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EXPONENTIAL SUMS WITH THE BINOMIAL IN THE EXPONENT
OVER THE RING OF GAUSSIAN INTEGERS

Bagnsic JI. B. Tpuronomerpudti cymMn i3 ABOWJIEHOM y MOKA3HUKY HAJI Kijb-
IIeEM IJIUX rayCcoBUIX 4WceJ. Y naaHiit pobori Hamu Oyaum OTpUMaHi HeTPHUBiaJbHI OIiH-
KU JIJIsi TPUTOHOMETPUYHUX CyM i3 MHOorowieHoM Buuay f(z) = az™ + br y mokasHuky, Je
(a,p) = (b,p) = (n,p) = 1,n > 2, Ha;| KLIbLEM I[INX IayCOBUX IHUCEIL.

KuarouoBi cjoBa: TPUrOHOMETPUYHI CyMU, KiJIbIlE MIJINX TayCOBUX UUCEJT, HETPUMITUBHUI
XapakTep.

Banasc JI. B. TpuronomeTpudecKue CyMMbI C ABYYJeHOM B IloKa3aTeJe Hag,
KOJIBITOM LEeJIbIX TFayCCOBBIX 4Hces. B manHo# paboTe HaMH MOTyUYeHbl HETPUBUAILHBIE
OIEHKH J|JIsi TPUTOHOMETPUUIECKUX CyMM ¢ MHOrouienoM f(z) = ax™ + bxr B nokazarese, Tie
(a,p) = (b,p) = (n,p) = 1,n > 2, HAJ KOJBIOM IEJIBIX TAYCCOBBIX TUCE.

KuntouyeBble CJI0Ba: TPUIOHOMETPUYECKUE CYMMBI, KOJIBIIO TEJIbIX I['ayCCOBBIX YUCeJI, HeIPU-
MUTHUBHBII XapakTep.

Balyas L. V. Exponential sums with the binomial in the exponent over the
ring of Gaussian integers. In this work nontrivial estimates for the exponential sums with
the polynomial f(z) = az™ + bz in the exponent, where (a,p) = (b,p) = (n,p) = 1,n > 2,
over the ring of the gaussian integers were obtained.
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INTRODUCTION. Exponential sums is an important tool for the solving of prob-
lems, connected with integers, and problems, which can not be solved with the use of
other methods. Many questions of number theory are reduced to the application of
the apparatus of exponential sums.

In the work of T. Cochrane [3] nontrivial estimates of exponential sums with the
function f(z) = ax™ + bx in the exponent were obtained. Using Weil’s estimate [7]
for the exponential sums with a polynomial in the exponent over the finite field, the
author got the estimate of the following type

S (az™ + bz, x,p™)| < nps (b, p™)5 . (1)

In the paper we build the analogue of Cochrane’s result for the exponential sums
with the polynomial of the special form in the exponent over the ring of the Gaussian
integers. Let G be the ring of the Gaussian integers and let f(z) = az™ + bz be
a polynomial with integer coefficients. The aim of the paper is the investigation of
exponential sums of the form

S(az™ + bz, x,p") = Z x(z)epn (az™ + bx), (2)

wern
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where x is a nonprimitive character modulo p™, p is a prime number and
p = 3(mod 4), (a,p) = (b,p) = (n,p) =1,n > 2; and

S(az™ + bx, x(N(x),p") = Z X(N(z))epn (az™ + bx), (3)
z€Gpn

where x is a nonprimitive character modulo p™, p is a prime number and
p = 1L(mod 4), (a,p) = (b,p) = (n,p) =1,n > 2.

NoTATION. We will use the following notations:

e G:={a+bila,beZ,i®=-1}

e for o € G we denote N(a) = |a|?, Sp(a) = 2Re(w);

e gcd(a,b or (a,b) - the greatest common divisor of a and b;

e for a € Z (or a € G) vy(a) (or vy(a)) stands that p*»(@]a, p*»(@+1 does not
divide a;

e Gyn (respectively, G, denotes the complete (respectively, reduced) system of
residues modulo p” in G,

o c,n(t) = 2 Re(),
e > (respectively, > ) means the summation over the complete (respectively,

@ O
reduced) system of residues modulo [ in G.

AUXILIARY ARGUMENTS. Before the studying of such kind of sums we present
several lemmas, which will be used in the sequel.

Lemma 1. Let p = 3(mod 4) be a prime, n € ZT. Then there exists the polyno-
mial f(u) with coefficients from G

fu) =u+agu®+ ... +an_1pV 71, (4)

such that for any character x of the group U, C Gy., Uy := {1 + pulu € Gpnfl} we
have

X(1+pu) = epn-r(Af(u)), (5)

where X € Gpn—1 depends only on x, and the coefficients a; satisfy the inequalities
vplag) 2 k—vy(k) —1,k=2,3,...

Proof. It is well known that the multiplicative group G is a cyclic group. We
can select a generator g of group G}, in such way that

2
gp = 1 +pu1a (ulap) =1
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Then using the continuation of p-adic valuation from Q to Q(¢) and stating one-
one correspondence between
k(k—1)

(1 +pu1)k =1+ kpuq +p2u%T T _‘_pn-&-nougﬂrno

k(k—1)...(k—no—1)
no!

n
p—1
group U,, and the additive group G,n-1 are isomorphic (for the detales see [2]).

Since up = w1k +pu%@ +...(mod p"~1) we deduce that the transformation

Gpn-1 — C defined by

and 1+ puy, for any k € Gpn-1, where ng = [ } + 1, we conclude that multiplicative

L+ pu — epn-1(Re(Au)), A € Gpn— (6)

defines a character of the group U,.
So we have proved the assertion of the lemma. W

Lemma 2. Let p be the Gaussian prime , odd “ number (p # 1+ i)n €
Zt ay,...,ap € G, (ay,p) =1, =2,3,...5v3,...,v5 = 2. Then for

5= Z epn (1 + anpr® + agp”z® + .. + agp”at)
z€Gpn

the estimate
0, if a1 #0(mod p);
S| < (7)

n+1

N(p)™=, if o1 =0(mod p)
holds.

The following lemma can be used as a corollary to the previous lemma.

Lemma 3. Let p be the Gaussian prime , odd “, n € Z*, and let f(x) be a
polynomial over G: f(z) = Ajx + Asx® + .... And, moreover, let v,(As) =
=a>0,v,(4;) > a,j=3,4,.... Then for the sum

S = Z epn(f(z))
CDGGpn
the estimate

07 Zf UP(AI) < q;

n+tao

S| < 25N(p)* =, if a<nv,(A1) > (8)

N )(N(p)—1), if az=n
holds.

The assertions of these lemmas are the consequences of the estimates of complete
linear sum and Gauss sum, to which we can reduce the primary sums (for the proof

see [6]).
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MAIN RESULTS. So, we get the next results.

Theorem 1. Let p = 3(mod 4) be a prime, a,b € Z,(a,p) = (b,p) = (n,p) =
1,n € ZT,n > 2, and let x be a nonprimitive character modulo p™. The for the sum

S = S(az™ + bx, x,p") = Z X(x)epn (ax™ + bx)

z€Gpn
the following estimate

0, if vpla) <a
5] < (9)

n—2 n+tao

277 (n—1,p—1)N(p) =, if nuyla)>ao,a<n—2
holds.
Proof. Putting z = u(1+ p"~'v),v € Gp,u € Gpn-1, we obtain
az" + bx = (au™ + bu) + p" " tv(nau™ + bu)(mod p").
The application of Lemma 1 gives

S = Z x(u)epn (au™ + bu) Z ep(v(nau™ + bu + ),

ueG;n71 veEG)

where
N(p), if mnau™+bu = 0(mod p)
Z ep(v(nau™ + bu)) =
vEG, 0, otherwise
and A = 0(mod p) in view of a nonprimitivity of x.
Hence we have
S = N@) S xWepn (au” + bu),
5(C)
where S(C) := {u € Gy i nau” + bu = (mod p)}
Let C' = uy,us,...,u; be a set of the solutions of the congruence nau™ +
+ bu = 0(mod p). Let u; be an arbitrary solution of this congruence. We consider
such u € Gy, for which the condition u = u;(mod p) holds.
Putting u = u;(1 + pv),v € Gpn—2 and using Lemma 1, we get

1
S =N(p) Z Z x(uj)epn (au; + bu;)S,

i=lu; G,

where

Sp = Z epn—1 (v(nau? +An+ bu;)+

vEGpn—2
—1) . —1
4 po? <n(n2 )/\ N n(n2 )au;?) +>
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Let us consider S7. Because of the nonprimitivity of xy we have N = 0(mod p). And
that is why the congruence nauy + bu; = 0(mod p) holds. Therefore, the coefficient

at v is divisible at least by p. Moreover, it is important to know the value of the
n(n—1)
2

—-1) . -1
Vp(n(nz ))\ +n(n2 )au?>:a.

function v, (y) at the point y = . We assume, that v,(n — 1) = @, > 0 and

The application of Lemma 3 gives

0, if vplar) < a;
1S1] < (10)

n—2 n—24+a

272 N(p)” 2, if vpla)Z2o,a<n—2.

It is obvious that the congruence nau™ + bu = 0(mod p) has at most (n — 1,p — 1)
solutions.
Taking into account that N(p) = p?, we get the following estimate for the sum S

0, if vpla) <a
5] < (11)

n—2

27z (n_17p_1)pn+a7 Zf Vp(a1)>oz,oz<n—2,

which is the required result. W

Theorem 2. Let p = 1(mod 4),a,b € Z,n € Z7,n > 2 and let x be a nonprimi-
tive character modulo p™. Then the following estimate

D X(N(@))epn f(x)| < (n=1,p = 1)°p"

LUEGpn
where f(x) = ax™ + bx is the polynomial with integer coefficients.

Proof. It is known that in the ring of Gaussian integers p = 1(mod 4) can be
represented in the form p = p - p, where p and p are the complex conjugate Gaussian
prime numbers. We denote p = ¢ — di, p = ¢ + di with (¢,p) = (d,p) = 1.

Then the residue system [5] modulo p™ can be written as

T = gllﬁ" —l—glzp",O <yl < (p-— l)pn_1 -1,

where g is a primitive root modulo p™ such that g~ = 1+ pH, (H,p) = 1.
Hence

N(z) =T = g*'p" + g*2p" + gh T2 + gh T2 p?" = gh 2 Sp(p®™) (mod p).
Thus, the summands in our sum will be modified as follows
ax" + bxr = (ag”llp" +bghp™) + (ag”lz,on2 + bg'2p™)(mod p").
Then

S = X(Sp(p*) 3 X (g™ )epn (ag™ 5™ +bgh ™) > x(g)epr (ag™2p" + bg'2 o).
(ll) (l2
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We put I1 = (p — 1)t; + 21,12 = (p — 1)ty + 29, where t;(mod p"~ 1) and z; =
0,1,...,p— 2,7 =1,2. Using this, one can get

9" = g7 (1 + arpts + agp’t; + agp™t} +...)(mod p" ") (12.1)
with a1 = —H, ay = —2H?(mod dp), \; > 3.

g% = g7 (1 + bipty + bop*t3 + azpt*t3 + .. .)(mod p" ') (12.2)
with by = —H, by = —2H?(mod p), pu; > 3. Therefore

g™ = ¢"* (1 + ay(n)pty + ao(n)p*t? +...)(mod p"~ 1), (13.1)

where a1(n) = nay, as(n) = (nag + wa@ and so on.

9" = g"* (1 + by (n)pta + ba(n)p*t3 +...)(mod p" 1), (13.2)

where by (n) = nby,ba(n) = (nb2 + @b%) and so on.

By (12.1), (12.2), (13.1), (13.2) we get
ag"™i 5™ +bgh P = (ag" B + by ") + pti(ar(n)ap™ g" + bp"gTrar)+
+p21 (az(n)ag" o + azbg™ p") + ... = Ao + Aupty + Aop®t] + ..
In a similar way we have
ag™zp" + b2 p" = (ag™#p" + bg*p") + pta(bi(n)ap™ g"* + bp"gbi )+
+p2t§(b2(n)agm2p"2 + babg*2p") + ... = By + Bipty + Bop*t3 + . ..

Then our sum takes on the form on the form

S = x(Sp(p™))S(21)8(t1) S (22) S (t2),

where
p—2 o .
S(a) = 2 x(g7)epn (ag™™p™ +bg™p"),
zZ1=
p—=2 N
Slz2) = 20 X(g™)epn(agp™ +bg™p")
Zo=
and
S(t) = > x(IT4platy + agpti +...)),

ti(mod pn—1)

S(tg) = Z X(l -‘rp(bltl + bgpt% +.. ))

ta(mod pn—1)

For the sums over t;(mod p"~1),i = 1,2 we will use the Postnikov’s lemma about
characters [4]

X(1+ plarty + agpt? +...)) = €pn (pa'ltl + pPant? + .. ) ,
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where a; = nXaj,ay = A (na2+ @cﬁ) ,a; = 0(mod p3),j = 3,4... and X\ =
0(mod p) in a view of a nonprimitivity of x.
In a similar way we get

x(1 —|—p(b1t2 + bgptg +.. )) = €pn-1 (pb,ltl +p2b/2t§ + .. ) ,

where by = n\'by,by = A" (nby + "6 ) by = 0(mod p*), j = 3,4... and \' =
0(mod p) in a view of a nonprimitivity of x.

We will impose some restrictions on the coefficients at the first degree of ¢; and
to.

Because of the dependence of the coefficients A; and By on ¢"™* and g* with
i = 1,2, we have to know, for which z;,7 = 1,2, the congruences A;(z1) = 0(mod p)
and Bi(z2) = 0(mod p) hold. Let us consider A;(z1)

nzi—=n n

A1(21) = na1ag"™ g + barg?p" = arp" g™ (napt™ Mg Y 1),

Taking into account, that ay = —H, where (H,p) = 1, we get (a1,p) = 1. So we
have to study the congruence

Re (naﬁ(#*")gzl("fl) + b) = 0(mod p), (14)
which is equivalent to the congruence
nag(()n_l)lee(ﬁ("z_")) + b= 0(mod p) (15)

with n,a,b € Z* and gg is a primitive root in the ring of the rational integers modulo
D.

The fact of the relative primality of Rep = ¢ and p, Imp = d and p leads us in
the investigation of (15) to the binomial congruence

A™ = B(mod p), (16)

which has at most (n — 1,p — 1) solutions. The congruences (14), (15) and (16) are
equivalent. So the congruence (14) has at most (n — 1,p — 1) solutions.

In the same manner one can get the similar results for the congruence Bi(z3) =
0(mod p).

Arranging in order the coefficients at the powers of ¢; and ¢35 in the summands,
we obtain

PAA] 4 ad)ty + p2(AS +a3)t2 + ... = Crty + Cot? + ...

p2(By 4 b))ty 4+ p*(By + b5)t2 + ... = Dyto + Dot + ...
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So, the original sum takes on the next form

S =x (Sp(p™™)) x

X S(Zl) Z (Cltl +Cgt%+...)><

t1 (mod pn~1)

X S(ZQ) Z (Dltg + Dgtg +.. )

ta(mod pn—1)
S(z;) can be estimated in the following away
‘S(zl” < (n -Lp— 1)aZ = ﬁa

where (n—1, p—1) is the number of the solutions of the congruences A (z1) = 0(mod p)
and Bj(z2) = 0(mod p).
The application of Lemma 2 gives the estimate

> xX(N(@)epn f(2)| < (n—1,p—1)p", (17)
z€Gpn

which proves the theorem. W

CONCLUSION. The estimates from the theorems can be applied to the problem
of the distribution of the solutions of the congruence y* = az™ + Bx(mod ), where
a, 3,7 are the gaussian integers [1].
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