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Î ÐÀÑÏÐÅÄÅËÅÍÈÈ ÖÅËÛÕ ÒÎ×ÅÊ ÍÀ ÏÎÂÅÐÕÍÎÑÒÈ
U2 + V 2 = N3 Â ÀÐÈÔÌÅÒÈ×ÅÑÊÎÉ ÏÐÎÃÐÅÑÑÈÈ

Ñàâàñòðó Î. Â. Ïðî ðîçïîäië öiëèõ òî÷îê íà ïîâåðõíi u2 + v2 = n3 â àðè-

ôìåòè÷íié ïðîãðåñi¨. Ó ðîáîòi ïîáóäîâàíà àñèìïòîòè÷íà ôîðìóëà äëÿ ñóìàòîðíî¨

ôóíêöi¨, ÿêà ïîçíà÷à¹ êiëüêiñòü öiëèõ òî÷îê, ðîçòàøîâàíèõ íà ïîâåðõíi u2 + v2 = n3.

Äîñëiäæåííÿì öi¹¨ ïðîáëåìè çàéìàëèñÿ K�uhleitner M. è Nowak W. Ó ñòàòòi ðîçãëÿäà¹-

òüñÿ äiîôàíòîâå ðiâíÿííÿ ó âèïàäêó, êîëè 0 < n ≤ x, x � çðîñòàþ÷èé ïàðàìåòð, n ≡ l

(mod q), (l, q) = 1. Êîðèñòóþ÷èñü çàãàëüíîþ ñõåìîþ îöiíêè ñåðåäíiõ çíà÷åíü ðÿäiâ Äè-

ðèõëå, îòðèìàíà îöiíêà äëÿ ñåðåäíüî¨ êiëüêîñòi öiëèõ ðîçâ'ÿçêiâ âêàçàíîãî ðiâíÿííÿ,

ÿêà íåòðèâiàëüíà ïðè q � x
1
2
−ε (log x)−4 .

Êëþ÷îâi ñëîâà: àñèìïòîòè÷íà ôîðìóëà, äiîôàíòîâi ðiâíÿííÿ, L-ôóíêöiÿ Äèðèõëå,

àðèôìåòè÷íà ïðîãðåñiÿ.

Ñàâàñòðó Î. Â. Î ðàñïðåäåëåíèè öåëûõ òî÷åê íà ïîâåðõíîñòè u2 +v2 = n3

â àðèôìåòè÷åñêîé ïðîãðåññèè. Â ðàáîòå ïîñòðîåíà àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ

ñóììàòîðíîé ôóíêöèè, îáîçíà÷àþùåé êîëè÷åñòâî öåëûõ òî÷åê, ëåæàùèõ íà ïîâåðõíî-

ñòè u2+v2 = n3. Èññëåäîâàíèåì ýòîé ïðîáëåìû çàíèìàëèñü K�uhleitner M. è Nowak W. Â

ñòàòüå ðàññìàòðèâàåòñÿ äèîôàíòîâî óðàâíåíèå â ñëó÷àå, êîãäà 0 < n ≤ x, x � ðàñòóùèé
ïàðàìåòð, n ≡ l (mod q), (l, q) = 1. Èñïîëüçóÿ ìåòîä ïðîèçâîäÿùèõ ðÿäîâ Äèðèõëå,

îáùóþ ñõåìó îöåíêè ñðåäíèõ çíà÷åíèé ýòèõ ðÿäîâ, ïîëó÷åíà îöåíêà äëÿ ñðåäíåãî êî-

ëè÷åñòâà öåëî÷èñëåííûõ ðåøåíèé óêàçàííîãî óðàâíåíèÿ, êîòîðàÿ íåòðèâèàëüíàÿ ïðè

q � x
1
2
−ε (log x)−4 . Âû÷èñëèìûå êîíñòàíòû â ãëàâíîì ÷ëåíå çàâèñÿò òîëüêî îò q.

Êëþ÷åâûå ñëîâà: àñèìïòîòè÷åñêàÿ ôîðìóëà, äèîôàíòîâû óðàâíåíèÿ, L-ôóíêöèÿ

Äèðèõëå, àðèôìåòè÷åñêàÿ ïðîãðåññèÿ.

Savastru O. V. About the distribution of integer points on the surface

u2 + v2 = n3 in an arithmetic progression. The aim of our paper is to construct the

asymptotic formula for the summatory function, that denote the number of integer points

on the surface u2 + v2 = n3. This problem was investigated by Kühleitner M. and Nowak

W. We consider this diophantine equation in an arithmetic progression, when 0 < n ≤ x,

x is a large parameter, n in residue class l (mod q), (l, q) = 1. The proof of theorem is

based on the method of generating Dirichlet series. Using the Phragmen-Lindelöf theorem

and the general scheme of the estimation of the mean values of Dirichlet series we obtained

the non-trivial result for the average number of integer solutions of the above equation for

q � x
1
2
−ε (log x)−4 . The computable constants in main term depend only of q. The ana-

logical result can be proved in general case, when (l, q) > 1.

Key words: asymptotic formula, diophantine equation, L-Dirichlet function,arithmetic pro-

gression.
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Ââåäåíèå.

Ïóñòü k ∈ N. Ââåäåì â ðàññìîòðåíèå ôóíêöèþ Ak(x), îáîçíà÷àþùóþ êîëè-
÷åñòâî öåëî÷èñëåííûõ ðåøåíèé äèîôàíòîâîãî óðàâíåíèÿ

u2 + v2 = nk, (1)

ïðè óñëîâèè 0 < n ≤ x. Òîãäà

Ak(x) =
∑
n≤x

r(nk), (2)

ãäå r(n) îáîçíà÷àåò êîëè÷åñòâî ïðåäñòàâëåíèé ïîëîæèòåëüíîãî öåëîãî ÷èñëà n â
âèäå ñóììû äâóõ êâàäðàòîâ öåëûõ ÷èñåë.

Ñóììàòîðíûå ôóíêöèè òàêîãî âèäà ïðè k = 2 èçó÷àëèñü â ðàáîòàõ [1], [5].
Â ðàáîòå [1] òàêæå ðàññìàòðèâàëñÿ âîïðîñ î ÷èñëå ðåøåíèé óðàâíåíèÿ (1) ïðè
k > 2.

Fischer K.H. [8], K�uhleitner M., NowakW. [10] è Recknagel W. [11] èññëåäîâàëè
ðàñïðåäåëåíèå öåëûõ òî÷åê íà ñîîòâåòñòâóþùåé ïîâåðõíîñòè ïðè k = 3. Â ðàáîòå
Âàðáàíöà Ï.Ä. [12] áûëà ïîñòðîåíà àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ÷èñëà ïðèìè-
òèâíûõ òî÷åê íà ýëëèïòè÷åñêèõ êîíóñàõ â àðèôìåòè÷åñêîé ïðîãðåññèè. Ïîýòîìó
åñòåñòâåííûì îáðàçîì âîçíèê âîïðîñ ðåøåíèÿ ïîäîáíîé çàäà÷è íà ïîâåðõíîñòè
(1) ïðè k = 3.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå àñèìïòîòè÷åñêîé ôîðìóëû äëÿ
ñóììàòîðíîé ôóíêöèè A3(x, l, q), îáîçíà÷àþùåé ÷èñëî öåëûõ òî÷åê (u, v, n), ëå-
æàùèõ íà ïîâåðõíîñòè u2 + v2 = n3, ïðè óñëîâèè n ≤ x,
n ≡ l (mod q), ãäå l, q ∈ N, (l, q) = 1.

Â äàëüíåéøåì ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå ñòàíäàðòíûå îáîçíà÷åíèÿ:
s = σ + it ∈ C, σ = <s, t = =s;
(a, b) � íàèáîëüøèé îáùèé äåëèòåëü ÷èñåë a è b;
ζ(s) � äçåòà-ôóíêöèÿ Ðèìàíà;
L(s, χ4) � L-ôóíêöèÿ Äèðèõëå ñ íåãëàâíûì õàðàêòåðîì ïî mod 4;
χ � õàðàêòåð Äèðèõëå ïî mod q;
χ0 � ãëàâíûé õàðàêòåð Äèðèõëå ïî mod q;∑
χ
� ñóììà ïî âñåì õàðàêòåðàì ïî mod q;

′∑
χ′

� ñóììà ïî âñåì ïðèìèòèâíûì õàðàêòåðàì χ′ ïî mod q;

τ(n) � ôóíêöèÿ ÷èñëà äåëèòåëåé;
ϕ(n) � ôóíêöèÿ Ýéëåðà;
ñèìâîë Âèíîãðàäîâà ′′ �′′ îçíà÷àåò òî æå, ÷òî è ñèìâîë Ëàíäàó ′′O′′.

Îñíîâíûå ðåçóëüòàòû.

1. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ.
Ïðèâåäåì íåêîòîðûå âñïîìîãàòåëüíûå óòâåðæäåíèÿ, èñïîëüçóåìûå â äàëü-

íåéøåì.
Ïóñòü L(s, χ) � L-ôóíêöèÿ Äèðèõëå ñ õàðàêòåðîì ïî mod q

L(s, χ) =

∞∑
n=1

χ(n)

ns
, Rs > 1.
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Õîðîøî èçâåñòíî, ÷òî L(s, χ) ÿâëÿåòñÿ öåëîé ôóíêöèåé (ñì., íàïðèìåð, [4]), åñëè
χ 6= χ0. Â ñëó÷àå χ = χ0 L-ôóíêöèÿ Äèðèõëå L(s, χ0) àíàëèòè÷íà âî âñåé êîì-
ïëåêñíîé s-ïëîñêîñòè, êðîìå òî÷êè s = 1, ãäå îíà èìååò ïîëþñ ïåðâîãî ïîðÿäêà

ñ âû÷åòîì ϕ(q)
q = Πp|q

(
1− 1

p

)
.

Ðàññìîòðèì ïîâåäåíèå ôóíêöèè L(s, χ) â îáëàñòè
1
2 ≤ σ ≤ 1 + 1

log T , 2 ≤ |t| ≤ T .

Ëåììà 1. Ïðè 1
2 ≤ σ ≤ 1 + 1

log T , 2 ≤ |t| ≤ T , ñïðàâåäëèâà îöåíêà

L(s, χ)�χ (q|t|)
1−σ

2 (log T ) . (3)

Äîêàçàòåëüñòâî. Äëÿ ïðîèçâîëüíîãî ïðèìèòèâíîãî õàðàêòåðà χ ïî mod q
ïðè s = 1

2 + it èìååò ìåñòî ñëåäóþùàÿ îöåíêà ([9])

L(s, χ)� (q|s|) 1
4 . (4)

Ïðè s = 1 + 1
log T + it

L(s, χ)� log T. (5)

Òåïåðü èç (4) è (5) íà îñíîâàíèè ïðèíöèïà Ôðàãìåíà-Ëèíäåëåôà äëÿ
1
2 ≤ σ ≤ 1 + 1

log T , 2 ≤ |t| ≤ T ïîëó÷àåì

L(s, χ)� (q|t|)
1+ 1

log T
−σ

1
2

+ 1
log T (log T )

σ− 1
2

1
2

+ 1
log T �

� (q|t|)
1−σ

2 (qT )
C

log T (log T ) ,

ãäå C > 0. Ó÷èòûâàÿ, ÷òî ïðè q, T � xA, ãäå 0 ≤ A < 1, ñïðàâåäëèâà îöåíêà
q

C
log T = O(1), ïîëó÷àåì óòâåðæäåíèå ëåììû.

Ëåììà 2. Åñëè |T | > 2, q > 2, òîãäà ïðè 1
2 ≤ σ ≤ 1 + 1

log T

′∑
χ

T∫
−T

|L(σ + it;χ)|4dt� ϕ(q)T log4(qT ). (6)

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ëåììû ñëåäóåò èç òåîðåìûÌîíòãîìåðè ([3],
c.77) è òåîðåìû Ãàáðèýëà î âûïóêëîñòè ñðåäíåãî çíà÷åíèÿ ïî äâóì ïåðåìåííûì
([6], c.238).

Èñõîäÿ èç îïðåäåëåíèÿ ñóììàòîðíîé ôóíêöèè A3(x, l, q), åå ìîæíî ïðåäñòà-
âèòü â âèäå

A3(x, l, q) =
∑

n≡l (mod q)
n≤x

r(n3). (7)
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Òîãäà â îáëàñòè Rs > 1 èìååì

F (s) =

∞∑
n≡l (mod q)

n≤x

r(n3)

ns
=

4

ϕ(q)

∑
χ

χ(l)

∞∑
n=1

r(n3)
4 χ(n)

ns
.

Êàê èçâåñòíî, 1
4r(n) ÿâëÿåòñÿ ìóëüòèïëèêàòèâíîé ôóíêöèåé. Åñëè p � ïðîñòîå

÷èñëî, òî îíà ïðèíèìàåò ñëåäóþùèå çíà÷åíèÿ

1

4
r(pα) =


α+ 1, åñëè p ≡ 1 (mod 4),
1, åñëè p ≡ 3 (mod 4), α− ÷åòíîå,
0, åñëè p ≡ 3 (mod 4), α− íå÷åòíîå,
1, åñëè p = 2.

(8)

Òîãäà â îáëàñòè Rs > 1 èìååì

F (s, χ) =

∞∑
n=1

r(n3)
4 χ(n)

ns
.

Ïîêàæåì, ÷òî ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî

F (s, χ) = (L(s, χ)L(s, χχ4))
2
G(s, χ), (9)

ãäå G(s, χ) � ðåãóëÿðíà â îáëàñòè Rs > 1
2 .

Äåéñòâèòåëüíî,

F (s, χ) =
∏
p

(
1 +

r(p3)
4 χ(p)

ps +
r(p6)

4 χ(p)

p2s + . . .

)
=
(
1 + 1

2s + . . .
)
×

×
∏

p≡1 (mod 4)

(
1 + 4χ(p)

ps + 7χ(p2)
p2s + . . .

)
·

∏
p≡3(mod 4)

(
1 + χ(p2)

p2s + χ(p4)
p4s + . . .

)
=

= 1
1− 1

2s
·

∏
p≡1(mod 4)

1+2
χ(p)
ps

(1−χ(p)
ps )

2 ·
∏

p≡3(mod 4)

1

1−(χ(p)
ps )

2 .

(10)

Ñ äðóãîé ñòîðîíû

L2(s, χ)L2(s, χχ4) =

( ∏
p ≡1(mod 4)

1

1−χ(p)
ps

·
∏

p ≡3(mod 4)

1

1−χ(p)
ps

)2

×

×

( ∏
p ≡1(mod 4)

1

1−χ(p)
ps

·
∏

p ≡3(mod 4)

1

1+
χ(p)
ps

)2

=

=
∏

p ≡1(mod 4)

1

(1−χ(p)
ps )

4 ·
∏

p ≡3(mod 4)

1(
1−(χ(p)

ps )
2
)2 .

Ïîäñòàâëÿÿ â (10), ïîëó÷àåì

F (s, χ) = L2(s, χ)L2(s, χχ4) · 1
1− 1

2s
×

×
∏

p≡1(mod 4)

(
1 + 2χ(p)

ps

)(
1− χ(p)

ps

)2

·
∏

p≡3(mod 4)

(
1−

(
χ(p)
ps

)2
)

=

= L2(s, χ)L2(s, χχ4)G(s, χ),
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ãäå
G(s, χ) = 1

1− 1
2s
×

×
∏

p≡1(mod 4)

(
1 + 2χ(p)

ps

)(
1− χ(p)

ps

)2

·
∏

p≡3(mod 4)

(
1−

(
χ(p)
ps

)2
)
.

(11)

Òàêèì îáðàçîì, â îáëàñòè Rs > 1

F (s) =
4

ϕ(q)

∑
χ

χ(l)L2(s, χ)L2(s, χχ4)G(s, χ). (12)

2. Îñíîâíàÿ òåîðåìà.
Âîñïîëüçóåìñÿ ôîðìóëîé Ïåððîíà, ïîëàãàÿ c = 1 + 1

log x , T > 1, ε > 0.

A3(x, l, q) =
1

2πi

c+iT∫
c−iT

F (s)
xs

s
ds+O

(
x log2 x

Tq

)
+Oε(x

ε). (13)

Â (13) ïåðåíåñåì êîíòóð èíòåãðèðîâàíèÿ íà ïðÿìóþ Rs = 1
2 + (log x)−1. Ïðè

ýòîì ìû ïðîéäåì ÷åðåç ïîëþñ ïîäûíòåãðàëüíîé ôóíêöèè â òî÷êå s = 1. Ðàñ-
ñìîòðèì èíòåãðàë ïî êîíòóðó Γ, êîòîðûé ïðåäñòàâëÿåò ñîáîé ïðÿìîóãîëüíèê ñ
âåðøèíàìè c±iT , 1

2 +(log x)−1±iT . Ïîäûíòåãðàëüíàÿ ôóíêöèÿ àíàëèòè÷íà íà Γ
è âíóòðè íåãî, èñêëþ÷àÿ ïîëþñ âòîðîé êðàòíîñòè â òî÷êå s = 1 (çà ñ÷åò L2(s, χ)
èëè L2(s, χχ4)). Òàêèì îáðàçîì, â ñèëó òåîðåìû Êîøè, èìååì

1

2πi

c+iT∫
c−iT

F (s)
xs

s
ds = res

s=1

(
F (s)

xs

s

)
+

1

2πi
(I1 + I2 + I3) , (14)

ãäå

I1 =

1
2 +(log x)−1+iT∫

1
2 +(log x)−1−iT

F (s)
xs

s
ds,

I2 =

1
2 +(log x)−1−iT∫

1+(log x)−1−iT

F (s)
xs

s
ds, I3 =

1+(log x)−1+iT∫
1
2 +(log x)−1+iT

F (s)
xs

s
ds.

Èñïîëüçóÿ îöåíêè (3) èç ëåììû 1, ìû ïîëó÷àåì âêëàä ãîðèçîíòàëüíûõ ó÷àñòêîâ
èíòåãðèðîâàíèÿ:

I2, I3 � x1+ 1
log x · T−1− 1

2 log x log T + x
1
2 + 1

log x · T−
3
4−

1
2 log x log T. (15)

Äàëåå îñòàëîñü ðàññìîòðåòü èíòåãðàë I1. Êàê èçâåñòíî, åñëè ÷åðåç χ′ îáî-
çíà÷èòü ïðèìèòèâíûé õàðàêòåð ïî mod q′, êîòîðûé èíäóöèðóåò õàðàêòåð χ ïî
mod q, òîãäà (ñì.[2]) â îáëàñòè Rs > 1

L(s, χ) = L(s, χ)
∏

p|q, p-q′

(
1− χ(p)

ps

)
.
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Ïîýòîìó

I1 =

1
2 +(log x)−1+iT∫
1
2 +(log x)−1−iT

4
ϕ(q)

∑
χ
χ(l)L2(s, χ)L2(s, χχ4)G(s, χ)x

s

s ds�

� x
1
2

+ 1
log x

ϕ(q) ×

×

[∑
q′|q
×

[
′∑

χ′ mod q

T∫
1

∣∣∣L( 1
2 + 1

log x + it, χ′)
∣∣∣2 ∣∣∣L( 1

2 + 1
log x + it, χ′χ4)

∣∣∣2 1
t dt

]]
.

Â ñèëó íåðàâåíñòâà Êîøè è ëåììû 2 ïîëó÷àåì ñëåäóþùóþ îöåíêó

I1 � τ(q)x
1
2 log5 T. (16)

Âû÷èñëèì âû÷åòû â òî÷êå s = 1 ïîäûíòåãðàëüíîé ôóíêöèè â (13).
Åñëè q ≡ 0(mod 4), òî ñóùåñòâóåò åäèíñòâåííûé õàðàêòåð χ ïî mod q, òà-

êîé, ÷òî χχ4 = χ0 � ãëàâíûé õàðàêòåð ïî mod q (ïðè ýòîì χ0χ4 íå ÿâëÿåòñÿ
ãëàâíûì). Åñëè æå q 6≡ 0(mod 4), òî òàêîãî õàðàêòåðà íå ñóùåñòâóåò. Ðàññìîòðèì
ñíà÷àëà ñëó÷àé, êîãäà q 6≡ 0(mod 4), òîãäà ïðåäñòàâèì F (s) â âèäå

F (s) = 4
ϕ(q)L

2(s, χ0)L2(s, χ0χ4)G(s, χ0)+

+ 4
ϕ(q)

( ∑
χ 6=χ0

χ(l)L2(s, χ)L2(s, χχ4)G(s, χ)

)
.

Êàê èçâåñòíî, â îêðåñòíîñòè òî÷êè s = 1

L(s, χ0) =
ϕ(q)

q

(
(s− 1)−1 + γ + . . .

)
,

xs

s
= x+ (x log x− x))(s− 1) + . . . ,

ãäå γ � ïîñòîÿííàÿ Ýéëåðà. Ïîýòîìó ïîñëå íåñëîæíûõ òåõíè÷åñêèõ âû÷èñëåíèé
ïîëó÷àåì

res
s=1

(
F (s)x

s

s

)
= res

s=1

(
4

ϕ(q)L
2(s, χ0)L2(s, χ0χ4)G(s, χ0)x

s

s

)
=

= A1(q)x log x+A0(q)x,
(17)

ãäå

A1(q) =
π2

4q
G(1, χ0)

∏
p|q

(
1− 1

p

)
, (18)

A0(q) =

= π
q

∏
p|q

(
1− 1

p

) [
2L′(1, χ4) + π

4 (2γ − 1)G(1, χ0) +G′(1, χ0)
]
,

(19)

ôóíêöèÿ G(s, χ) îïðåäåëÿåòñÿ â (11).
Ïðè q ≡ 0(mod 4) è l ≡ 1(mod 4) îñîáåííîñòü âîçíèêàåò ïðè χ = χ0 è χ4.

Ó÷èòûâàÿ, ÷òî G(s, χ0) = G(s, χ4), ïîëó÷àåì
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res
s=1

(
F (s)x

s

s

)
= res

s=1

(
4

ϕ(q)

∑
χ=χ0,χ4

L2(s, χ)L2(s, χχ4)G(s, χ)x
s

s

)
=

= 2 [A1(q)x log x+A0(q)x] .

(20)

Èç ñîîòíîøåíèé (13)�(20), ïîëàãàÿ T = x
1
2 , ìû ïðèõîäèì ê ñëåäóþùåé òåî-

ðåìå.

Òåîðåìà 1. Ïóñòü l, q ∈ N, 0 < l ≤ q, (l, q) = 1. Òîãäà ïðè x → ∞ ñïðàâåä-
ëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

A3(x, l, q) = δq [A1(q)x log x+A0(q)x] +O
(
x

1
2 τ(q) log5 x

)
,

ãäå A1(q), A0(q) � âû÷èñëèìûå êîíñòàíòû, çàâèñÿùèå îò q è îïðåäåëÿåìûå ñî-
îòíîøåíèÿìè (18) è (19),

δq =

{
1, åñëè q 6≡ 0 (mod 4),
2, åñëè q ≡ 0 (mod 4) è l ≡ 1 (mod 4).

Çàìå÷àíèå 1. Ïðè q ≡ 0 (mod 4), l ≡ 3 (mod 4) óðàâíåíèå u2 + v2 = n3 íå
èìååò ðåøåíèé, ïîýòîìó ýòîò ñëó÷àé ìû èñêëþ÷àåì èç ðàññìîòðåíèÿ.

Çàêëþ÷åíèå. Â äàííîé ñòàòüå èññëåäîâàëñÿ âîïðîñ î ñðåäíåì çíà÷åíèè
÷èñëà ðåøåíèé äèîôàíòîâîãî óðàâíåíèÿ u2 + v2 = n3 â àðèôìåòè÷åñêîé ïðî-
ãðåññèè. Ïîëó÷åííûé ðåçóëüòàò íåòðèâèàëåí äëÿ âñåõ q � x

1
2−ε (log x)

−4. Êðî-
ìå òîãî, àíàëîãè÷íîå óòâåðæäåíèå ìîæíî ïîëó÷èòü è äëÿ îáùåãî ñëó÷àÿ, êîãäà
(l, q) > 1.
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