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1. Introduction

A network of gas pipelines that run through the terri-
tory of Ukraine ensures continuous supply of gas both to 
enterprises of the country and for export to the countries 
of Central and Eastern Europe. As present [1], the total 
length of gas pipelines reaches 34.8 thousand km. The 
estimated through-put capacity of gas transportation 
system when entering Ukraine is 288 billion m3 per year  
(800 million m3 per day). 

Design capacity of the gas transportation system (GTS) 
of Ukraine in the direction of countries of Western Europe 
and Turkey is 142 billion cubic meters per year while the ac-
tual volume of transit in 2014 was 60 billion cubic meters [2]. 

Thus, the Ukrainian GTS has excessive capacity, which 
makes it a relevant task to choose the number of parallel 
working units at each compressor station and their rotation 
frequency, based on the selected criteria for performance 
efficiency of the groups of parallel units.

2. Literature review and problem statement

In papers [3–9], authors stated and solved problems of 
the optimal redistribution of flows between parallel working 
units. For the given cases, the authors apply different ap-
proaches to solving such problems. Article [3] sets the task 

to minimize consumption of fuel gas for the selected section 
of a gas pipeline, which has a certain number of compressor 
stations. The problem is set for the assigned pressures at the 
inlet and outlet of each element of a gas pipeline on finding 
such controlling actions so that a cost criterion acquires the 
minimum value. In order to solve the set problem, the authors 
employed a deterministic model disregarding an interaction 
between the system and the external environment, as well as 
neglecting a constraint for the controlling actions.

Paper [4] addresses the role of technical condition of 
GPU at periodic maintenance that affects the total cost 
of gas compression, however, the authors fail to take into 
account the impact of the environment on the technical con-
dition of GPU, moreover, they chose a deterministic model. 

Characteristics of productivity and energy efficiency of 
parallel working GPU are covered in [5], but the model that 
is employed in the paper does not consider significant errors 
of instruments for measuring performance of compressors.

The task of selecting the optimal mode for the operation 
of compressors is tackled in article [6], where it is solved by 
the redistribution of gas flows through GPU provided the 
effective overall efficiency of a group of parallelly connected 
units has the maximum possible magnitude. This work did 
not consider any other circuits for connecting GPU except 
for the parallel one. 

In order to increase performance efficiency of a com-
pressor station, author of paper [7] points to the need to 
stabilize productivity of parallel working compressors using 
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PI-controllers. The author rightly indicates that the prob-
lem on stabilizing the performance of compressors is rather 
controversial, while achieving the lowest consumption of 
fuel gas requires a certain technique to distribute the load 
on working units, however, the model presented does not 
account for the fuzziness of technological parameters.

In article [8], authors developed an integrated algorithm 
of the optimal load on GPU for the optimal operation of CU. 
However, a decision on the minimization of costs is made by 
using a consistent computer-based brute-force method for 
the operational modes. 

A slightly different approach to solving the task of op-
timal distribution of flows between the elements of a gas 
transportation system is proposed in paper [9]. In order to 
solve it, the authors apply methods of linear programming 
and the theory of networks taking into account constraints 
predetermined by the material balances of flows. Since the 
problem is determined, so the authors neglected such issues 
as the impact of the environment on the work of GTS, tech-
nical condition of separate units of the system, the effect of 
measurement errors on a decision-making process, etc.

3. The aim and objectives of the study

The aim of present work is to solve a problem on the 
optimal control over operation of parallel working gas 
pumping units under a condition that the total consump-
tion of fuel gas is minimal, while satisfying the constraints 
for technological parameters and taking into account a 
significant error in the measurement of pressure drop on 
confuser. 

To accomplish the aim, the following tasks have been set:
– to determine a membership function for the productiv-

ity of a compressor;
– to construct mathematical models and to formalize a 

problem on the optimal control over the process of natural 
gas compression;

– to determine rotation frequency of the rotors of cen-
trifugal compressors of natural gas.

4. Formalization of a problem on the optimal control over 
the process of natural gas compression

The total costs of operating compressors at a compressor 
station with a gas- turbine drive can be calculated from the 
following formula:

( ) ( )
1

,
m

g i i
i

J n c G n
=

= ∑     (1)

where ( )J n  is the cost of work m of parallel operating units 
relative to the unit of time; cg is the cost of volumetric unit 
of the fuel gas used to drive a gas-turbine unit; G(ni) is the 
fuel gas consumption, relative to normal conditions, which is 
used by the i-th GPU; ni is the frequency of the rotor of the 
i-th compressor. 

In line with the technological regime, it is necessary to 
limit gas temperature at the outlet from compressor Tout and 
the temperature of combustion products at the outlet of a 
low-pressure turbine ‒ Tv. For the case of a pump-free work, 
it is necessary to limit lower frequency of the compressor’s 
rotor [10]:

( )max ,out outT T≤       (2)

( )max ,T Tν ν≤        (3)

( ) ( )min max ,i i in n n≤ ≤       (4)

where ( )max ,outT  ( )maxTν  are the maximum permissible values for 
the magnitudes Tout and Tv; ( )min ,in  ( )max

in  are the lower and 
upper limit for the compressor’s rotor frequency. The 

Temperature of exhaust gases ( )iTν  of the i-th GPU, gas 
temperature at the outlet from the i-th compressor ( )i

outT  are 
the functions of such technological factors as the rotor’s fre-
quency ni, temperature Tin and gas pressure Pin at the inlet to 
compressor, a degree of pressure increase ε, and depend on 
the parameters of the environment – atmospheric pressure 
Pc and temperature Tc

( ) ( ) ( ), , , , , ,i i
i in in c cT f n P T P Tν ν= ε     (5)

( ) ( ) ( ), , , , , .i i
out out i in in c cT f n P T P T= ε     (6)

When constraints (2)–(4) are satisfied, a requirement 
must be fulfilled to ensure the preset performance efficiency 
Q of the compressor station

1

,
m

i
i

Q Q
=

= ∑       (7)

where Qi is the performance efficiency of the i-th com-
pressor. 

Productivity of the i-th compressor is a function of such 
parameters as ni, Pin, Tin, ε, Pc and Tc

( ) ( ), , , , , .i
i q i in in c cQ f n P T P T= ε     (8)

Dependences (5), (6) and (8) are given in paper [11] as 
empirical models obtained based on the results of observa-
tion of work of GPU. Approximation of the results of obser-
vation was carried out by a polynomial of degree r

1

10

,ji

M k
s

i j
ji

y a x
−

==

= ∑ ∏      (9)

where M is the number of terms of the polynomial; ai are 
the coefficients of the polynomial; sij are the degree of argu-
ments, which must satisfy the constraint; k is the number of 
independent variables

1

.
n

ji
j

s r
=

≤∑      (10)

The number of terms M in polynomial (10) is determined 
from formula [12]

( )!
.

! !

r k
M

+
=

r k
    (11)

Since dependences (5), (6), and (8) are the functions of 
technological parameters Pin, Tin, ε and environmental pa-
rameters Pc and Tc, which are known, then, by substituting 
them in the derived regression equations that take the form 
of polynomial (9), we shall obtain dependences ( ) ( ) ( )1 ,i i

out iT n= ψ  
( ) ( ) ( )2
i i

iT nν = ψ  and ( )i i iQ Q n= . These dependences will be 
the functions of only one variable ni. Constraints (2) and (3)  
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assign the upper bound of temperature values ( )max
outT  and 

( )max ,Tν  which leads to equations

( ) ( ) ( )max
2 0i

i outn Tψ − =  and ( ) ( ) ( )max
4 0.i

in Tνψ − =  

As a result, we obtain the equations whose positive roots 
will be magnitudes ( )out

in  and ( )
in ν . Then

( ) ( )( ),max ,maxmin , , .out
i i i in n n nν=

Thus, we shall solve the following problem on the optimal 
control over the work of GPU:

( ) ( )min :
1

m

g i
i

J n c G n
=

= ∑      (12)

under constraints

( )
1

,
m

i i
i

Q Q n
=

= ∑      (13)

( ) ( )min max ,i i in n n≤ ≤   1, .i m=    (14)

Using a shop automation, performance efficiency of the 
compressor was determined by measuring pressure drop iP∆  
at the inlet confuser with subsequent calculation using the 
following formula [13]:

( ) ,i
i H i iQ A P= ∆ ρ     (15)

where ( )i
HA  is the coefficient of volumetric productivity of 

confuser of the i-th compressor; iρ  is the gas density at the 
inlet to a compressor. 

Calculation of volumetric productivity Qi of the centrif-
ugal compressor (CC) using formula (15) produces an error 
of tens of percent [14]. 

In order to obtain empirical models, by employing results 
of observations over the work of GPU, we applied a method 
of synthesis of empirical models based on genetic algorithms 
[15]. The essence of the method is that it is required to 
choose a polynomial of degree r, in which part of the coef-
ficients is assigned with a value of zero while the rest of the 
coefficients are different from zero.

We shall construct an ordered structure of length M, 
where the i-th place is taken by unity or zero depending on 
whether parameter ,ia  0, 1i M= −  in model (9) differs from 
zero, or is zero. 

The problem of synthesis of an empirical model will be 
stated as follows: it is required to choose by evolutionary 
selection such a chromosome from the initial population 
of chromosomes, which provides the best value for the 
adaptation function (a minimum value of the selection 
criterion).

In order to choose a model from a set of all possible mod-
els, the set of experimental values is divided into two parts – 
training and testing. The training part of the total set is used 
to calculate parameters of the model, while the testing one is 
employed in order to select the best model out of a given set 
of models. Such a selection is implemented using the criteria 
of regularity, or shift [11, 15]. 

We shall use a method of synthesis of empirical models 
based on genetic algorithms. We shall obtain a model of 
dependence (8) in the form of a polynomial (9). Substituting 
numerical values of magnitudes ni, Pin, Tin, ε, Pc and Tc, which 

are measured by means of the shop automation, we shall ob-
tain a polynomial in the form:

( ) .i k
i k i

k

Q a n= ∑      (16)

Given the fact that measurement of the productivity of 
the i-th compressor yields a significant error, then there is 
every reason to consider coefficients of model (16) fuzzy 
numbers. We shall assume that a membership function ( )( )i

kaµ  
of the fuzzy magnitude ( )i

ka  takes a triangular shape (Fig. 1). 
In Fig. 1, the following denotations are adopted

( ),i
kz a=  ( ) ( )( ),i

kz aµ = µ  ( )
0 ,0 ,i

kz a=  

where ( )
,0
i

ka  is the modal value of fuzzy magnitude ( ).i
ka

Fig. 1. Triangular membership function of a fuzzy magnitude 

Find an analytical expression for the membership func-
tion ( ).zµ  A section of straight line AB  passes through the 
points with coordinates ( )1;0A z  and ( )0;1 .B z  Figure 1 shows 
that 1 0 2.z z= − ∆

Therefore, the equation of the straight line that passes 
through points ( )0 2;0A z − ∆  and ( )0;1 ,B z  will take the form

( ) 1 2 ,z q q zµ = +  

[ ]0 02; .z z z∈ − ∆

Considering coordinates of points A and B, through 
which the straight line passes, we find that

0
1 2 1,

z
q = − +

∆  
2

2
.q =

∆

Similarly, we can find an equation of the straight line 
passing through points ( )0;1B z  and ( )0 2;0C z + ∆

( ) 1 2 ,z q q zµ = +

[ ]0 0; 2 ,z z z∈ + ∆

where 

0
1 2 1,

z
q = +

∆
 

2

2
.q = −

∆

Thus, the membership function of a fuzzy magnitude z  
will be described by the following analytical expression:
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( )
( ) [ ]

( ) [ ]

0 0 0

0 0 0

2
1, 2; ,

2
1, ; 2 .

z z z z z
z

z z z z z

− − + Î − ∆ ∆µ = 
 − + Î + ∆ ∆

   (17)

A triangular membership function is inconvenient for 
practical use. This is explained by its piecewise-linear form, 
where there are no derivatives at points A, B, and C (Fig. 1). 

We shall approximate a piecewise-linear membership 
function (17) by exponential function

( ) ( )2

0
2exp .

2

z z
z

 −
µ = − σ 

    (18)

Parameter 2,σ  which is the parameter of fuzziness 
concentration, will be chosen such that the membership 
function (18) passes through point 1B  with coordinates 

( )1 ;1 2AB z  (Fig. 1). Let us find abscissa .Az  To do this, we 
shall consider triangles ABD and AB1A1. We obtain from 
the condition of similarity of these triangles

1 1

1

.
A BBD

AD AA
=

Since 

2,AD = ∆  1,BD =  1 1 1 2,A B =  

then 

1 1
1

AD A B
AA

BD
⋅=  or 1 .

4
AA

∆=

Considering

1 1Az z AA= +  and 1 0 2,z z= − ∆  

we obtain 

0 .
4Az z
∆= −

Thus, we receive 

( ) ( )2

0
2exp .

2
A

A

z z
z

 −
µ = − σ 

Hence

( )
( )

2

02 .
2ln

A

A

z z

z

−
σ = −

µ

Considering the values of Az  and ( )Azµ , we shall find 

2
2 .

32 ln2
∆σ = −
⋅

Fig. 2 shows a triangular membership function (17) and 
approximation by dependence (18) at 

0,4∆ =  and 0 1,2.z =

Each coefficient of empirical model (17) will have its 
value of magnitude ∆, and, accordingly

2
2 .

32 ln2
i

i

∆σ =
⋅

     (19)

Fig. 2. Triangular membership function of fuzzy magnitude z 
and its approximation

Given that the coefficients of empirical model (16) are 
fuzzy magnitudes with a membership function (18), where 
the coefficient of concentration is determined from formula 
(19), we shall find ( ).iQµ  In this case, one should bear in 
mind that when one performs operations of addition and 
when multiplying a Gauss number by a clear magnitude, we 
shall again obtain the Gauss number [8], which means that

( )
( )( )

( )( )

2

2exp .
2

i
i q

i
i

q

Q m
Q

 −
 µ = −
 σ 

   (20)

Parameters ( )i
qm  and ( )i

qσ  of the membership function 
(20) will be found by using the rules of arithmetic oper-
ations on fuzzy numbers of the (L-R)-type in the Gauss 
basis [16, 17]. 

Following the structure of model (16), in order to deter-
mine parameters ( )i

qm  and ( )i
qσ , it is necessary to perform such 

operations on fuzzy magnitudes as addition and the multipli-
cation of a fuzzy number by a clear number. 

Assume that 1 1 1, ,LRA a= a b  and 2 2 2, ,LRB a= a b  are 
fuzzy numbers of the ( )L R− -type, where 1,a  2a  are the 
modal values; 1,a  2,a  1,b  2b  are the left and right coeffi-
cients of fuzziness. Then the parameters of a fuzzy number

, ,LR LR LRC A B a= + = a b  

are calculated from formula:

1 2,a a a= +  1 2,a = a + a  1 2.b = b + b   (21)

Find the sum of n fuzzy numbers

1

,
n

i
i

s v
=

= ∑

for each of which the membership function is determined 
from formula (18). 

It is obvious that

( )
v, v, v,, , .LR

i i i iv a= a a

We obtain
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1..2 1 2.s v v= +

According to formula (21)

( )
1..2 1..2 1..2 1..2, , ,LRs a= a a

where 1..2 1 2,v va a a= +  1..2 1 2.v va = a + a
Because 

1..3 1 2 3 1..2 3,s v v v s v= + + = +

then 

( )
1..3 1..3 1..3 1..3, , ,LRs a= a a

where 1..3 1..2 3va a a= + , 1..3 1..2 3.va = a + a
Considering the values of 1..2a  and 1..2a , we obtain

1..3 1 2 3,v v va a a a= + +  1..3 1 2 3.v v va = a + a + a  

By repeating such an iterative process, we shall obtain 
in a general case:

, , ,LR s s ss a= a a

where

1

,
n

s vi
i

a a
=

= ∑  
1

.
n

s vi
i=

a = a∑    (22)

In the case when a fuzzy number is multiplied by a clea 
number, the membership function remains Gaussian [16]. 

Let a fuzzy number z be multiplied by clear number .k
in

Then k
iv zn=  or 

.k
i

v
z

n
=  

Substituting the value of z into formula (18), we shall 
obtain a membership function of the fuzzy magnitude .v  We 
receive

( ) ( )2

0

2 2exp
2

k
i

k
i

v n z
v

n

 −
 µ = −

σ  
.

Thus, 0
k

vi ia n z= , 2 2k
vi ina = σ .

Now we take into account that, in accordance with 
membership function (18), ( )

0 ,0.i
kz a=  With regard to formula 

(22), we obtain

( ) ( )
,0 ,i i k

q k i
k

m a n= ∑     (23)

( )( )2
2 2.i k

q i i
k

nσ = σ∑      (24)

For function (20), we shall set a γ-cut. As a result, we 
receive equation

( )( )
( )( )

2

2exp ,
2

i
i q

i
q

Q m −
 − = γ
 σ 

that will be solved relative to variable .iQ  Consequently, we 
obtain

( ) ( )
2

1
ln ,i i

i q qQ m= + σ
γ

where 0 1.< γ ≤
The value of i∆  will be computed from the following 

formula:

( )
,0 ,i

i ka∆ = d

where 0 ,m≤ d ≤ ∆  m∆  is the magnitude, which is determined 
by the accuracy of measuring productivity of the compressor 
by a pressure difference on the confuser. 

Substituting the value of 2,iσ  which is calculated from 
formula (19), into equality (24), and taking into account the 
value of ,i∆  we shall obtain

( )

( )
( )( )

1 2
2

,01 2 2

1
ln .

4 ln4
i ik

i q i k
k

Q m n a
 d= +    γ∑

Let us introduce the following denotation:

( )1 2 2

1
ln

4 ln4
Kγ

d= ⋅
γ

 

and take into account the value of ( ),i
qm  which is computed 

from formula (24). Then

( ) ( ) ( )( )
1 2

2

,0 ,0 .i ik k
i i k i k i

k k

Q n a n K a nγ
 

= +   ∑ ∑   (25)

Thus, we have obtained the following problem on the opti-
mal control over a group of parallel working compressor units:

( ) ( )min :
1

m

g i i
i

J n c G n
=

= ∑     (26)

under constraints

( )
1

,
m

i i
i

Q Q n
=

= ∑       (27)

( ) ( )min max ,i i in n n≤ ≤   

1, ,i m=    (28)

where ( )i iQ n  is calculated from formula (25). 
Fig. 3 shows block diagram of an automated system of 

control over the process of natural gas compression for the 
i-th compressor.

The criterion of optimality (26) includes dependence 
( ),iG n  which is synthesized, based on the observations, 

in the form of a polynomial (9) on the basis of genetic 
algorithms. At the known values of ,inP  ,inT  ,ε  cP  and ,cT  
measured by the tools of the shop automation, the depen-
dence ( )iG x , where

( ), , , , , ,
T

i in in c cx n P T P T= ε  

will be a function of one variable in -controlling action.
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5. Solving a problem of the optimal control over gas 
pumping units

We shall solve the optimization problem under the fol-
lowing conditions:

– number of units working in a group: 2;
– lower limit for the compressor’s rotor rotation frequen-

cy (min)
1n =2,800 rpm, (min)

2n =3000 rpm;
– upper limit for the compressor’s rotor rotation frequen-

cy (max)
1n =4,800 rpm, (max)

2n =5000 rpm;
– gas temperature at the outlet from compressor 1

outT = 
=52 оC, 2

outT =54 оC; 
– temperature of exhaust gases 1

vT =450 оC, 2
vT =460 оC; 

– preset volume of gas pumping - 210 000 n/m3.
In order to solve then optimization problem, we devel-

oped software based on the MatLab package. We utilized a 
built-in function of the nonlinear optimization “fmincon”, as 
an objective function taken (26) at linear constraints (28), 
at non-linear constraints (27). A code snippet of the software 
is given below.

% Read data from a file of observations
[n,P_in,P_out,T_in,T_out,T_v,P_a,T_a,Q,G] = fun_Re-
adData();

% Calculation of the degree of pressure increase e
e = fun_CalculateEpselon(P_a,P_in,P_out);
r = 3; % degree of a polynomial

% Calculation of coefficients of the empirical model of tem-
perature at the outlet of compressor
params = [P_in,T_in,e,P_a,T_a,T_out];
[corel,kT_out] = fun_GeneticPolyfit(n, params, r);

% Calculation of coefficients of the empirical model of tem-
perature of exhaust gases
params = [P_in,T_in,e,P_a,T_a,T_v];
[corel,kT_v] = fun_GeneticPolyfit(n, params, r);

% Calculation of coefficients of the empirical model of gases
% pressure drop on the confuser
params = [P_in,T_in,e,P_a,T_a,Q];
[corel,kQ] = fun_GeneticPolyfit(n, params, r);

% Calculation of coefficients of the empirical model

% fuel gas consumption
params = [P_in,T_in,e,P_a,T_a,G];
[corel,kG] = fun_GeneticPoly-
fit(n, params, r);

% Initial data of the problem
% Lower limit for the compressor’s 
rotor frequency, rpm
n_min = 3000;
% Upper limit for the compressor’s 
rotor frequency, rpm
n_max = 5000;
% Upper limit for gas tempera-
ture at the outlet from compres-
sor, rpm
T_out_max = 36;
% Upper limit for the exhaust gas 
temperature
T_v_max = 460;

kT_v(1) = kT_v(1) - T_v_max;
kT_out(1) = kT_out(1) - T_out_max;

% Limit for the rotor’s frequency rotation at constraint 
T_out
nT_out = min(roots(kT_out));
% Limit for the rotor’s rotation frequency at constraint T_v
nT_v = min(roots(kT_v));
% General limit for the rotor’s rotation frequency
n_max = min([n_max nT_out nT_v]);
% Cost of a volumetric unit of fuel gas
c_g = 275;
% Preset volume of gas pumping
Q0 = 104000;

% Gamma-cut value
gamma = 0.8;
% Delta is the measurement accuracy of pressure differential 
on the confuser
delta = 0.15;
K = (delta / (4 * log(4) ^ 1 / 2)) * log(1 / gamma ^ 2) ^ (1/2);

options = optimset(‘Algorithm’,’interior-point’,’Dis-
play’,’off’);
[res_n,G] = fmincon(@(n)fun_G(n, kG), 1000, [], [], [], 
[], n_min, n_max, @(n)fun_Qcond(n,kQ,K,Q0), options);

By solving the optimization problem, we obtained the 
following results: n1=3,200 rpm; n2=3,550 rpm.

6. Discussion of results of examining the optimization of 
the process of natural gas compression

Existing methods for solving optimization problems 
on the control over the process of natural gas compression 
employ deterministic models. However, the inaccuracy of 
measuring technological parameters allows us to consider 
performance of the compressor as a fuzzy magnitude with 
a triangular shape of the membership that makes it possible 
to build an adequate mathematical model of the process of 
natural gas compression. 

A triangular shape of the membership function is in-
convenient when used to solve the problem on the optimal 

 

Fig. 3. Block diagram of an automated system of control over the process of natural gas 
compression
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control over the process of natural gas compression. That is 
why, in the present work, we proposed approximating it with 
a Gaussian membership function. This allowed us to state 
the optimization problem in terms of fuzzy magnitudes and, 
based on it, to develop effective methods for its solution with 
consideration of constraints for controlling actions.

An introduction of fuzziness to the optimization prob-
lem changed a structure of the constraint, which deter-
mines a balance of gas flows through parallel-connected 
compressors. As a result, there appears an additive com-
ponent, which is a kind of “payment” for the fuzziness in 
measuring productivity of compressors. The presence of 
such a component transforms a determined problem of dis-
crete integral linear programming into a nonlinear discrete 
programming problem, which significantly complicates 
the process of solving such an optimization problem. It is 
natural that the introduction of fuzziness to the optimiz-
ing problem somewhat impairs efficiency of the process of 
control and such a deterioration can vary within 3‒5 %  
compared with a problem in the determined statement, 
which does not take into account the specificity of measur-
ing compressors’ productivity given the existing methods 
and technical means. Since technological parameters of the 

gas pumping unit change over time, there is a need to recal-
culate the model’s parameters in order to solve the optimi-
zation problem on the process of natural gas compression. 
Determination of frequency of recalculation of the model’s 
parameters is an unsolved scientific problem at present and 
it is a promising task for further research. 

7. Conclusions

Performance efficiency of centrifugal compressors are 
considered as fuzzy magnitudes with triangular membership 
functions, approximated by exponential functions, with 
their parameters calculated, which allowed us to formalize 
the problem on the optimal control over the process of natu-
ral gas compression taking into account the fuzziness in the 
productivity of compressors and constraints for controlling 
actions. We developed algorithmic provision and software 
in the MATLAB environment and solved the problem on 
the optimal control, which made it possible to determine 
rotation frequency of the rotors of centrifugal compressors of 
natural gas, at which total costs of the fuel gas for the natural 
gas compression are minimal.
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