî-
ñòîði. À ñàìå, ó ïðàöi [18] áóëî ïîêàçàíî, ùî ó âèïàäêó, êîëè òåíçîð iìïóëüñíî¨
íåêîìóòàòèâíîñòi ¹ ïðîïîðöiéíèé äî ìàñè, à òåíçîð êîîðäèíàòíî¨ íåêîìóòàòèâíî-
ñòi ¹ îáåðíåíî ïðîïîðöiéíèé äî ìàñè, ÷àñòèíêè ç ðiçíèìè ìàñàìè ó ãðàâiòàöiéíîìó
ïîëi ó ñôåðè÷íî-ñèìåòðè÷íîìó íåêîìóòàòèâíîìó ôàçîâîìó ïðîñòîði ðóõàþòüñÿ ïî
îäíàêîâèõ òðà¹êòîðiÿõ. Òàêîæ âàæëèâî çàçíà÷èòè, ùî iäåÿ çàëåæíîñòi ïàðàìåòðiâ
äåôîðìîâàíî¨ àëãåáðè âiä ìàñè âiäêðèâà¹ ìîæëèâiñòü îòðèìàòè âàæëèâi ðåçóëüòà-
òè ó äåôîðìîâàíîìó ïðîñòîði ç ìiíiìàëüíîþ äîâæèíîþ [19,20], ó íåêîìóòàòèâíîìó
ïðîñòîði êàíîíi÷íîãî òèïó [21].

Âèñíîâêè

Ðîçãëÿíóòî íåêîìóòàòèâíó àëãåáðó (6)-(8), ÿêà ¹ ñôåðè÷íî-ñèìåòðè÷íà òà åêâi-
âàëåíòíà äî àëãåáðè êàíîíi÷íîãî òèïó. Àëãåáðà (6)-(8) ïîáóäîâàíà íà îñíîâi iäå¨
çàëó÷åííÿ äîäàòêîâèõ êîîðäèíàò òà iìïóëüñiâ òà óçàãàëüíåííÿ ïàðàìåòðiâ íåêîìó-
òàòèâíîñòi.

Äîñëiäæåíî ðóõ ñèñòåìè âiëüíèõ ÷àñòèíîê ó ñôåðè÷íî-ñèìåòðè÷íîìó íåêîìóòà-
òèâíîìó ôàçîâîìó ïðîñòîði. Ìè ïîêàçàëè, ùî ç òî÷íiñòþ äî äðóãîãî ïîðÿäêó çà ïà-
ðàìåòðàìè íåêîìóòàòèâíîñòi âiëüíà ÷àñòèíêà îïèñó¹òüñÿ ãàìiëüòîíiàíîì, ÿêèé âiä-
ïîâiäà¹ ãàìiëüòîíiàíó ãàðìîíi÷íîãî îñöèëÿòîðà. Ìàñà öüîãî îñöèëÿòîðà äîðiâíþ¹
ìàñi ÷àñòèíêè, à ÷àñòîòà îñöèëÿòîðà âèçíà÷à¹òüñÿ âåëè÷èíîþ ïåðàìåòðà iìïóëü-
ñíî¨ íåêîìóòàòèâíîñòi òà ìàñîþ ÷àñòèíêè (36). Âàæëèâî çàçíà÷èòè, ùî ó ñôåðè÷íî-
ñèìåòðè÷íîìó íåêîìóòàòèâíîìó ôàçîâîìó ïðîñòîði òðà¹êòîðiÿ âiëüíî¨ ÷àñòèíêè çà-
ëåæèòü âiä ¨¨ ìàñè, ùî çóìîâëåíî íåêîìóòàòèâíiñòþ iìïóëüñiâ.

Ó âèïàäêó ñèñòåìè N âiëüíèõ ÷àñòèíîê ç òî÷íiñòþ äî äðóãîãî ïîðÿäêó çà ïàðà-
ìåòðàìè iìïóëüñíî¨ íåêîìóòàòèâíîñòi ïiñëÿ óñåðåäíåííÿ çà õâèëüîâèìè ôóíêöiÿìè
ãàðìîíi÷íèõ îñöèëÿòîðiâ ó îñíîâíèõ ñòàíàõ ìè îòðèìàëè ãàìiëüòîíiàí, ÿêèé âiäïî-
âiäà¹ ãàìiëüòîíiàíó ñèñòåìè N îñöèëÿòîðiâ (35) ç ÷àñòîòàìè (36). Ìè ïîêàçàëè, ùî
iìïóëüñíà íåêîìóòàòèâíiñòü çóìîâëþ¹ ðîçëiòàííÿ ÷àñòèíîê ñèñòåìè. À ñàìå, ó âè-
ïàäêó ðiâíîñòi øâèäêîñòåé ÷àñòèíîê ó ïî÷àòêîâèé ìîìåíò ÷àñó â íàñòóïíi ìîìåíòè
÷àñó ÷àñòèíêè íå áóäóòü ðóõàòèñÿ ðàçîì, âiäíîñíi êîîðäèíàòè ÷àñòèíîê íå ¹ êîí-
ñòàíòàìè (39). Âàæëèâî çàçíà÷èòè, ùî iäåÿ çàëåæíîñòi òåíçîðiâ íåêîìóòàòèâíîñòi
âiä ìàñè äà¹ çìîãó ðîçâ'ÿçàòè öþ ïðîáëåìó. À ñàìå, ìè ïîêàçàëè, ùî ó âèïàäêó, êîëè
òåíçîð iìïóëüñíî¨ íåêîìóòàòèâíîñòi, ÿêèé âiäïîâiäà¹ çà ðóõ ÷àñòèíêè ó ñôåðè÷íî-
ñèìåòðè÷íîìó íåêîìóòàòèâíîìó ïðîñòîði, ¹ ïðîïîðöiéíèé äî ¨¨ ìàñè, òðà¹êòîðiÿ
âiëüíî¨ ÷àñòèíêè íå çàëåæèòü âiä ìàñè. ßê íàñëiäîê âiëüíi ÷àñòèíêè ç îäíàêîâèìè
ïî÷àòêîâèìè øâèäêîñòÿìè ðóõàþòüñÿ ïî îäíàêîâèõ òðà¹êòîðiÿõ.
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Rotationally-invariant space with noncommutativity of coordinates and
noncommutativity of momenta is considered. The noncommutative algebra is
constructed involving additional coordinates and additional momenta which
correspond to harmonic oscillators. The lengthes of the oscillators are consi-
dered to be equal to the Planck length. The frequencies of the oscillators are
supposed to be very large. The algebra is invariant under rotations and is
equivalent to noncommutative algebra of canonical type. In the rotationally-
invariant noncommutative phase space we study the motion of a system of free
particles. We �nd that the trajectory of free particle in rotationally-invariant
noncommutative phase space depends on its mass. This dependence is caused
by momentum noncommutativity. Up to the second order in the parameters of
noncommutativity the trajectory of free particle corresponds to the trajectory
of harmonic oscillator with corresponding mass and frequency determined by
the mass of the particle and the parameter of momentum noncommutativity.
Up to the second order in the parameters of noncommutativity the system of N
particles in rotationally-invariant noncommutative phase space is described by
Hamiltonian corresponding to the Hamiltonian of N harmonic oscillators. We
�nd that because of momentum noncommutativity the system of free particles
�ies away even if the initial velocities of the particles are the same. We show
that idea to relate tensor of momentum noncommutativity with mass opens
possibility to solve the problem of dependence of free particle motion on its
mass. We �nd that in the case when the tensor of momentum noncommutativi-
ty corresponding to a particle is proportional to its mass the trajectory of free
particle in rotationally-invariant noncommutative phase space does not depend
on the mass therefore a system of free particles does not �y away. It is important
to mention that proportionality of the tensor of noncommutativity to mass is
also important for preserving of the weak equivalence principle, for recoveri-
ng of relations of noncommutative algebra for coordinates and momenta of the
center-of-mass in rotationally-invariant noncommutative phase space.

Key words: noncommutative phase space, rotational symmetry, free particle



Õ. Ï. Ãíàòåíêî

ISSN 1024-588X. Âiñíèê Ëüâiâñüêîãî óíiâåðñèòåòó. Ñåðiÿ ôiçè÷íà. 2018. Âèï. 55 23

Âëèÿíèå èìïóëüñíîé íåêîììóòàòèâíîñòè íà äâèæåíèå ñèñòåìû

ñâîáîäíûõ ÷àñòèö â ñôåðè÷åñêè-ñèììåòðè÷íîì íåêîììóòàòèâíîì

ôàçîâîì ïðîñòðàíñòâå

Õ. Ï. Ãíàòåíêî

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

Êàôåäðà òåîðåòè÷åñêîé ôèçèêè

óë. Äðàãîìàíîâà 12, 79005 Ëüâîâ, Óêðàèíà

e-mail: khrystyna.gnatenko@gmail.com

Èññëåäóåòñÿ äâèæåíèå ñèñòåìû ñâîáîäíûõ ÷àñòèö â ñôåðè÷åñêè-
ñèììåòðè÷íîì ïðîñòðàíñòâå ñ íåêîììóòàòèâíûìè êîîðäèíàòàìè è
íåêîììóòàòèâíûìè èìïóëüñàìè. Ìû ïîêàçàëè, ÷òî íåêîìóòàòèâíèîñòü
èìïóëüñîâ âëèÿåò íà äâèæåíèå ñâîáîäíîé ÷àñòèöû è îáóñëàâëèâàåò åãî
çàâèñèìîñòü îò ìàññû. Êàê ñëåäñòâèå, ñâîáîäíûå ÷àñòèöû â ñëó÷àå, êîãäà
èõ ñêîðîñòè îäèíàêîâû, íå äâèãàþòñÿ âìåñòå. Íåêîìóòàòèâíîñòü èìïóëüñîâ
ïðèâîäèò ê ïðîáëåìå ðàçëåòà ñèñòåìû ñâîáîäíûõ ÷àñòèö. Ìû ïðèøëè ê
âûâîäó, ÷òî ýòà ïðîáëåìà ìîæåò áûòü ðåøåíà íà îñíîâå èäåè î çàâèñèìîñòè
ïàðàìåòðîâ íåêîììóòàòèâíîé àëãåáðû îò ìàññû.

Êëþ÷åâûå ñëîâà: íåêîììóòàòèâíîå ôàçîâîå ïðîñòðàíñòâî, ñôåðè÷åñêàÿ
ñèììåòðèÿ, ñâîáîäíàÿ ÷àñòèöà


