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We propose a method of solving the problem with homogeneous integral condition for non-

homogeneous evolution equation with abstract operator in linear space H. For the right-hand
side of the equation, which for fixed t belongs to special subspace N ⊆ H and is represented as
a Stieltjes integral over a certain measure, the solution of the problem is also represented as a
Stieltjes integral over the same measure.
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Introduction

The semigroup theory is very important tool for the
research on problems for evolution equations in Banach
spaces (see, e.g., [1–4]).

Nowadays, problems with integral conditions become
more and more popular since they arise when modeling
a lot of physical phenomena, e.g. diffusion of particles
in a turbulent medium, processes of heat conduction,
moisture transfer in capillary-porous media, problems of
describing the dynamics of population and problems of
demography as well. Similar problems have been stud-
ied in a lot of works (see, e. g., works [5–10]).

I. Statement of the problem

Let H be a linear space and A be a given linear
operator acting in it (A : H → H).

Assume that for λ ∈ C exists in H the solution of
the equation

Ay = λy,

which obviously is the eigenvector y(λ) of the operator
A, which corresponds to its eigenvalue λ ∈ C.

Consider entire function

a(λ) =
∞∑
k=0

akλ
k,

which is not a constant and is the symbol of linear
operator a(A).

Since Ajy(λ) = λjy(λ), j = 2, 3, . . ., we conclude

a(A)y(λ) = a(λ)y(λ), λ ∈ C. (1)

Note that, for the operator a
(
d
dx

)
and the eigenvec-

tor y(λ) = eλx of the operator A = d
dx in the space

H = C∞(R), equality (1) gets the form

a

(
d

dx

)
eλx = a(λ)eλx. (2)

Definition 1. We shall say that for arbitrary
t ∈ (0, T ), T > 0, vector f(t) from H belongs to NF , if
on Λ ⊆ C there exist a measure µ(λ) and analytical in t
linear operator Ff (t, λ) : H → H such that f(t) can be
represented in the form of Stieltjes integral

f(t) =

∫
Λ

Ff (t, λ)y(λ)dµ(λ). (3)

We consider for abstract operator A : H → H the
following problem:[

d

dt
− a(A)

]
U(t) = f(t), t ∈ (0, T ), (4)

T∫
0

U(t)dt = 0, (5)

where U : (0, T ) → H is an unknown vector-function,
f : (0, T ) → H is a given vector-function from NF , i.e.
can be represented in the form (3).

In this paper, we will show an approach to solving
the abstract problem (4), (5). Note that this work is the
continuation of previous investigations (see [11–13]).

II. Main results

Consider the entire function

η(λ) ≡
T∫

0

ea(λ)tdt =
ea(λ)T − 1

a(λ)
. (6)
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Problem with homogeneous integral condition for nonhomogeneous evolution equation

Also we consider the entire function with respect to
t, ν and λ

F (t, ν, λ) ≡
t∫

0

eντ+a(λ)(t−τ)dτ =
eνt − ea(λ)t

ν − a(λ)
. (7)

Note that function (7) is a solution of the Cauchy prob-
lem [

d

dt
− a(λ)

]
F = eνt,

F (0, ν, λ) = 0.

Denote by P the set of zeros of function (6):

P =
{
λ ∈ C : a(λ)T = 2πki, i2 = −1, k ∈ Z\{0}

}
.
(8)

Theorem 1. Function of the form

G ≡ G(t, ν, λ) =
νη(λ)eνt − ea(λ)t

(
eνT − 1

)
ν(ν − a(λ))η(λ)

(9)

has the following properties:

1) G(t, ·, λ) is entire function for λ ∈ C \P , where P is
set (8);

2) G(t, ν, ·) is analytical on C \ P function for ν ∈ C;
3) G(t, ν, λ) satisfies the equation[

d

dt
− a(λ)

]
G = eνt; (10)

4) G(t, ν, λ) satisfies the integral condition

T∫
0

Gdt = 0; (11)

� Proof. For proving properties 1) and 2) we shall
show that function (9) can be represented in the form

G(t, ν, λ) = F (t, ν, λ)− F (T, ν, λ)− F (T, 0, λ)

ν
· e

a(λ)t

η(λ)
,

(12)
where F is function (7), η(ν) is function (6).

In fact,

eνt − ea(λ)t

ν − a(λ)
−

[
eνT−ea(λ)T
ν−a(λ) − 1−ea(λ)T

−a(λ)

]
ν

· e
a(λ)t

η(λ)
=

=
eνt − ea(λ)t

ν − a(λ)
−

−
a(λ)

(
eνT − ea(λ)T

)
+ (ν − a(λ))

(
1− ea(λ)T

)
νa(λ)(ν − a(λ))

·e
a(λ)t

η(λ)
=

=
eνt − ea(λ)t

ν − a(λ)
− a(λ)eνT + ν − a(λ)− νea(λ)T

νa(λ)(ν − a(λ))
· e
a(λ)t

η(λ)
=

=
eνt − ea(λ)t

ν − a(λ)
−
a(λ)

[
eνT − 1

]
− ν

[
ea(λ)T − 1

]
νa(λ)(ν − a(λ))

·e
a(λ)t

η(λ)
=

=
eνt

ν − a(λ)
−
[
eνT − 1

]
ea(λ)t

ν(ν − a(λ))η(λ)
= G(t, ν, λ).

From the representation (12) of function G, and the
fact that the function F (t, ν, λ) as well as the function
F (T,ν,λ)−F (T,0,λ)

ν are entire with respect to ν and λ, we
conclude that properties 1) and 2) hold.

Let’s show that function (9) satisfies equation (10):[
d

dt
− a(λ)

]
νη(λ)eνt − ea(λ)t

(
eνT − 1

)
ν(ν − a(λ))η(λ)

=

=
d

dt

νη(λ)eνt − ea(λ)t
(
eνT − 1

)
ν(ν − a(λ))η(λ)

−

−a(λ)
νη(λ)eνt − ea(λ)t

(
eνT − 1

)
ν(ν − a(λ))η(λ)

=

=
ν2η(λ)eνt − a(λ)ea(λ)t

(
eνT − 1

)
ν(ν − a(λ))η(λ)

−

−a(λ)
νη(λ)eνt − ea(λ)t

(
eνT − 1

)
ν(ν − a(λ))η(λ)

=

=
ν2η(λ)eνt − a(λ)νη(λ)eνt

ν(ν − a(λ))η(λ)
= eνt.

Next we shall prove the realization of integral condi-
tion (11):

T∫
0

Gdt =
1

ν − a(λ)

 T∫
0

eνtdt− eνT − 1

νη(λ)

T∫
0

ea(λ)tdt

 =

=
1

ν − a(λ)

(
eνT − 1

ν
− eνT − 1

νη(λ)

ea(λ)T − 1

a(λ)

)
=

=
eνT − 1

ν(ν − a(λ))

(
1− 1

η(ν)
η(ν)

)
= 0.

This completes our proof. �
Lemma 1. On the set (0, T )×C× (C\P ) there

holds the following identity[
d

dt
− a(A)

]{
G(t, ν, λ)y(λ)

}
≡ eνty(λ).

� Proof. From equality (1) and property 3) of func-
tion G, for arbitrary (t, ν, λ) ∈ (0, T ) × C × (C \ P ) we
have [

d

dt
− a(A)

]{
G(t, ν, λ)y(λ)

}
=

=
d

dt

{
G(t, ν, λ)y(λ)

}
− a(A)

{
G(t, ν, λ)y(λ)

}
=

=
d

dt

{
G(t, ν, λ)y(λ)

}
− a(λ)

{
G(t, ν, λ)y(λ)

}
=

=

[
d

dt
− a(λ)

]{
G(t, ν, λ)y(λ)

}
=

=

{[
d

dt
− a(λ)

]
G(t, ν, λ)

}
y(λ) = eνty(λ).

This proves our lemma. �
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Theorem 2. Let the vector-function f(t) in
equation (4) for arbitrary t ∈ (0, T ) belongs to NF , i.e.
could be represented in the form (3), and G(t, ν, λ) be
function (9), Λ = C \ P , where P is the set (8). Then
the formula

U(t) =

∫
Λ

Ff

(
d

dν
, λ

){
G(t, ν, λ)y(λ)

}∣∣∣∣∣
ν=0

dµ(λ) (13)

defines a formal solution of problem (4), (5).
� Proof. We shall show that vector-function (13)

satisfies equation (4). In fact, using the lemma 1 and
equality (2), we obtain:[

d

dt
− a(A)

]
U(t) =

=

[
d

dt
− a(A)

] ∫
Λ

Ff

(
d

dν
, λ

){
G(t, ν, λ)y(λ)

}∣∣∣∣∣
ν=0

dµ(λ)=

=

∫
Λ

Ff

(
d

dν
, λ

){[
d

dt
− a(A)

]
G(t, ν, λ)y(λ)

}∣∣∣∣∣
ν=0

dµ(λ) =

=

∫
Λ

Ff

(
d

dν
, λ

){[
d

dt
− a(λ)

]
G(t, ν, λ)y(λ)

}∣∣∣∣∣
ν=0

dµ(λ) =

=

∫
Λ

Ff

(
d

dν
, λ

){
eνty(λ)

}∣∣∣∣∣
ν=0

dµ(λ) =

=

∫
Λ

Ff (t, λ)

{
eνty(λ)

}∣∣∣∣∣
ν=0

dµ(λ) =

=

∫
Λ

Ff (t, λ) y(λ)dµ(λ) = f(t).

Besides, from the property 4) of function G and the
linearity of operator Ff , we obtain:

T∫
0

U(t)dt =

=

T∫
0

{∫
Λ

Ff

(
d

dν
, λ

)
{G(t, ν, λ)y(λ)}

∣∣∣∣∣
ν=0

dµ(λ)

}
dt =

=

∫
Λ

Ff

(
d

dν
, λ

)
T∫

0

G(t, ν, λ)dt

 y(λ)

∣∣∣∣∣
ν=0

dµ(λ) =

=

∫
Λ

Ff

(
d

dν
, λ

)
{0} y(λ)

∣∣∣∣∣
ν=0

dµ(λ) = 0.

This proves our theorem. �
Remark 1. The Stieltjes integral in formula (13)

is taken only on Λ = C \ P since the function G(t, ν, λ)
by the property 2) is analytical with respect to λ in this
domain.

Remark 2. Vector-function (13) defines a formal
solution of the problem (4), (5), since we assume the fol-
lowing equalities to hold:[
d

dt
− a(A)

]∫
Λ

Ff

(
d

dν
, λ

){
G(t, ν, λ, )y(λ)

}
ν=0

dµ(λ) =

=

∫
Λ

Ff

(
d

dν
, λ

){[
d

dt
− a(A)

]
G(t, ν, λ)y(λ)

}
ν=0

dµf (λ),

T∫
0

{∫
Λ

Ff

(
d

dν
, λ

)
{G(t, ν, λ)y(λ)}


ν=0

dµ(λ)

}
dt =

=

∫
Λ

Ff

(
d

dν
, λ

)
T∫

0

G(t, ν, λ)dt

 y(λ)


ν=0

dµ(λ).

as well as the integrals in those formulas to exist.

Remark 3. If a(λ) ≡ a = const and
aT ̸=2πki, k∈Z\{0} then P = ∅, so in Theorem 2
Λ = C. Whereas if for k0 ∈ Z\{0} the condition
aT = 2πk0i holds, then P = C. In this case, a solu-
tion of problem (4), (5) does not exist for f(t) ̸≡ 0 , and
the problem has nonzero solutions when f(t) ≡ 0.

III. Applying the abstract approach to
solving a problem with integral con-
dition for PDE

Consider the problem[
∂

∂t
−a
(
∂

∂x

)]
U(t, x) = f(t, x), (t, x) ∈ (0, T )× R,

(14)
T∫

0

U(t, x)dt = 0, x ∈ R, (15)

where a
(
∂
∂x

)
is a differential expression with entire sym-

bol a(λ) ̸= const. Problem (14), (15) has been stu-
died in the work [14] by means of the differential-symbol
method [15, 16].

We can treat problem (14), (15) as a particular case
of problem (4), (5) with operator A = ∂

∂x and its eigen-
vector eλx.

Let H be a class of entire functions f(t, x) and NF
be a subclass of H, namely:

NF is a class of entire functions f(t, x) which for any
t ∈ (0, T ) are quasipolynomials from KC\P [14], i.e.

f(t, x) =
m∑
j=1

Qj(t, x)e
αjx,

18 Ìàòåìàòèêà
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where α1, . . . , αm ∈ C \ P , Q1(t, x), . . . , Qm(t, x) are
entire functions which for t ∈ (0, T ) are polynomials,
m ∈ N. For f ∈ NF , as a measure µ(λ) on Λ = C \ P ,
we take the Dirac delta-measure on Λ, for which the in-
tegral

∫
Λ

g(λ)dµ(λ) equals g(0) when 0 ∈ Λ and equals

0 when 0 /∈ Λ. As an analytical linear operator Ff , we
take the operator whose action is de�ned as follows:

Ff (t, λ)e
λx ≡ f

(
t,
ξ

)
eξx
∣∣∣∣
ξ=λ

.

We shall show that for f ∈ NF there holds the equality
(analogue of equality (3)):

f(t, x) =

∫
Λ

Ff (t, λ)e
λxdµ(λ).

In fact,∫
Λ

Ff (t, λ)e
λxdµ(λ) =

∫
Λ

f
(
t,
λ

)
eλxδ(λ)dλ =

=

∫
Λ

f(t, x)eλxδ(λ)dλ = f(t, x)eλx
∣∣
λ=0

= f(t, x).

From formula (13) of the solution of problem (4), (5),
for problem (14), (15) we have

U(t, x) =

∫
Λ

f
(
ν
,
λ

){
G(t, ν, λ)eλx

} ∣∣∣∣∣
ν=0

dµ(λ) =

= f
(
ν
,
λ

){
G(t, ν, λ)eλx

} ∣∣∣∣∣
λ=ν=0

.

We obtain the following result that has been ob-
tained in the work [14, theorem 1] by means of the
di�erential-symbol method.

Theorem 3. Let f(t, x) in equation (14) be entire
function and, for arbitrary t ∈ (0, T ) belongs to KC\P ,
where P is set (8). Then, in the class of entire functions
U(t, x) which for �xed t ∈ (0, T ) belong to KC\P , there
exists a unique solution of problem (14), (15), which can
be represented in the form

U(t, x) = f
(
ν
,
λ

){
G(t, ν, λ)eλx

} ∣∣∣∣∣
λ=ν=0

,

where G(t, ν, λ) is the function (9).

Conclusions

We propose an approach to solving a problem with
homogeneous integral condition for nonhomogeneous
evolution equation with abstract operator in a linear
space. The solution of the problem is represented in the
form of Stieltjes integral over a certain measure. We
give an example of application of the proposed abstract
approach to solving the problem with homogeneous
integral time condition for nonhomogeneous PDE of
�rst order in time and, in general, in�nite order in spa-
tial variable.

In future research, it would be interesting to develop
a similar method for solving higher order di�erential-
operator equations.
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ïîäïðîñòðàíñòâó N ⊆ H è ïðåäñòàâëåííîé èíòåãðàëîì Ñòèëòüåñà ïî íåêîòîðîé ìåðå,
ðåøåíèå çàäà÷è ïðåäñòàâëåíî òîæå â âèäå èíòåãðàëà Ñòèëòüåñà ïî ýòîé æå ìåðå.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíî-ñèìâîëüíûé ìåòîä, ýâîëþöèîííîå óðàâíåíèå, çàäà÷è

ñ èíòåãðàëüíûìè óñëîâèÿìè.

2000 MSC: 60J10

ÓÄÊ: 517.983+517.95

ÇÀÄÀ×À Ç ÎÄÍÎÐIÄÍÎÞ IÍÒÅÃÐÀËÜÍÎÞ ÓÌÎÂÎÞ
ÄËß ÍÅÎÄÍÎÐIÄÍÎÃÎ ÅÂÎËÞÖIÉÍÎÃÎ ÐIÂÍßÍÍß

Êàëåíþê Ï. I.a, b, Íèòðåáè÷ Ç. Ì.a, Êîãóò I. Â.a, Êóäóê �.b, Ïóêà÷ Ï. ß.a

aÍàöiîíàëüíèé óíiâåpñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�
âóë. Ñ. Áàíäåpè, 12, 79013, Ëüâiâ, Óêðà¨íà

bÆåøóâñüêèé óíiâåðñèòåò
âóë. Ðåéòàíà, 16-À, 35-959, Æåøóâ, Ïîëüùà

Çàïðîïîíîâàíî ìåòîä ðîçâ'ÿçàííÿ çàäà÷i ç îäíîðiäíîþ iíòåãðàëüíîþ óìîâîþ äëÿ íåîä-
íîðiäíîãî åâîëþöiéíîãî ðiâíÿííÿ ç àáñòðàêòíèì îïåðàòîðîì ó ëiíiéíîìó ïðîñòîði H. Äëÿ
ïðàâî¨ ÷àñòèíè ðiâíÿííÿ, ùî äëÿ ôiêñîâàíîãî t íàëåæèòü äî ñïåöiàëüíîãî ïiäïðîñòîðó
N ⊆ H i çîáðàæà¹òüñÿ iíòåãðàëîì Ñòiëòü¹ñà çà äåÿêîþ ìiðîþ, ðîçâ'ÿçîê çàäà÷i çîáðàæåíî
òàêîæ ó âèãëÿäi iíòåãðàëà Ñòiëòü¹ñà çà öi¹þ æ ìiðîþ.

Êëþ÷îâi ñëîâà: äèôåðåíöiàëüíî-ñèìâîëüíèé ìåòîä, åâîëþöiéíå ðiâíÿííÿ, çàäà÷i ç iíòåã-

ðàëüíèìè óìîâàìè.

2000 MSC: 60J10

ÓÄÊ: 517.983+517.95

20


