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1. Introduction

Nowadays, there are hundreds of ground-based and space-
based telescopes operating in the world [1]. Even publicly 
accessible archives contain petabytes of digital images [2]. 
Meanwhile, most of the observation results do not contain 
information about the equatorial coordinates of the measured 
objects in the digital frame. Therefore, before using such 
images in most research tasks it is required to determine the 
spherical coordinates of the measured objects. To solve this 
problem it is necessary to tentatively perform an astrometric 
reduction [3].

The classic astrometric reduction was designed for clas-
sical astrographs with a comparatively small field of view. 
These telescopes produce an image of the sky area which 
with a good approximation may be considered as a central 
projection of the sphere onto a plane. For such telescopes, the 
main provisions of Gaussian optics are fair. However, today 
most of modern survey telescopes are ultra wide-field and 
super light-sensitive systems with a spherical field of view. 
The presence of aberrations in such optical systems leads to 
the violation of the Gaussian optic laws [4]. Nevertheless, the 
central projection is still the closest to the real astrophoto 
mathematical model with which it is possible to solve many 
astronomical problems. But in each case it is necessary to 
choose the right reduction model and complement it with the 
necessary members in order to minimize differences between 
the model and the real image.

Images of objects that are located in the frame center 
have minor deviations from the central projection laws. 
Therefore, using of linear reduction model may be enough 
to assess their coordinates. However, astrometry of all ob-
jects in the frame requires a model which, on the one hand, 
approximates aberrations of the telescope optical system on 
the entire frame, and eliminates the approximation of noise 
bursts on the other. That is why one of the most important 
decisions is choosing the optimal astrometry reduction mod-
el for a particular optical system.

2. Literature review and problem statement

The problem of determining object’s equatorial coordi-
nates relative to the equatorial coordinates of known refer-
ence stars, which position in the image is known, is considered 
as a classic in many textbooks [3, 5]. The main disadvantage of 
this classic reduction method is the requirement for the pres-
ence of a sufficient number of evenly spaced reference stars in 
the digital frame. This disadvantage is a serious problem for 
telescopes with a small field of view. However, publication of 
high-density star catalogs, that cover entire celestial sphere 
(such as UCAC4 [6], РРМХL [7], XPM [8, 9]) and contain 
hundreds of millions of objects, solve this problem.

Papers [10, 11] present a non-classical reduction of digi-
tized images of the sky obtained from telescopes with a wide 
field of view (more than 1 square degree). In these papers to 
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convert from measured to tangential coordinates a full poly-
nomial function of the sixth power has been used. At the same 
time, analysis of the importance and correctness of usage of all 
the reduction model coefficients was not carried out. In papers 
[12, 13] to obtain precise equatorial coordinates of celestial 
objects from digitized photographic plates the classic reduc-
tion model was used. However, in these papers the assessment 
of object coordinates obtained using wide-field telescopes, as 
well as the impact of various aberrations that requires using 
the reduction model other than the classic was not taken into 
account. Presented in the paper [14] reduction methods differ 
from each other both in the number of defined parameters and 
in the required number of reference stars. Meanwhile, this 
paper is not considered a particular astronomical reduction 
when the image contains distortions caused by the character-
istics of the optical system.

Methods of assessing of equatorial coordinates of the 
objects were considered in the paper [15]. But the accuracy 
indicators of the objects positions measurement were not 
presented. In the paper [16] according to the research re-
sults the dependence between the mean square assessment 
of equatorial coordinates and the number of identified stars 
depending on the model of constants plate was shown. 
However, the results are based on using of USNOB1.0 [17] 
reference stars catalog, which has lower accuracy compared 
to the UCAC4 [6] that is used in this paper. This is a signif-
icant disadvantage of the paper [16] since the accuracy of 
astronomical reduction depends on the accuracy of used star 
catalog. Another disadvantage of the paper is the use only of 
a cubic reduction model which may be insufficient for wide-
field telescopes.

Thus, it is necessary to consider different reduction poly-
nomial models. At the same time, it is appropriate to assess 
the significance of the reduction model coefficients and de-
termine the influence of the polynomial model power on the 
accuracy of object’s position assessment.

3. The purpose and research problems

The purpose of the research is to analyze the influence 
of the reduction model power on the accuracy of the object’s 
position assessment.

To achieve this goal the following tasks were solved:
– assessment of the celestial objects positions using re-

duction models of the third and fifth power;
– introducing indicators of the measurement accuracy of 

objects positions in the digital frame;
– investigation of the reduction models power influence 

on the analyzed accuracy indicators;
– assessment of the coefficients significance of the inves-

tigated reduction models using the f – Fisher criteria.

4. Measuring the positions of objects in digital frames

Objects position determination [16] and reference stars 
selection have been performed on digital frame [18]. The 
arbitrarily chosen reference star S is known by its coordi-
nates in a digital frame coordinate system (x, y), and the 
equatorial coordinates (α, δ) [19], obtained from the refer-
ence stars catalog.

Distortions of telescope optical system [20–22] violate 
the laws of central projection. Thus, star coordinates (x, y) 

in the digital frame coordinate system [23] do not equal to 
the ideal coordinates (ξ, η) obtained according to formulas 
of central projection [3].

It is assumed that errors in positions representation of 
celestial objects on a digital frame were taken into account in 
the form of the reduction polynomial [24, 25]. The results of 
the performed reduction provide information about refined 
coordinates of the frame center 

k k0 0( , )ξ η  and the vector of 
the coefficients of selected reduction model constants plates:

{ }x 0, 1 pa a ,...,a ,θ =   (1)

in which:

{ }x 0, 1 pa a ,...,a ;θ =     (2)

{ }y 0, 1 pb b ,...,b ,θ =     (3)

where p  is the number of the coefficients used.
This paper assumes that as reduction polynomial the 

model of the third power has been used [20]:

2
i 0 1 i 2 i 3 i 4 i i

2 3 2 2 3
5 i 6 i 7 i i 8 i i 9 i

a a x a y  a x a x y

a y a x a x y a x y a y ;

ξ = + + + + +

+ + + + +    (4)

2
i 0 1 i 2 i 3 i 4 i i

2 3 2 2 3
5 i 6 i 7 i i 8 i i 9 i

b b x b y  b x b x y

b y b x b x y b x y b y ,

η = + + + + +

+ + + + +   (5)

where (x, y), i i( , )ξ η  are coordinates of the i object in the 
celestial coordinate system and in the ideal digital frame 
coordinate system respectively.

To investigate the influence of the reduction model the 
polynomial of the fifth power has been used: 

i i i

2 2 3 2
i 0 1 i 2 i 3 i 4 i i 5 i 6 i 7 i i

2 3 4 3 2 2 3 4
8 i i 9 10 i 11 i 12 i i 13 i 14 i

5 4 3 2 2 3 4 5
15 i 16 i i 17 i i 18 i i 19 i i 20 i

a a x a y a x a x y a y a x a x y

a x y a y a x a x y a x y a x y a y

a x a x y a x y a x y a x y a y ;

ξ = + + + + + + + +

+ + + + + + + +

+ + + + + +  (6)

2 2 3 2
i 0 1 i 2 i 3 i 4 i i 5 i 6 i 7 i i

2 3 4 3 2 2 3 4
8 i i 9 i 10 i 11 i i 12 i i 13 i i 14 i

5 4 3 2 2 3 4 5
15 i 16 i i 17 i i 18 i i 19 i i 20 i

b b x b y b x b x y b y b x b x y

b x y b y b x b x y b x y b x y b y

b x b x y b x y b x y b x y b y .

η = + + + + + + + +

+ + + + + + + +

+ + + + + + (7)

Based on the discussed initial data we need to assess the 
influence of the reduction model on the indicators of accu-
racy assessment of the objects equatorial coordinates. It is 
also necessary to assess the significance of coefficients of the 
investigated reduction models.

5. Building residuals field 

Analyzed digital frame with angular dimensions of Rx 
and Ry along x and y axis respectively is divided into l rect-
angular fragments. The angular size of l fragment along the 
x and y axes are defined as:

x
lx

R
R ,

l
=     (8)

y
ly

R
R .

l
=     (9)
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Belonging of the i-th star to the l-th fragment is deter-
mined by the condition of entering its coordinates in the 
fragment boundaries:

l 1x i lx

l 1y i ly

R x R ,

R y R .
−

−

≤ <
 ≤ <

    (10)

Using the obtained assessments of constants plates 
coefficients θ̂  (1), values of the refined coordinates of the 
frame center 

k k0 0( , )ξ η  and coordinates of the i-th object in 
the digital frame coordinate system (xi, yi) assessment of the 
object’s equatorial coordinates is calculated ( i ,α  iδ ). 

Residuals between assessments ( i ,α  iδ ) and catalog 
values ( j,α  ) of the equatorial coordinates (right ascension 
and declination) of the k-th star in the l-th fragment are 
defined as:

ij( k ) i(k) j(k) i(k)( ) cos ;α∆ = α − α ⋅ δ   (11)

ij( k ) i(k) j(k),δ∆ = δ − δ     (12)

where ( )i k ,α ( )i k ,δ ( )j k ,α ( )j kδ  are right ascension and declina-
tion of the l frame measurement and the j catalog item, that 
constitute the k identified couple.

Assessment of the mean deviation of residuals of object’s 
equatorial coordinates in the l fragment is defined as: 

l

ij( k ) ij( k )

N

l
i 1

ˆE(RA) / N ;α α
=

= ∆ = ∆∑   (13)

l

ij( k ) ij( k )

N

l
i 1

ˆE(DE) / N ,δ δ
=

= ∆ = ∆∑   (14)

where Nl is the number of objects in the l fragment.
Assessment of the standard deviation of residuals as-

sessments of right ascension and declination is calculated 
as follows:

l

ij( k ) ij( k ) ij( k )

N

l
i 1

ˆRMS(RA) ( ) / N ;δ α α
=

= σ = ∆ − ∆∑  (15)

l

ij( k ) ij( k ) ij( k )

N

l
i 1

ˆRMS(DE) ( ) / N .δ α α
=

= σ = ∆ − ∆∑  (16)

Similarly, mathematical expectation (ˆ ,α∆  ˆ
δ∆ ) and stan-

dard deviation of residuals ( ,ασ  δσ ) are calculated for the 
entire frame by using all of the Nobj reference stars.

The resulting values of the above calculations are pre-
sented in tabular form in which each m-th cell of the n-th row 
corresponds to the l-th fragment (Table 1).

Table 1

Residuals field in table form

Count 39 121 110 102 125 93 123 137 122 152

E(Ra) –0.05 0.00 0.02 0.02 0.01 0.00 0.00 0.00 0.00 0.00
RMS(Ra) 0.05 0.06 0.06 0.05 0.06 0.06 0.07 0.06 0.06 0.06

E(De) –0.02 –0.01 0.00 0.02 0.00 0.00 –0.01 0.00 –0.01 –0.01

RMS(De) 0.05 0.06 0.05 0.06 0.06 0.07 0.05 0.06 0.05 0.06

E(X) –0.02 0.01 0.01 0.02 0.01 0.01 0.01 0.01 0.01 0.00
RMS(X) 0.03 0.04 0.03 0.03 0.03 0.03 0.04 0.03 0.03 0.03

E(Y) –0.02 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00
RMS(Y) 0.04 0.03 0.03 0.03 0.03 0.04 0.03 0.03 0.03 0.03

Count 131 137 125 154 172 134 170 118 109 119
E(Ra) –0.01 0.01 0.01 0.00 0.00 –0.01 0.00 –0.02 –0.01 0.01

RMS(Ra) 0.07 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.05
E(De) –0.02 0.03 0.02 –0.01 –0.01 –0.02 –0.01 0.01 0.01 0.00

RMS(De) 0.06 0.05 0.05 0.05 0.05 0.06 0.05 0.06 0.05 0.05
E(X) –0.01 0.01 0.01 0.01 0.00 –0.01 0.00 0.00 0.00 0.00

RMS(X) 0.05 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03
E(Y) –0.01 0.01 0.01 –0.01 –0.01 –0.01 –0.01 0.00 0.01 0.00

RMS(Y) 0.03 0.02 0.02 0.03 0.03 0.03 0.03 0.03 0.03 0.03

Count 148 138 135 146 119 130 131 177 172 129

E(Ra) 0.01 0.02 –0.01 –0.03 –0.03 –0.02 0.01 0.00 –0.01 0.00
RMS(Ra) 0.06 0.06 0.06 0.06 0.05 0.06 0.07 0.06 0.06 0.07

E(De) 0.01 0.00 0.00 –0.02 0.00 –0.01 0.00 0.01 0.01 0.02
RMS(De) 0.04 0.06 0.05 0.06 0.05 0.06 0.05 0.06 0.05 0.05

E(X) 0.01 0.01 0.00 –0.01 –0.01 –0.01 0.01 0.00 0.00 0.00
RMS(X) 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03

E(Y) 0.01 0.00 0.00 –0.01 0.00 0.00 0.00 0.00 0.01 0.01
RMS(Y) 0.02 0.03 0.02 0.03 0.02 0.03 0.03 0.03 0.02 0.03

Count 128 151 193 178 109 182 165 170 171 185
E(Ra) 0.02 –0.01 0.00 –0.02 –0.01 0.01 0.01 0.01 0.01 0.00

RMS(Ra) 0.05 0.05 0.06 0.06 0.05 0.06 0.06 0.07 0.06 0.06
E(De) 0.01 –0.01 –0.01 –0.01 0.00 0.00 0.00 0.00 0.00 0.01

RMS(De) 0.05 0.05 0.05 0.06 0.06 0.05 0.05 0.05 0.05 0.05
E(X) 0.01 0.00 0.00 –0.01 0.00 0.01 0.01 0.01 0.01 0.00

RMS(X) 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03
E(Y) 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

RMS(Y) 0.03 0.03 0.02 0.03 0.03 0.03 0.03 0.02 0.03 0.03
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Table 1 was formed using catalog 
values and the assessments positions 
of reference stars on the series of 
frames. Frames were obtained at the 
observatory ISON-NM (Н15). The 
exposure time was 150 sec. Table 2 
shows telescope technical specifica-
tions.

Table 2

Technical characteristics of 
Centurion-18 telescope 

N
Telescope technical  

characteristics:

1 Instrument 0.45–m f/2.8

2 CCD-matrix FLI ML09000-65

3
Frame size 

(pixels)
3056×3056

4
Pixel height 
and width  
(microns)

12×12

5
Focal length 

(mm)
1270.0

6
Field of view 

(arcmin.)
' '1 39 1 40× 

Using the computational method 
described in [26] and its implemen-
tation in CoLiTec software [27–29], 
the dependences of assessments of re-
siduals by frame axes were obtained 
(Fig. 1–6).

 
a  
 
 
 
 
 
 
 
 
 
 
 
b 

Fig. 1. Dependence of the right 
ascension residuals of the reference 

stars by frame abscissa:  
a – third-power model, 
 b – fifth-power model

 

 
a                                                                  b  

Fig. 2. Dependence of the right ascension residuals of the reference stars by frame 
ordinate: a – third-power model, b – fifth-power model

 
a                                                                  b  

Fig. 3. Dependence of the declination residuals of the reference stars by frame 
abscissa: a – third-power model, b – fifth-power model

 
a                                                                  b  

Fig. 4. Dependence of the declination residuals of the reference stars by frame 
ordinate: a – third-power model, b – fifth-power model

 
a                                                                  b  

Fig. 5. Residuals field of the right ascension:  
a – third-power model, b – fifth-power model
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Fig. 1–6 show presence of a latent sinusoidal component 
in case of using the model of the third power. In Fig. 5, a, 6, a  
its presence is obvious. On the other hand, the use of reduc-
tion model of the fifth power (6), (7) practically eliminates 
it. Table 3 shows the results of analysis of indicators of the 
measurement accuracy of objects positions for the consid-
ered reduction models.

Table 3

Analysis results of influence of reduction model power

Parameter of comparison
Model of  

the third power
Model of  

the fifth power

Reference stars

Number of reference stars 14018 15930

ˆ 0.25αδ∆ <  arcsec. 13897 15928

,ασ  arcsec. 0.09 0.05

,δσ  arcsec. 0,09 0,06

Quantile 0.9 of  
α residual module, arcsec.

0.139 0.088

Quantile 0.9 of  
δ residual module, arcsec.

0.141 0.09

Quantile 0.99 of  
α residual module, arcsec.

0.180 0.12

Quantile 0.99 of  
δ residual module, arcsec.

0.186 0.12

UCAC4 stars

Number of UCAC4 stars 39571 39575

ˆ
α∆ , arcsec. 0.00 0.00

ˆ
δ∆ , arcsec. –0.01 –0.01

ασ , arcsec. 0.24 0.18

δσ , arcsec. 0.26 0.20

Quantile 0.9 of  
α residual module, arcsec.

0.342 0.256

Quantile 0.9 of  
δ residual module, arcsec.

0.377 0.285

Quantile 0.99 of  
α residual module, arcsec.

0.734 0.551

Quantile 0.99 of  
δ residual module, arcsec.

0.780 0.606

As shown in Table 3 the use of the reduction model of 
the fifth power immediately gives positive results in terms 

of accuracy. Similarly, it may be not-
ed that incensement of the reduction 
model power practically eliminates 
the dependence of object’s position 
measurement RMS from its location 
in the frame.

8. Research of  
significance of reduction model 

coefficients 

To investigate the significance of 
the coefficients of constants plates we 
used the catalog and the assessed val-
ues of coordinates of reference stars in 
one frame.

The research was carried out using a direct reduction 
model of the third power (4), (5). To get LS-estimation of 
coefficients of constants plates the set of N  reference stars 
has been used. Each i-th reference star is known by its equa-
torial coordinates from the catalog ( i ,α  iδ ) and its estimated 
rectangular coordinates (xi, yi). Using the formulas of spher-
ical geometry for each i-th star from its catalog equatorial 
coordinates ( i ,α  iδ ) the coordinates were obtained in the 
ideal coordinate system ( i ,ξ  iη ).

According to [24] the residual sum of squares 0R α, 0R δ 
for α and δ was calculated respectively:

N
' 2

0 i i
i 1

R ( ) ;α
=

= α − α∑    (17)

N
' 2

0 i i
i 1

R ( ) ,δ
=

= δ − δ∑     (18)

where i ,α  iδ  is the catalog equatorial coordinates of the i-th 
reference star; '

i ,α  '
iδ  is the equatorial coordinates of the 

i-th reference star obtained from its rectangular coordinates 
(xi, yi) using the cubic model (4), (5) by a known vector of 
constants plates θ (1) and converted into the equatorial co-
ordinates by formulas of spherical geometry [3].

The value of the Fisher f-criteria for ( 0R ,α 1R α) and ( 0R ,δ

1R δ) is defined by [24]:

2 2 2
1 0 0

1

R R R
F ;

k N r
α α α

α
−=

−
   (19)

1

2 2 2
0 0

1

R R R
F ,

k N r
δ δ δ

δ

−
=

−
   (20)

where k is the number of investigated factors of regression 
model; r – rank of the matrix of partial derivatives Fx  
( x mearangF r min(m,N ),= ≤  m=2, since two parameters are 
evaluated – (x, y)); 1R α, 1R δ is the residual dispersion when 
portions of the reduction model are excluded.

To calculate the value of the Fisher f-criterion of linear 
coefficients significance of constants plates as 1R ,α  1R δ were 
used a residual sum of squares 

linear1R α and 
linear1R ,δ  which 

values were defined by the model with excluded linear com-
ponent: 

2 2 3 2 2 3
i 3 i 4 i i 5 i 6 i 7 i i 8 i i 9 ia x a x y a y a x a x y a x y a y ;ξ = + + + + + +            (21)

2 2 3 2 2 3
i 3 i 4 i i 5 i 6 i 7 i i 8 i i 9 ib x b x y b y b x b x y b x y b y .η = + + + + + +  (22)

a                                                                  b  
Fig. 6. Residuals field of the declination: a – third-power model b – fifth-power model
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Similarly, for the investigation of significance of the 
reduction coefficients of the residual model of the second 
power the sum of squares 

quadratic1R ,α  
quadratic1R ,δ  was calculated. 

The calculation of '
i ,α  '

iδ  was performed according to the 
expression:

3 2 2 3
i 0 1 i 2 i 6 i 7 i i 8 i i 9 ia a x a y  a x a x y a x y a y ;ξ = + + + + + +  (23)

3 2 2 3
i 0 1 i 2 i 6 i 7 i i 8 i i 9 ib b x b y  b x b x y b x y b y .η = + + + + + +  (24)

The calculation of residual dispersions 1 cubicR ,α  1 cubicR δ  
were carried out in the absence of cubic components in the 
reduction model:

2 2
i 0 1 i 2 i 3 i 4 i i 5 ia a x a y a x a x y a y ;ξ = + + + + +   (25)

2 2
i 0 1 i 2 i 3 i 4 i i 5 ib b x b y b x b x y b y .η = + + + + +   (26)

The calculation results are presented in Table 4. 

Analogous investigations were carried out with a 
fifth-power polynomial (Table 5). In this case, the residual 
sum of squares

forth1R ,α  1 forthR ,δ  was obtained using the values 
'
i ,α  '

iδ  that had been calculated without the fourth-power 
polynomial components:

i

2
i 0 1 i 2 i 3 i 4 i i

2 3 2 2 3
5 i 6 i 7 i i 8 i i 9

5 4 3 2 2 3
15 i 16 i i 17 i i 18 i i

4 5
19 i i 20 i

a a x a y a x a x y

a y a x a x y a x y a y

a x a x y a x y a x y

a x y a y ;

ξ = + + + + +

+ + + + + +

+ + + + +

+ +   (27)

i

2
i 0 1 i 2 i 3 i 4 i i

2 3 2 2 3
5 i 6 i 7 i i 8 i i 9

5 4 3 2 2 3
15 i 16 i i 17 i i 18 i i

4 5
19 i i 20 i

b b x b y b x b x y

b y b x b x y b x y b y

b x b x y b x y b x y

b x y b y .

η = + + + + +

+ + + + + +

+ + + + +

+ +   (28)

The values of 1 fifthR α  and 1 fifthR δ were defined by the mod-
el with excluded fifth-power components:

2
i 0 1 i 2 i 3 i 4 i i

2 3 2 2 3
5 i 6 i 7 i i 8 i i 9 i

4 3 2 2 3 4
10 i 11 i i 12 i i 13 i i 14 i

a a x a y a x a x y

a y a x a x y a x y a y

a x a x y a x y a x y a y ;

ξ = + + + + +

+ + + + + +

+ + + + +   (29)

2
i 0 1 i 2 i 3 i 4 i i

2 3 2 2 3
5 i 6 i 7 i i 8 i i 9 i

4 3 2 2 3 4
10 i 11 i i 12 i i 13 i i 14 i

b b x b y b x b x y

b y b x b x y b x y b y

b x b x y b x y b x y b y .

η = + + + + +

+ + + + + +

+ + + + +   (30)

The results of calculation of the Fisher criteria for exclu-
sion of each coefficient of reduction models are presented in 
Table 6.

Table 5

The results of calculation of the Fisher f-criteria when parts 
of the fifth-power reduction model are excluded

№
Excluded  

model coefficients
R / Nα R / Nδ Fα Fδ

1
0 1 i 2 ia a x a y ;+ +  
0 1 i 2 ib b x b y ;+ + 2·106 1.9·106 8.2·1019 1.05·1020

2
2 2

3 i 4 i i 5 ia x a x y a y ;+ +  
2 2

3 i 4 i i 5 ib x b x y b y ;+ +
0.09 0.02 1.6·105 2.4·104

3
3 2 2 3

6 i 7 i i 8 i i 9 ia x a x y a x y a y ;+ + +
 

3 2 2 3
6 i 7 i i 8 i i 9 ib x b x y b x y b y ;+ + +

0.27 0.09 6.4·105 1.8·105

4

i

i

4 3
10 i 11 i

2 2 3 4
12 i i 13 i 14 i

a x a x y

a x y a x y a y ;

+ +

+ + +  
4 3

10 i 11 i i

2 2 3 4
12 i i 13 i i 14 i

b x b x y

b x y b x y b y ;

+ +

+ + +

0.03 0.01 1.3·104 2.3·103

5

5 4 3 2
15 i 16 i i 17 i i

2 3 4 5
18 i i 19 i i 20 i

a x a x y a x y

a x y a x y a y ;

+ + +

+ + +  
5 4 3 2

15 i 16 i i 17 i i

2 3 4 5
18 i i 19 i i 20 i

b x b x y b x y

b x y b x y b y .

+ + +

+ + +

0.06 0.006 3.6·104 426

Table 6

The results of calculation of the Fisher f-criteria when 
coefficients of the fifth-power reduction model are excluded

№
Excluded model 

coefficients
R / Nα R / Nδ Fα Fδ

1 0a 0.002 0.002 2.9·10–8 –9·10–9

2 1 ia x 58.8 1.9·106 1.9·1013 3.1·1020

3 2 ia y 2·106 6.4·102 2.4·1020 3.5·1013

4 2
3 ia x 0.003 0.002 362.7 159.2

5 4 i ia x y  0.002 0.014 23.4 1.6·104

6 2
5 ia y 0.08 0.015 4.2·105 2·104

7 3
6 ia x 0.08 0.05 3.8·105 2.3·105

8 2
7 i ia x y 0.02 0.002 2.8·104 77.40

9 2
8 i ia x y 0.03 0.017 4.8·104 2.3·104

10 3
9 ia y 0.02 0.002 3.9·104 7.1

11 4
10 ia x 0.002 0.002 1.4 50.05

12 i
3

11 ia x y 0.002 0.003 0.7 547

13 2 2
12 i ia x y 0.005 0.002 1.4·103 102

14 i
3

13 ia x y 0.002 0.003 11.7 925

15 4
14 ia y 0.02 0.006 3.2·104 3·103

16 5
15 ia x 0.02 0.003 2.4·104 513

17 4
16 ia x y 0.002 0.002 1.9 89

18 3 2
17 i ia x y 0.01 0.002 6.8·103 297

19 2 3
18 i ia x y 0.002 0.002 12.5 174

20 4
19 i ia x y 0.007 0.002 2.2·103 0.35

21 5
20 ia y 0.007 0.002 2.8·103 0.8

Table 4

The results of calculation of the Fisher f-criteria without 
third-power polynomial coefficients

№
Excluded model  

coefficients
R / Nα R / Nδ Fα Fδ

1
0 1 i 2 ia a x a y ;+ +

 

0 1 i 2 ib b x b y ;+ +
1444 1377 3.02·1019 6.73·1019

2

2 2
3 i 4 i i 5 ia x a x y a y ;+ +

 
2 2

3 i 4 i i 5 ib x b x y  b y ;+ +
0.1 0.08 817.08 696

3

3 2 2 3
6 i 7 i i 8 i i 9 ia x a x y a x y a y ;+ + +

3 2 2 3
6 i 7 i i 8 i i 9 ib x b x y b x y b y .+ + +

0.3 0.38 7.6·104 2.8·105

Note: бR / N = 0.06;  дR / N = 0.04
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Based on Tables 4–6 we can conclude that the most 
significant coefficients of investigated reduction models are 
linear components, specifically a1xi and a2yi.

Concurrently, the significance of the fifth-power reduc-
tion model coefficients is comparable with the coefficients of 
the cubic model. This means that the fifth-power model co-
efficients have an important influence on the approximation 
of the aberrations of the optical system, which justifies the 
application of the investigated reduction model.

9. Conclusions

1. The estimation of celestial objects positions using 
cubic and fifth-power reduction models was carried out. 
The reduction models were built using the selected set of 
reference stars. In this paper as the reference stars catalog 
the UCAC4 was used.

2. For carrying out the comparative analysis of the inves-
tigated reduction models the accuracy indicators of objects 
positions measuring have been introduced. These include 
estimates of the mean and standard deviation of assessment 

of objects equatorial coordinates in each frame fragment; 
dependence of right ascension and declination residuals by 
frame’s ordinate and abscissa; number of reference stars from 
the catalog and its spread in the digital frame.

3. Using entered accuracy indicators the investigation of 
the third and fifth-power reduction model was carried out. 
The investigation established the presence of a sinusoidal 
component in the dependence of the deviations of parame-
ters of celestial objects when the cubic reduction model is 
used. At the same time, for the fifth-power reduction model 
the dependence was almost completely absent. Analysis of 
reduction models also showed improvement of the investi-
gated accuracy indicators of assessments of celestial objects 
positions for the fifth-power model.

4. We assessed the significance of the investigated reduc-
tion model coefficients using the Fisher f-criteria. Assess-
ment was carried out for parts of reduction models, as well 
as individually for each coefficient. The assessment showed 
that the significance of the fifth-power model coefficients 
is quite comparable to the coefficients of the cubic model 
which proves the validity of its application for assessing the 
positions of celestial objects in digital frames.
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