BICHUK HATIIOHAJIBHOI'O YHIBEPCUTETY
“JIbBIBCBKA ITOJIITEXHIKA”

“@izuKo-MaTeMaTUYHI HAYKH'
Bun.768 Ne 768, (2013) c¢. 40-45

JOURNAL OF NATIONAL UNIVERSITY
“LVIVSKA POLITECHNIKA”

“Physical & mathematical sciences
Vol.768 No 768, (2013) 40-45

99

KOHCTPVYKIIIA PO3B’SA3KIB JIIHIMHUX

IMITIVJIBCHUIX JTN®EPEHIIIAJIbHUX PIBHAHD
3 KYCKOBO-SMIHHINMN KOE®IIIEHTAMUN

Tamiit P. M.?, Craciok M. @.%, Braciit O. O.°

@ JIveiscvorut deporcashutl yrisepcumern besneru HcummediasboHOCTI
sya. Kaenapiscoka, 35, 79058, m. JIveis, Ykpaina
b Mpurapnamevrut nayionasvnut ynisepcumem imeni Bacuasa Cmedanura
eya. Llesuenka, 57, 76025, Isaro- Ppankiscvr, Yrpaina

(Ompumano 18 orcosmmua 2018 p.)

Hocnimkena CTPYKTypa PO3B’sA3KiB JHINHWX cucTeM audepeHIlaJ bHNX PIBHAHD 3 IMITyJIb-

CHOIO TI€I0 3 KYCKOBO-HemepepBHMMU Koediriertamu. OTprMaHO KOHCTPYKTHBHE 300paKeHHST

po3B’si3ky 3amadi Komi i BkazaHo crmocobm floro mpoJOBIKEHHS IPaBOPYT Ta JIBOPYY Bix TO-

9KHU 3a@HHS [109aTKOBOI yMOBH. PO3IVISHYTO HPHKJI[ 3aCTOCYBAaHHS OTPHUMAHHUX PE3y/IbTaTiB
B TeOpii TenIompoBiTHOCTI.

Kuro4doBi cioBa: gudepeHuianbHe piBHAHHS 3 iMOYyAbCHOWO Ai€to, maTpuus Kowi, TemnepaTypHe

none.
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Beryn

VzaranpHeni cucremu audepeHIiaIbHAX PIBHSHD
MPUPOIHO BUHUKAIOTH IIiJT 9aC CTBOPEHHS Cy9YaCHUX Ma-
TEeMATUIHUX MOjesell peaqbHuX (I3WIHUX SBUII, IO
MOEIHYIOTh B COOL MOHATTS AMCKPETHOrO Ta HEIePepPB-
HOro (JIMCKPETHO-HEeIlepepPBHl MareMaThydHl — Mogesi)
[1-4]. OcobauBe Mmicte cepen WX CHCTEM 3afMAaOTh T1-
depenriaabHi PIBHAHHS 3 IMITYJIbCHOIO JTi€H0. 30KpeMa
JiHIMHI cHCTeMU TaKUX PiBHSHB JOCTATHBO JTOKJIAIHO
omucani B [2].

VYV crarTi gocaimKeHa CTPYKTYPa PO3B’aA3KiB JiHil-
HUX crucTeM TudepeHIianbHuX PiBHAHL 3 IMITYIBCHOIO
JI€I0 3 KYCKOBO-HEMEPEPBHUME KOeDIIieHTaMu Ha CKiH-
qenHoMy iuTepBaji I mificaol oci. 3a yMmoB, 110 Bimoma
marpuig Kot BiamoBianol ogHopianol cucreMn Ha KO-
KHOMY 3 TigiHTepBafiB inrepBaay I, po3s’s30K mova-
TKOBOI 337124l 300pakaeTbes B 3aMKHyTiit popmi. Crar-
TS 3ABEPIIYETHCS TPUKJIAIOM 3aCTOCYBAHHS OTPUMAHUX
PE3YABTATIB ¥ TeOpii TErIOmpOBiTHOCTI.

I. TIIocraHoBka 3amaui

Ha Binkpuromy ianrepsami I € R po3riagaeTbCsa Cu-
crema audepeHIiaIbHuX PIBHAHD 3 IMITYyJIBCHOIO JTIET0

n—1 n—1
Y = Zci@i Y + ZRZ‘GZ‘, (1)
i=0 i=0
AY (2;) = AY (2 — 0) + S;,i = L, (2)
ne Y (x) - mHeBimoma p-BuUMipHA BEKTOP-(DYHKILS

a=x9 <2 <..<xp_1<x,=>b— moBinbHE pPO3OUT-
g Biapiska [a,b] C I; Ci(x),R;(z) C C,(I),

MATEMATUKA

A; € RP*P, R; € RP, i = 1,n; ©; — XapakKTepUCTAIHA
JyHKIIis HAMIBBIAKPUTOTO IHTEPBALY [X4, Tiy1) :

].,CL' € [l’i;l'iJrl);

0, =
0,2 ¢ [ Tit1)-

Immynbena cucreva (1),(2) posrisiiaeThest pa3oM 3 Mmo-
YATKOBOIO YMOBOO

Y () =YY", m=0,n. (3)

IMix poss’aakom cucremu (1), (2) posymiemo Kycko-
BO abCOJIIOTHO HENEPEPBHY MPABOPYY BEKTOP-(PYHKIIIO
Y (x), mo cupasmxkye (1) maiike ckpi3b Ha inrepsaii I,
a B TOuKax x;,i = 0,n, nua Y (x) BUKOHYIOTbCSA yMOBH
crpubka (2), ae

II. CrpykTypa po3B’d3Ky 3ajaadui
(1), (2), (3)

Ha npomixky [z;,2;+1),m < i < n — 1, po3risHeMo
cucTeMy
Y/ =Y, i=0,n—1, (4)

AKY HA3UBATHMEMO BU3HA4ANbHON.
s 11i€l cucTeMu BBaXKaTUMEMO BiTOMOIO MATPHITIO-
dyuxuio Komi B; (z, s) , mo mae Taki sractusocti [4]:

1. B;(x,s) 3a 3MIHHOIO & € PO3B’A3KOM MATPHIHOIO
PIBHSHHS

OB; (x, )

O = CzBl (QZ‘,S);

2. B; (z,x2) = E, ae E — omuanyaHA MaTpund ;
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3. V21,290,253 € [T;,2;11) BUKOHYETHCS PIBHICTH

B (x3,x2) B (x2,21) = B (z3,21);

4. By (x,5) = B; (s,2).

Pose’s30k Y; (z) Bianosinuol HeomHOPiAHOL cucTeMu
HA TPOMIKKY [T, Tit1)

Y/ =CiYi+ Ri,i=0,n—1, (5)

ITyKATAMEMO Y BHATJIAIL

Y () = B; (z,z;) P, + /Bi (z,8) R;i (s)ds, (6)

x;

qe P; — moku mo HeBigoMuil BEKTOp.
Mpuitusisium y (6) © = x;, oTpuMaemMo

P =Y (z;) =Y" (7)

Bokpema P™ = Y™ ne Y BusHaueHHil IOYATKOBOIO
yMOBOIO (3).
Amasoriuno, Ha TPOMIXKKY [;11, Tit2) MAEMO

Yit1(x) = Biyr (w,2541) P+

+ / Biir (2,8) Ry (5)ds. (8)

Tit1

Y Toumi & = ;4] TOBUHHA BUKOHYBATUCh YMOBA CIPsI-
skeHHs (2), To6TO

Yitr (@ig1) = Yi (@ig1) = Ai1Yi (i) + Sigr. (9)

BacrocyBanns ymosu (9) g0 pisuocreit (6) ta (8) upu-
BOIUTH JIO PEKYPEHTHOTO CITiBBITHOIITEHHS

Py = (E+ Aip1) Bi (g1, ;) P+

Tit1
+ (E+ Aiy1) /

T4

B; ($i+17 S) R; (S) ds + Si+1. (10)

Bsenemo raki nosnavenns:

Ak:E-i-Ak,k:l,n—l;

p—a
B(zp,z4) = H Ap—iBp—i—1 (Tp—i; Tp—i-1) ;
i=0

B (zp,zp) = E;

Zj=A; / Bj_1(zj,s)Rj_1(s)ds+S;,7 =1,m;

Sp=0,Zy=0.

Ha ocHopi criesignomennst (10) Ta BBeIEHHX MO3HA~
4eHb M JOBLIBHOrO k > 0 METOIOM MaTeMaTWu4HOl iH-
JYKIIiT 33 iHgekcoM k OTPUMYEMO CITiBBiIHOIIEHHST

Pm+k =B (merkaxm) P+
k—1

+ Z B (x'm-l-ia -rm-l-i-‘rl) Zm-‘ria (11)
i=0

sKe Ja€ 3MOTY 3HAXOJUTH MOYATKOBI BEKTOPH MTPABOPYH
TOYKU T = Typy.

HarowmicTb, BBaxKaroun BeKTOp P, 4+ Bimomuwm, 3Ha-
xomumo 3 (11)

pm"=B"" ($m+ka (L'm) Perk_

—m—1
- Bil(xm—&-ka mm) Z B (xm+i7 $m+i+1) Zm+z'+1~
=0

(12)

®opmyna (12) BUKOPUCTOBYETHCH JJIsl 3HAXOKEHHS
[MOYATKOBUX BEKTOPIB JIIBOPYY BiJl TOYKU & = Ty 4k, [IPU
ILOMY BUMAraeThest icnyBanas B~ (2 1k, Tm) -

BayBaxkennsa 1. Y dopmynax (11),(12) npuiimae-
Mo k > 0. Bunmagok k = 0 € TpuBiajgbHUM, OCKIIbKH
posB’a3ok 3anaqi (1),(2),(3) Ha TPOMIKKY [T, Tmt1)
i3 3a/IaHUM TTOIATKOBHM BEKTOPOM P, 300pazKaeTbcsa y
sumisizi (6) mpm ¢ = m.

SayBakeunst 2. «Exzoruunuity BUDamox m = n
BUMarae nobyI0BH PO3B’A3KY JIUIIE JIBOPYY BiJl TOUKH
Z, Ta 3acrocyBanns (opmyau (12). Ieit Bunagok ne-
PiAKO 3yCTPivaeThCd B TMPHUKIATHAX 33039aX, IO Oyae
HMKYE IMPOLIIOCTPOBAHO HA TIPHUKJIAJI].

OTike, OTPUMAHO HACTYTTHUH pe3yabTaT, aKuit cdop-
MYJTIOEMO Y BUTTIAL

TBeparkenHsi. 3a yMOBM ICHYBaHHS MaTpPHII
B (zp,2q) VT, > T4, Tp, T4 € [0, T , HA KOKHOMY 3
IPOMIXKKIB [T, Xit1) ,¢ = 0,n — 1, icHye emuamit po3s’s-
30K 3az1a4i (1), (2), (3), mo 306parkaernes y Buriai (6),
Jie 11 BeKTOpiB P; cripaBeanuBa pekKypeHTHa (hopMya
(10) Ta 77 macainok (11). Ha ycboMy mpoMikKY [zo, Ty
po3B’a30k 3anaudi (1), (2), (3) mae 300parkents

n—1

Y (x) =) Yi(z)0;.
=0

III. Ilpmkaan

Posrnanaerbea 3amada mpo PO3MOMIT CTAIOHAPHOTO
TEMIIEPATYPHOT'O 10JIA B N-IIAPOBIH MOPOXKHUCTIN Ky,
IO TOJiJIeHa, Ha 7 MAapiB PI3HOI TOBMIMHU KOHIIEHTPU-
qHEME ChepaMu PAIYCIB Lo, L1, ..., Tp—1, Ty, TPAIOMY
O<zo<z1 < ... <Tp_1 <z, =R.

[IpunyckaTrMemo, 10 TEMIEPATYPA MOMIMPIOETHC
JIIE B PAIiAIbHOMY HANPAMKY, TAK IO 333494 € OIHO-
Bumipnoto. Toxi paxgiyem z;,¢ = 0,n, cain inTepmpe-
TYBaTH, SK TOYKM TEPEeTHHY BiAMOBIIHUX cdep 3 Bic-
cio Oz. IIpunycKaeThest TAKOXK, IO KOXKEH Iap HaJIiIe-
HAM CBOIM KOe(dIIieHTOM TeIIOmpOBiIHOCTI Ta BHYTPi-
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IIHIM PO3IOALIEHNM IKepeoM Termia. Ha mexkax 1ma-
piB (okpiM BHYTPiIHBOI Ta 30BHINIHOI) HepeabataeTbCs
HASBHICTD 30CEPEIKEHNUX JIXKEPEJI TEMIEePaTypPu Ta, BU-
KOHAHHS YMOB HETea/IbHOTO TEIJIOBOr0 KOHTAKTY. BBa-
JKATUMEMO, 1O Ha 30BHIiNmHi# Mexi kyni (v =z, = R)
BiJIOMa TeMIIepaTypa Ta TeIJIOBUil OTIK, 8 TEMIIEPATYPY
i TemIoBHil TOTIK B KOXKHOMY ITapl HEOOXiTHO 3HANTH.
Beenemo nosnavenns: t; (x) — remneparypa Ha mapi
T, ! ]( ) = At (x), me A — xoe-
(IIieHT TEITONPOBIAHOCTI, tg I BIIIIOBITHUNA TEILIOBUM
noTik (KBasinoxizaHa); i, $; — ALACHI YuCIa, Mo BUpaKar-
FOTh iIHTEHCUBHOCTI PO3IIO/ILIEHOTO HA, [;vi, Zit1) Ta 30Ce-
PEIPKEHOTO B TOYUIl T = X; JXKepes TEeIIa BiAMOBiIHO;
a; — xoediniear remnonepenaqi six (i — 1)-ro mo i-ro
mapy Bigunosimuo, i = 1,n. ¢k Buniusae 3 pobit [5]-
[11], mocraBneHa 3amava 3BOAUTHCS 10 DO3B’sI3yBaHHS
KBa31audepeHIiaJIbHOTO PiBHIHHST

Zw t+ Zw t—Zr“, (13)

3a yMOB crpsizkentns (i = 1,n — 1),

[zi,2i41), 4 =0,n—1

ti (25) =t (23) = Lt (xy),
] my (14)
it (i) — t; (75) = S,
net(z) = Zt()f)ut (z) = ZM()
a TaKOXK 3a HO‘I&TKOBI/IX yMOB
t ((En) = tRa
{ ¢ (z,) = ¢4, (15)

Bsenemo BexTOpH

T = (t,tm)T  Pp=T(2,) = (tR,tE) ,

iy Vg

T _
Ti:<t t[]) JRi=(0,7)",8: = (0,8)) i =0,n—1,

Ta MATPUIIL

Toni zamaga (13), (14), (15) 3BoguTHCA 10 PO3B’A3yBa-
HHA €KBiBaJIEHTHOI cucTeMu audepeHItiaIbHIX PIBHIHD
3 IMIYJIbCHOIO [Ti€I0

n—1

> Cib; | T+ R, (16)

=0

T; (x;)—Ti—q (x;) = AiTi—1 (z;) +S;,i =0,n — 1, (17)

3a II0YaTKOBOI YMOBU
T (z,) = Pr. (18)
Ockifibku Ha JOBLIBHOMY MPOMIKKY [Ty, Tint1)
m=0,n—1,

T () = By, (2, @) Py + / By, (z,5) Ry, (s)ds, (19)

10 HeobXimHO obuncuTH IpaBy YactuHy piBHocri (19).
Besnocepenanoio mepeBipKo MEPeKOHYEMOCDH, IO B

npoMy BHNAAKy Marpuiig Ko oznoOpimHol cmcremu
= C,;T; mae Burisan

QOckinbku

. 1
A;Bi_y (zi,2,-1) =

e A; — TOBIIMHA, i-TO MIAPY, TO METOJOM MaTeMATHIHOT
IHAYKIIIT OTPUMYEMO

p—1
Ajta 1
1 22 ( it )
q Z )\jIj(Ej+1 + aj+lz?+1

0o L 0 + _ B (p,zq) i=q . (21)
A= @ ),c= Ny ), i=0n—1. 2
i 0 0 s Y1 0 _% ) ) 0 TIZ)
L
IMpuiimarouu B (11) m + k = n, orpumyemo
n—m-—1
—1 E
Pm =B (377“ mm) PR - B (Z'n, x7n+i+1) Z7n+i+1 . (22)
1=o0
O6uncauMo Zp, 4441, KOPUCTYIOUNCH BBEIEHUMH BUINE TIO3HAYEHHSIMH,
Tm+4i+1 1 2
R U sy @meiis =s%)\ 7 0
Lmtiel = Gmtitl 0 R e ) ds+ , =
0 1 22 T'm+i Sm+i+1
Tm+i mtitl
Tmti (2 _ x?n«l»i + -’Ei’nﬂ + Tm+i (xd ) — 3 )
— | Amgs \Tmtitl 2 3Tyt BQm i1, 1, \ mAitl m+i (23)
Tm+7’ 3 _ 3 .
3mm+l+1 (xTTL+i+1 Lmti +sm+l+1
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O6uncammo Takox B (Ty, Tmtit1) 3 (22) , BukopucTosytoun dbopmymry (21):

n—1

A 1
1 22 . > ( j+1 , )
m—+i+1 Nz xs . 2
B (Tp, Tmyit1) = jmmpagl NITITIAL 1T (24)
2
Lonti
Bpaxosyioun, 1o
n—1
1 _xTQL E(/\Aj+1 + 12 ) z - (ﬁ_h_”?)
B_1($n7 xm): j=m FTFT 41 QG +1T5 4 /Bm (.T, S) Rm (S) dS_ Am 6 5 2 5 3x , (25)
2 T'm
o6umcenuMo i3 3acrocyBanuam dopmyin (23) ra (24)
B (mn;xm—&-i—&-l) Lmtitl = (’y) , (26)
e
"m+i (2 xrszri Tm+i Tmtitl 3 3
B= N \Fmtit1 T Ty + Y + 3 2 (xm+i+1 _$m+i)+
m—+1 xm+z+1 am+1+1lr,,L+i+1
n—1
"m+i+1 3 3 2 Aji1 1
+ <3x2 (Tt = Tomgi) T Smtit1 ) Trmgisn Z N P . (27)
m4i+1 j=mait1 jlgli+1 JH14541
2
_ Tm4i /3 3 Lin+it1
- 322 (Im+i+1 - xm+i) + Sm+tit+1 272 . (28)
n n

3ayBaxKuBIIIY, IO OPH 1 = M, S = Ty, 3 (20) micraemo

am(-2)
2,

Tm
x

1
0

By, (z,2m)

)

x2
Ta, miJcTaBisioun 306paxenns (25)—(28) B (19), micas
0OYMCIeHb Ta CIPOIIEeHb, HA KOXKHOMY 3 IIPOMIiKKIB
L

I

Ty Tna1) ,m = 0,n — 1, 0CTATOYHO OTPUMAEMO 3HA-
YEeHHS BEKTOPA

Tm(x)=<’

ae

n—m—1 2
Tm+i 2 Lin4i T4 Tm4itl 3 3
tm (55) =tr — E {/\ (Im+i+1 - D) 3 ] + 3a 2 (Im-&-i—!—l - xm+i) +
i—0 m+1 m+i+1 m+i+1Lm 441
n—1
T'mitl (3 3 2 Ajt1 1
+ <3x2 ‘ (Topins = Topyi) + Smpid1 | Tonrisn E N P +
m+i+1 j=mtitl Jrjri+1 JH+14541
n—m—1 r IQ
(1] m+i (3 3 m+it1
+ | tg — § 322 ($m+i+1 - $m+z‘) + 3m+i+1T X
i=0 n n
2 n—1 2 2 3
Ty (1 o xnz) 2 2 : Aj-‘rl 1 T'm (3j _ Ty, _ $m> . (29)
n 2 ?
AmTm T = NjTiTj41 Q1T Am \ 6 2 3z
n—m—1 r 1’2 I2 r
(1] — | m+i (3 3 o Tmtitl | Tp m (3 3
tm (.CE) - tR - 372 (xm+i+1 - zm-&-i) + Smit1 72 72 32 ( - 'Im) <3O>
i=0 n n
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BucuoBknu

Ha ckinvennoMmy imTepBasi gificHoi oci BuBUYeHa,
cTpyKTypa po3B’a3ky samadi Ko gaa minifimol cmc-
TeMn andepeHtianbHX PiBHAHL 3 iIMIOYJIHLCHOIO [TiER0
3 KYCKOBO-HeImepepBHUMM Koedimientamu. Bkazano
METO/IN TIPOJIOBXKEHHSI IIhOI'O PO3B’SI3KY K IPAaBOPYH,
Tak i JIBOPYY BiJl TOYKH, B SIKi#l 33Ja€ThCs MOYATKOBA
YMOBA.

Ak npuKaam y 3aMKHeHi# dopmi A71d JOBLIBHOI Kilh-
KOCTi IapiB po3B’g3aHa CTAIIOHAPHA 331a9a PO PO3-
MIO/iJT TEMIIEPATYPHOrO IIOJiA B 0OaraToImapoBiil mopo-
JKHHUCTIHM KyJl 33 YMOB HeiZeaJIbHOTO TeIIOBOTO KOHTa-
KTy Mix 1apamu. [lepenfadaerbcs TAKOXK HASBHICTD sIK

POBIIOIIEHNX, TaK 1 30CEPEIPKEHNX BHY TPIIITHIX JI2Kepest
Terna.

Hapenena Buire 3amada He Moxke OyTH 3BeieHA [0
KOPEKTHOI quhepeHIliaJbHOl CHCTEMU MEPITOTO MOPSAIKY
[7]-[11], maTomicTs BOHA 3BORUTHCSA OO cucreMn Aude-
PEHIIIAJIbHUX PIBHAHDB 3 IMITYJIbCHOIO J€I0, M0 JA€ MO-
2KJIUBICTh 3aCTOCYBATH OCHOBHI TEOPETUYHI Pe3y/bTaru
i€l poboTH.

Tako BapTO HArOJOCUTH, IO HpeacranieHi dop-
mynamu (29) i (30) Temmeparypa Ta TEMIOBHIl TOTIK BA-
ParKalThCsl BUHATKOBO 4epe3 BUXiAHI aaHi 3ana4i (no-
9aTKOBI yMOBH, KOeIlieHTH TerIOnpOBIIHOCTI mIapiB,
iHTEHCUBHOCTI PO3MOMLIEHNX Ta 30CEPEIKEHNX BHYTDI-
HIHIX JZKepes Teria, KoedilienTu Ternonepeiadi).
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KoHCTpyKLisi po3B’A3KIB NiHIHNX iMAYALCHNX AndpepeHLiaNbHIX PIBHSHb 3 KYCKOBO-3MiHHUMU KoedilieHTamMu

KOHCTPYKIINA PEIIEHUN JINTHENHBIX UMITYJIbCHBIX
JANOPEPEHIINAJIBHBIX YPABHEHNU
C KYCOYHO-ITEPEMEHHBIMHN KO®PNITNMEHTAMI

Buacuit O. 0.2, Craciok M. @.%, Tamuit P. M.°
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WccnenoBana cTpykTypa pelnrennii TUHEHHbIX cucTeM auddepeHnnaaIbablX yPAaBHEHUN ¢ M-
MyJIbCHBIM BO3IEHCTBHEM C KYCOUHO-HEmpepbIBHbIMI K03d(ddunmentamu. [lomydeno koHctpy-
KTUBHOE M300paskeHre pemeHns 331a49n Ko n yKa3aHo CrrocoObl ero IMpOI0/IKeHus CIIPaBa U
cJleBa OT TOYKHU 33/aHUSA HAYAJIHHOTO yCaoBus. PacCMOTpeH mpuMep NpUMeHEHHUs MOJIY 9€HHBIX
PEe3yJIbTATOB B TEOPHUH TEILJIONPOBOIHOCTH.
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THE CONSTRUCTION OF THE SOLUTIONS OF LINEAR

IMPULSIVE DIFFERENTIAL EQUATIONS WITH PIECEWISE
CONTINUOUS COEFFICIENTS

Tatsij R. M., Stasjuk M. F.%, Vlasij O. O.
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35 Kleparivska Str., 79058, Lviv, Ukraine
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There has been researched the structure of solutions of linear systems of differential equati-
ons with impulse action with piecewise continuous coefficients. There has been obtained the
constructive image of Cauchy problem solution and specified the methods of its continuation
to the right and to the left from the point of starting condition. There has been examined the
example of implementation of the results obtained in the theory of heat conduction.
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