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BUMYUIEHI KOJIMBAHHS II’€30KEPAMIYHUX KIJIBIHEBUX
IINIACTHUH 3 YPAXYBAHHSM EJIEKTPOMEXAHIYHUX BTPAT

bessepxuit O. 1., 1. ¢.-M. H., mpodecop, Koprierko B. @., k. T. H.

Inemumym mexanixu im. C. I1. Tumowenxa HAH Ykpainu,
eyn. Il. Hecmeposa, 3, m. Kuis, 03057, Vxpaina
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VY cTaTTi NOAaHO MOCTAHOBKY 3a/1a4i MPO BUMYIIEHI KOJIMBAHHA N’ €30KepaMidHMX KiJbLIEBUX IUIACTHH 3
ypaxyBaHHsM eJIeKTPOMeXaHiYHUX BTPAT HA PE30HAHCHUX peXnMax podoTu. EnekrpomexaHiuHi BTpaTtn
BpaxoBaHi LIJISIXOM BBEJEHHA KOMIUIEKCHMX CTajluX Yy MaTepiajibHi cmiBBigHOwWeHH:A. [IpoBenei
pO3paxyHKM BHMMYLIEHMX KOJIMBAHb I €30KEpaMiUHMX KiUIbIEBUX IUIACTUH NpPH PI3HUX YMOBax
3akpimieHHs kpaiB. [IpoananizoBaHi Hampy’KeHHs, NEPEeMIllEeHHA 1 MPOBITHOCTI 3 ypaxyBaHHIM
MEXaHIYHMX, JieJeKTPUYHUX | 11’ €30€NeKTPUYHUX BTPAT y LIMPOKOMY AiaNa3oHi YacToT, L0 BUHUKAIOTh
y KiblLeBiii miactuni. OaepkaHo psa Gpi3MIHUX 3aJeKHOCTEl I aMIUTITy IHUX 3HaYeHb MepeMilleHb,
Harpy»XeHb i IPOBiTHOCTEIA.
Knouosi cnosa: n’e3oxkepamiyna Kinvyesa niacmund, pe3oHaHCHI KONUSAHHS, eleKMpPOMeXaniuni 6mpami.

BBIHYKAEHHBIE KOJIEBAHUSA IIBE3OKEPAMNYECKHUX KOJIBIIEBBIX
IIVIACTHH C YYETOM DJIEKTPOMEXAHUYECKHUX IIOTEPH

bessepxuit A. U., 1. ¢.-m. H., npodeccop, Kopuuenko B. @, k. T. H.

Hnemumym mexanuxu um. C. I1. Tumowenko HAH Vxpaunvl,
ya. Il Hecmeposa, 3, 2. Kues, 03057, Vkpauna

o_bezver@ukr.net, vf kornienko@ukr.net

B pa60Te JaHa IOCTaHOBKA 3aJa4u O BbIHYXICHHBIX KoJieOaHUAX MbE30KEPAMHUYECKUX KOJIBLIEBBIX
TUIaCTUH € YYE€TOM  DJEKTPOMEXaHMYECKHUX  TMOTEPb Ha  PE30HAHCHBIX  PEKUMaAX pa6OTI:I.
9J'IeKTp0MeXElHI/l"{eCKI/Ie TMOTEPU YUYTCHBI ITYTEM BBEACHHUA KOMIUIEKCHBIX IMOCTOAHHBIX B MaTE€pHUaJIbHbIC
COOTHOIICHUA. HpOBeI[eHLI pacdeTbl BBIHYKICHHBIX KoJjebaHuit TMMBE30KEPAMUUICCKNX KOJBIUEBBIX
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IUIACTUH TP Pa3JIMUHBIX YCJIOBHMAX 3aKpeIuieHWs KpaeB. llpoaHann3upoBaHbl —HANpsKEHUs,
repeMenieHns U MPOBOAUMOCTH C YUETOM MEXaHWYECKHX, AMDIEKTPUUECKUX U IMbE303JIEKTPHUECKUX
MoTepp B MIMPOKOM JMAMa3oOHE 4YacTOT, BO3HMKAIOIIMX B KOJbLEBOH IuacTuHe. I[losydeH psn
(¢usnyecknx  3aBUCUMOCTEl sl  aMIUINTYAHBIX 3HA4YEHUH TMepeMelleHnil, HanpsokeHud u
MPOBOJUMOCTEM.
Kniouegere  cnosa: nbezoKepamuieckas — Koabyegas — MIACMUMA,  PE3OHAHCHble  KOJNeOauus,
9/1eKmpoMexanuyecKue nomepu.

FORCED OSCILLATIONS OF PIEZOCERAMIC ANNULAR PLATES TAKING INTO
ACCOUNT ELECTROMECHANICAL LOSSES

Bezverkhyi O., Doctor of Physics and Mathematics, Professor, Korniienko V., Ph.D.
S.P. Tymoshenko Institute of Mechanics of NAS of Ukraine,
3, P. Nesterov, Kyiv, 03057, Ukraine
o_bezver@ukr.net, vf kornienko@ukr.net

In this paper, this formulation of the problem of vibration piezoceramic annular plates based
electromechanical losses resonant modes. In axisymmetric vibration plate with thickness polarizations
use constitutive equation in the form [2, 4, 5]. In electrodeposited facial planes thin circular plate is
between equipotential surfaces and electric field it can be considered independent of planar coordinates.
When harmonic oscillations with cyclic frequency solution of (4) with respect to the amplitude of the
movement is using cylindrical Bessel functions of the first and the second kind of the first order. Under
the linear model of energy loss at harmonic vibrations electromechanical losses can be accounted for by
the introduction of integrated sustainable constitutive equation. Numerical simulations were conducted
to circular plates made of a piezoceramic CTS-19, with such physical and mechanical parameters [5]. In
this work the ring forced vibrations of piezoceramic plates in different conditions and analyzed
consolidation stress, displacement and conduction with regard to mechanical, piezoelectric and
dielectric losses in a wide range of frequencies that occur in the ring with piezoceramic plate CTS-19.
Obtained a number of physical dependence to amplitude values of displacement, stress and conductivity
are consistent with experimental results.
At free edges, the amplitude values of the displacements at the first resonance decrease with increasing
inner radius on the inner surface, and at the second resonance there is an internal radius (approximately
R/3), where there is a maximum value of the amplitude. As the frequency increases, the amplitude
values drop. On the external surface, on the contrary: the values of the amplitude displacements increase
with increasing internal radius at the first resonance, and at the second resonance there is an internal
radius (approximately R/3), at which the maximum value of the displacement amplitude is reached. The
amplitude values of the dimensionless conductivity decrease with increasing internal radius at the first
resonance, but grow on the second resonance. With increasing frequency, the amplitude values at the
resonant frequencies become larger and smaller, that is, we have strong and weak resonances. The
conductivity is the same as the radius of the ring.
With an internal free and external rigid fixation on the inner surface of the ring with an increase in the
internal radius, there is an internal radius (approximately R/2) at the first resonance of the amplitude
values of displacements, where the maximum value of the amplitude exists, and at the second resonance
we have the maximum value of the amplitude with an internal radius of about R/3. As the frequency
increases, the amplitude values of displacements drop.
With internal rigid and external free fixation, the amplitude values of the conductivity decrease with
increasing internal radius at the resonance. The amplitudeless dimensionless stresses on the inner
surface of a clamped inner ring with increasing internal radius decrease with increasing frequency at
resonance. The amplitude dimensionless values of the displacement on the outer surface of the clamped
ring from the middle with increasing internal radius at resonance fall.
At both rigidly fixed edges of the ring, forced oscillations are not excited by the electric potential.

Key words: piezoceramic annular plate, resonant vibrations, electromechanical loss.

BCTYII

[T’e30€neKTprYHI TOHKOCTIHHI KOHCTPYKTHBHI €JIEMEHTH KPYIJIoi (OpMHU BHUKOPHCTOBYIOTHCS B
YIBTPa3BYKOBUX MPHUCTPOSIX Pi3HOrO (DYHKIIOHAILHOTO INpH3HAYeHHs. HallOumbin XapakTepHUM
PEKMUMOM pPOOOTH II’€30KepaMiYHUX IEPETBOPIOBAYIB € pe30oHaHCHU# pexum. Tomy st
PO3paxyHKy IX HampyXeHO-IeGOpPMOBAHOIO CTaHy Ha PE30HAHCHHUX pPEXUMaX poOOTH HEOOXIIHO
BpaxoBYBaTH BTPATH CHEPrii B MaTepiai.
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OcecuMeTpuyHi pajiaibHi KOJWBAHHS TOHKUX I €30KEPaMiUYHUX JUCKIB 1 KUTHIIEBUX IIACTHH 3
TOBIIMHHOIO IMTOJISIPU3AIII€I0, IOYMHAIOYH 31 CTaTTi [6], BUBUanmcs B Oarathox podortax [1-6 Ta iH.].
[IpoTe, mocmi/pKeHHsI BIUIMBY YMOB 3aKpiIlJICHHs KpaiB IUIACTMHW Ha BHMYIICHI KOJIMBAaHHS Ha
PE30HAHCHHUX PEXHMMax 3 ypaxXyBaHHSM BTpaT €HEprii B JiTeparypi BijacyTHI. [[poMy NMUTaHHIO i
MIPUCBSYCHA HAIlla CTATTSL.

ITOCTAHOBKA 3AJIAYI. OCHOBHI CIIIBBIJHOIIEHHS

ToHky m’€30KepamMidyHy KiJIbIIEBY TUIACTUHY TOBIIUHOIO /I BiJHECEMO JO IFIIHIPUYHOI CUCTEMH
KOOpAWHAT orflz, KoopAwHaTHA IUlomuHAa z=( sKoi 30ira€ThCsi 3 CEPEIMHHOIO IUIOIIHHOIO
mwiacTuHd. [lpy  ocecUMETpUYHMX KOJTMBAHHSIX IUIACTHHH 3 TOBIIMHHOKIO TOJSPH3AIIEI0
ckopuctaemocs [2, 4, 5] MaTrepialTbHUMU CITIBBITHOIMEHHAMH Y (OpMi:

g, =sho,+s,0,+sto.+d E. ,
_E E E
£y =550, +5,,0,+5:0.+dE_,
& =55 (0, +0,)+s,0, +d,E.,
D.=d, (0, +0,)+d,0 +&,E. . (1)

SIKIMO TOHKA II'€30KepaMidHa IJIACTUHA 3 €JEKTPOJOBAHUMH JHILOBAMH ILIOIMMHAMEA Z = /12
nmepeOyBae B yMOBax IIJIOCKOTO HAINPYXEHOTO CTaHy, TO, HpHiiMaroun [2, 4, 5] rinoresn
u, =u,(r t), u,=0, 0.=0, E.=E, (r,t), JUIs KOMITOHEHT HampyXXeHb 3i criBBigHOmEHb (1)

0JIEPIKUMO:
1 ou u
_— | - 1 d E N
% sﬁ(l—vé)(ar e r (+VE) : ZJ
1 ou, u,
o= B e ) e =t .

3 TphOX PIBHSAHBb KOJWBAHb Yy IWIIHIPHYHUX KOOPJMHATAX B OCCCHUMETPUYHIN IUIOCKii 3amadi
BUKOPHUCTOBYETHCS [2] TUIBKHU OJTHE
oo, o,—-oc, Ou
+ =p—F.
or r ot
[Ipu enekTpomOBaHMX JIMIBOBUX IUIOIIMHAX TOHKA KiJbIIeBA IUIACTUHA MepedyBae Mix
EKBITIOTEHITIAIbHAMHE TOBEPXHSMH, 1 €JIEKTPHYHE IOJIe B Hii MOJYKHA BBaXKATH HE3AJICIKHUM BiJl
IUTAHAPHBIX KoopauHar r, €. Y Takomy BuUmajaky migctaBumo (2) B (3) 1 olepKUMO pPiBHSIHHS

3)

KOJIUBaHb BIJIHOCHO IEPEMIIIIEHHS U, (r,t)

o’u,
l—vé)sﬁp?. (4)

PAIIAJIBHI EJTEKTPOMEXAHIYHI KOJJMBAHHSA KLIBIEBOI IJIACTUHH

PosristHeMo mosisipu30BaHy M0 TOBIIHHI TOHKY KiJIBIIEBY I'€30KEpaMiuHy IIJIACTHHY 3 BHYTPIITHIM
paaiycoM F, 1 30BHIIIHIM pajiycoM 7;, BKPUTY Ha JIMI[LOBUX IUIOIIMHAX TOHKHMH €JIEKTPOIAMHU.

ITpy rapMOHIYHMX KOJWBAHHSAX U, (r,t):Reuf (r)exp IO 3 LMKJIIYHOIO YaCcTOTOK (@ PO3B’A30K

piBHSHHA (4) BiIHOCHO AMIUTYZH IepeMilleHHs U, (I”) 3HAXOJUTHCS 3a JOINOMOIOIO

UTIHAPUYIHEX (PyHKIIH Beccerns nepiioro i Ipyroro pojiy Neprioro mopsaKy
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a —_—
u! (r)=ARJ, (k,r)+BRY, (k,r), (5)
ne k; = (l—vé)sﬁpcoz :

Bynemo BuxoauTtH 3 TOro, IO B pamKax JiHIKHOI MoJeni BTpaT eHeprii Hpu TapMOHIYHHX
KOJIMBaHHSIX €JIEKTPOMEXaHIUHI BTPATH MOXKHA BpaxyBaTh [3, 5| HUIAXOM BBEJCHHS KOMIUIEKCHUX
cTanux y martepiaipHi criBBinHomeHHs (1). BBegemo BTpaTu eHeprii yepe3 KOMILJIEKCHI MOJTYJI
TaKUM YHHOM

E _ . _ ) T _ s
Sy —sl.jo(l—zs,.jb), dl.j—dijo(l zdijb), gl.j—el.jo(l zs,.jb),

J€ s ib > d ib > &, — TaHI'CHCH MeXaHi‘-IHI/IX, I[ieHeKTpI/I‘IHI/IX i H’€30€J’IGKTpI/I‘{HI/IX BTpar.

fr

ko y (5) noknactu
A=A(l+v,)d,E!, B=B(l+v,)d,E"

E
— s _ -
K=k,R=d (l—vé)—“ , r=Rr, @=0R\[ps,,
Si10

ne Ef =-U[h — amiiTyna Hanpy)eHocTi enekrpuynoro nojis E. =Re E! expiot, U — pizauns

NOTEeHIIANIB Ha eNekTponxax, A, B — KoMIulekcHi koedimieHTH, R =17, TO 3 ypaxyBaHHSIM (2),
0JIEP)KMMO BiJIIIOBITHI BHpa3n IS HANIPYKEHb Ta TIePEeMileHHS

d.E*® ;
—Re—=3"2 (4 7 )+ Bb (x7)—1)e",
o, elel(l_VE)( al(icr)+ l(Kr) )e
d.E*® ;
o, =Re—>=—=—(Ada, (x7 )+ Bb, (k7 )—1)e'”,
4 Sﬁ(l_VE)( 4( ) -( ) )
d.E*® ;
=Re—2==(AxJ (x7)+ BxY (x7)=2)e",
o, +o, eSlEI(l—VE)( xJ, (k7 )+ BxY, (x7) )e
u, =Re(1+v,)d,EIR(AJ, (kF)+ BY, (x7))e, (6)

IS
o (F)=xJ, (KF)—(I—VE)%JI(KF), b (z?)=KYO(KF)—(1—vE)%YI(KF),
i (7F) = v, (K7)+(1-VE)%J1 (k7). b, (27):VEKYO(KF)+(1-VE)%K(K7). 7

3anuimemMo mpecTaBIeHHS U aMILTI Ty THUX 3HA4eHb IIePEMIIIIeHHS Ta HAIPY KEeHb Y BUTIISIII :

ul = (1+v,)d,,EXR( AJ, (7)) + BY, (xF)),

B d,E’ _ _

=S (4 - Bh, (x7)—1),
lop S1E1(1_VE)( a,(x7 )+ Bb, (kT ) )
ol = . F; (Aa2 (x7)+ Bb, (KF)—I).

51E1(1_VE)

BinnosigHo 11t 6€3p03MipHUX aMIUTITYJTHUX 3Ha4€Hb MA€MO:
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u’ d
i =———=(1+v, )= (4J, (x7 )+ BY, (xF))
' REzadBO ( E)d130 1( ) l( ) ,
—a __ O-:ZSIIO _ d13S110

r T Tag Aa (k7 )+ Bb (k7 )—1),
E‘d,, dmsﬁ(l_vE)( (&7 )+ Bb, (x7) )

—a _ OpSiig d\38,5 - -

G, = = Aa, (k7 )+ Bb, (k7 )—1),
’ Eld, d13051E1 (I_VE)( 2( ) ( ) )
G +G, = &(AKJO (x7)+ BkY, (ﬁ)—z) :

dy081, (1 —Vg )
[loBHa 6e3po3mipHa mpoBiaHICTH [5] Oyne

7-L. _i{l_k; YK o (k) T, (7)) + B, ()~ (Kfo))]},

® 7T
ne C= 7r(r12 —roz)h'lgf3 — CTaTHYHA NIEKTPHYHA EMHICTh IUIACTHHH, K, — IIaHApHUIl KoedimienT

. D) 2 2d123
eIeKTPOMEXAHIYHOr 0 3B™S3KY (&, = ————=+—).
(1 —Ve ) S11€33

Po3risiHeMO MO>JIMBI BapiaHTU TPAaHUYHUX YMOB IIPH ¥ =7 Ta r =1,.

YUCEJIBHE JOCJJIKEHHS BIIVIMBY 'PAHUTYHUX YMOB HA BUMYIIEHI
KOJIMBAHHS ITACTHHU 3 YPAXYBAHHSIM BTPAT EHEPIIi

[Ipu BibHUX KpasiX KUIBIEBOI IUIACTUHU T'PAaHUYHI YMOBU OYyAYTh
o,(r,1)=0, o (1,t)=0. (8)
BuxopuctoByroun Gopmyiu (2), (5), a1 HaupyKeHb 0JCPKIMO CUCTEMY allreOpaldyHUX PiBHSIHB

Aa, (k7)) + Bb (x7;) =1,

Aa, (k1) +Bb (k1) =1. 9)
3BijcH 3HAX0MMO MOCTiiHI iHTerpyBaHHs
A= (b (x7) =6 (7)) Ay B=(a (x75) = a, (k7)) Ay (10)
Jle BU3HAUHHK
Ay =a,(k7;) b, (x77) = a, (k77 )b, (75 ). (1)

Pe3oHaHCHI 4acTOTH BU3HAYAIOTHCS 3 YACTOTHOTO piBHSIHHS A =0,

YucenbHi po3paXyHKH HPOBOAMIIUCH JUIS KUIBLEBHX IUIACTHH 7, <7 <7; =R, BUTOTOBIECHHX 3
1’ e3okepamiku L{TC-19, mpu Takux ¢izuko-MexaHiyHUX napamerpax [2, 4, 5]:

p=T7740 xr-M~, s, =15,2-10""M°H™",  5,,=-58-10""H", d,, =-125-10""Kn-H"',
s, = 0,084, Sy, = 0,05, 13, =0,0094, Sy, = 0,012, g, =1490¢, &1, =1360¢,,
£,=8,85-10""d M.
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Ha puc. 1, 2 npencraBieHi 3aleKHOCTI aMIUTITyJJHUX O€3pO3MipHUX 3HAYCHb TEPEMIllCHHS i,
KUTBIIEBOT TUIACTUHH BIJIMOBITHO HA BHYTPIIIHINA MTOBEPXHi Ta HA 30BHIMIHIN MOBEPXHI BiJl YaCTOTH
@ TIPU PI3HUX 3HAUCHHSIX OE3pO3MIpHOTO pajiyca 7y, .

—da
u}"

4 )

: |
N4

[5
-2
I — 7 =005
oLl i
2~ 7 =01
~6 i 3 - 7, =035
57 =07
-10
1 2
“12 |
0 5 10 15 20 25 [

Puc. 1. 3anexHOCTi aMILTITY JHUX 3HAYEHb MEPEMIIIEHHS i, KiNbIEBOT IIIACTHHN HA BHYTPINIHIN MTOBEPXHi BITLHOrO

KiJIBLIA Bill 4ACTOTH @ TIPY Pi3HUX 3HAYCHHAX Oe3pO3MipHOTO pamiyca 7;

a
r

<

4 3
4 2

R

oA
f

1 -7 =01
-2 -
2 - 7 =035
3 -7 =05
—4
4 — 7 =07
-6 —
0 5 10 15 20 25 ®

Puc. 2. 3a1eKHOCTI aMILTITYIHUX 3HAYEHb MEPEMIIIEHHS U0 KiNbLEBOT MIACTUHU HA 30BHILIHII OBEPXHI

BIILHOTO KiJIBLIS Bifl 4ACTOTH @ TPH Pi3HUX 3HAUEHHAX Oe3po3MipHOTO paziyca r

BaurMmo, 110 aMIUNTYHI 3HAYEHHS NEPEMIlleHb ¥, Ha MEPIIOMY pPe30HaHCI 3i 3GiIbIIEHHAM
BHYTPILIHBOTO pajiyca 7, Ha BHYTpilIHil moBepxHi (puc. 1) magarwTh, a HA JPYroMy pe30HaHCI
icHye BHYTpimmiil pagiyc (mpubmusno R/3), ne MaeMo MakcHMalbHe 3HAYEHHS aMILTTyau. 3i
3pOCTaHHSM YaCcTOTH aMILTITY/IHI 3HAYCHHS MaJaroTh. Ha 30BHIIIHIN MOBepXHI (pUC. 2) — HaBITaKH,
3Ha4YeHHs #, 31 30GUIBLIEHHSM 7, Ha IEPIIOMY PE30HAHCI 3pOCTAlOTh, a Ha JPYrOMY Pe30HAHCI
icHye BHyTpiHil pagiyc (mpubmusHo R/3), mpu sKOMy JOCATAEThCS MaKCHMalbHE 3HAYEHHS

aMIUITy | U, .
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AMITTITY THO-9acTOTHI 3aexHocTi (AUX) 6e3po3MipHOil MPOBIAHOCTI Yy MpeJICTaBjIeHI Ha puc. 3.
ButHO, 0 aMIUTITYIHI 3HAYEHHS 31 301JIBIIICHHSIM BHYTPIITHLOTO pajiiyca Ha MEpIIoMy pe30HaHCI
[aJal0Th, a Ha JIPYTOMY pE30HaHCI HaBHAaKH 3pOCTAIOTh. 31 3pOCTAHHSIM YacTOTH AaMILTITY/AHI
3HAYCHHS Ha PE30HAHCHUX YacTOTaX CTAIOTh TO OUIBIIMMH, TO MEHIIAMH, TOOTO MaEMO CHIIBHI i
ciabki pe3oHaHcu. [IpoBiIHICT 0/IHAKOBA 10 Pajiiycy KiTbLISL.

1
0.8 7%

2.2
1 -7 =01
’ -7, =0,
w1 e s
1.6/l zf{l /7 4 -7, =07
il
LA
1.2 /
|
|

- ~

A /( /1 U ///?/%é/{@) — —— g
0.6 -

04 U b v V

"0 5 10 15 20 25 [}

Puc. 3. AUX 6e3po3mMipHOT MPOBITHOCTI Y Ha 30BHIIIHII MOBEPXHi BITLHOTO KIBL MPH Pi3HUX 3HAYEHHSIX
Ge3po3MipHOro pauiyca 7;

. . . . . . —a
Ha puc. 4 MMpEeACTaBJICH] 3aJIC’)KHOCT1 aMILIITYyTHUX 6e3p03M1pHI/IX 3HAYCHb NEPEMIINCHD KUIBLA U,

Ha BHYTpIIHIA noBepxHi (KkpuBa 1) Ta Ha 30BHIMHINA (KpuBa 2) MOBEPXHI BiJl YaCTOTH @ WpH
3HAYEHHSIX Oe3po3MipHOro paaiyca 7, =0,35.

—da
u}"

4

7 =035

]

2 K\\ﬁ_
//,

0 5 10 15 20 25 ]

Puc. 4. 3anexkHOCTi aMILIITyIHUX 3HAUEHb MEPEMIIEHHs #, KiIbLEBOI IIACTUHY HA 30BHIlHIl (kpuBa 1) Ta

BHYTpiLIHIi (KpuBa 2) MOBEPXHSAX BIILHOTO KiMbList Bill yactotu @ 1ipu 7y = 0,35
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baunmo, 1o Ha mepmoMy, TpeTbOMY, IT'ITOMY 1 T.J. pe30HaHCaX MAaeMO CHH(]a3HI MepeMillleHHs,
TOJIi SIK Ha IAPHHUX pe30HaHcaX (JIPyromy, 4eTBEPTOMY i T.J.) OyAyTh IPOTU(A3HI TePEMIlICHHS.

Ha puc. 5 npencrapieHi 3al1exKHOCTI aMILTITyJHUX O€3pO3MIpHHUX 3HAY€Hb HAlpy>Ke€Hb KUIBLS &,
Ha BHYTpIiIHI#N (KpuBa 1) Ta Ha 30BHIIIHINA (KpuBa 2) MOBEPXHSIX BiJl YaCTOTH @ NPH 3HAYCHHSX
6e3po3mipHoro pauiyca 7, = 0,35 . BumaHo, 1110 Ha mepuiomy, TpeTbOMy, I’ ITOMY i T.JI. pe30HaHCcax
MaeMo cHH(]A3HI HaNpyXeHHs, TOJI fK Ha MapHUX pe30HaHcaX (Apyromy, 4eTBEpTOMY 1 T.1.)

OynyTe mpoTudazHi HampyxeHHs. [lpuuomy BeIWYMHU aMIUTITYIHHX O€3pO3MIpHUX 3HAYEHBb
HaIlpy>KeHb KUIbISI &, Ha pe30HaHCAaX Ha BHYTPIIIHIN IMOBEpPXHI MOPIBHIHO 3 HAIpPY)XEHHAMH Ha

30BHIIIHIN MTOBEPXHi OLTBINI, HIX Y TPH pa3H.
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Puc. 5. 3ane;kHOCTI aMILTITY 1HUX 3Ha4€Hb HANPYXKeHb &, Ha BHYTpillHiii (kpuBa 1) Ta Ha 30BHIiLIHIN (kpuBa 2)

MOBEPXHAX BUILHOTO KiNbLst Bif yactotu @ 1npu 7y = 0,35
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Puc. 6. 3a/Ie:KHOCTI aMILTITYy IHUX 3HaUY€Hb HANPYXEHb O, Ha BHYTPILIHINA MOBEPXHI BIILHOIO KIS BiJ YaCTOTH @
0

NpH Pi3HKUX 3HAYCHHAX 0e3pO3MIpHOro pajiyca 7y
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Ha puc. 6, 7 npezacraBieHi 3aleXHOCTI aMIUTITyJHUX O€3pO3MipHUX 3HAU€Hb HAIpPY)KEHb KiTbLs
O, Ha BHYTpilIHil (puc. 6) Ta Ha 30BHIIIHIA (pUC. 7) MOBEPXHSAX Bl YaCTOTU @ TPU PI3HUX

3HAUEHHSX Oe3po3MipHOTO pajiyca 7,. [lpuuomy s aMILTTyIHHX O€3pO3MipHHX 3HAYCHb
HalpyXeHb KiIbIsl &, Ha pPe30HAHCAX HA BHYTPIIIHIM MOBEpXHI iCHye BHYTpIIIHIH pamiiyc
(mpubimzno R/3), me MaeMo MiHIMalbHe 3HAYEHHS AMIUNTYIM, 4 Ha 30BHINIHIA MOBEPXHI —
HaBIIAKH MaeMO MaKCHMallbHE 3HAYCHHS aMILUTITY/IH 3 THX )K€ YMOBaX.

h [
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. . —a . .y .. . . —_—
Puc. 7. 3anexHocTi AMIUIITYy JHUX 3HA4Y€Hb HANPY>KE€Hb O-g Ha 30BHILIHIMA MOBEPXHI BUILHOT'O KUIbLA B1J YaCTOTU ()

NpH Pi3HUX 3HAYEHH:X Oe3po3MipHoro paiiyca 7

. . . . . . —a
Ha puc. 8 HaBeneHi 3ajie)KHOCTI aMIUTITYTHUX O€3pO3MipHUX 3HAUCHb MEPEeMILICHHs KUIbLS U, Y
BHYTPIIIHIX TOYKaX Kbl Bil yactoTu @ mpu 7, = 0,35. bauumo, 110 Ha mepuioMy pe3oHaHCi B

yCIX TOUKax Kilbllsl MepeMillleHHs cuH(pa3Hi, a BKe Ha APYroMy pe30HaHCI MAEMO B PI3HUX TOYKax
KUTBIIS SIK cHH(a3HI KOJIMBaHHS, TaK MPOTH(a3Hi.
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Puc. 8. 3anexxHOCTi aMIUTITy THUX 06€3p03MipHIX 3HAUCHB MEePeMillleHHs Kb i y BKa3aHUX BHYTPIIIHIX TOUKAX

BIIHOTO KiNbLA Big wactotn @ npu 7, = 0,35
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[Ipu BHYTPIIIHEOMY JKOPCTKOMY 1 30BHIIIHBOMY BUIBHOMY 3aKpiIlJICHHI

3 CHCTEMU alre0paidyHuX PiBHSIHB

3HAXOMMO TOCTIiHHI iHTerpyBaHHS

J€ BUBHAYHHUK

u, (r,,t)=0, o,(1,)=00,(,)=0 (12)
AJ(x7)=0, Aa (xF%)+Bb (x7)=1, (13)
A=-Y(x7)A,., B=J (x7;)A;L, (14)
A, =J, (&) b (k7)Y (kT ) @ (577 - (15)

Pe3oHaHCHI YaCTOTH BU3HAYAIOTLCS 3 YACTOTHOTO piBHSIHH}I A w = 0.
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Puic. 9. AUX Ge3po3mipHOi MpoBigHOCTI ¥ 3aTHCHYTOTO 3 CEpeHI KilbIi
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Puc. 10. 3anexxHOCTi aMILIiTYy AHUX 3HAY€Hb HAMPYXKEHb G, Ha 30BHILIHIIl NOBEPXHi 3aTUCHYTOI'O 3 CEPeAUHU KilbLis
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AYX 6e3po3MipHOI MPOBITHOCTI ¥ Ha 30BHIIIHIM MOBEpXHI 3aTUCHYTOIO 3 CEpeIMHU Kiblsd MpU
pi3HHX 3HAUYCHHSX OE3pO3MIpHOTO pajiyca 7, TpeacTaBieHi Ha puc. 9. Buano, mo aMrutityaHi
3HAYEHHs MPOBIAHOCTI 31 301IBIIEHHSM BHYTPILIHBOTO pajiyca Ha pe30HaHCl Ma1aloTh.

AMmutiTyaHi 6e3po3MipHi HampyKeHHs O, Ha BHYTPIIIHIA IIOBEPXHI 3aTHCHYTOrO 3CEPEIUHU
kutbns (puc. 10) 31 301IBIIEHHSM BHYTPIITHBOTO pajiyca i 3pOCTaHHSAM YacTOTH @ Ha pe30HaHCI
1aJIAf0Th.

AmIutiTy1HI 6€3p0o3MipHi 3HaUEHHS TepeMillleHHs Ha 30BHIIIHIM MOBEPXHi 3aTUCHYTOTO 3 CEpeANHU
KUTBIIS 31 30UTBIIICHHSIM BHYTPIITHBOTO pajiiyca Ha pe3oHaHci majaaroTh (puc. 11).
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Puc. 11. AUX nepemiuiens ¥, Ha 30BHILIHIN MOBEPXHI 3aTUCHYTOTO 3 CEPEIMHU KilbLid
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Puc. 12. 3anexHOCTi aMIUTiTy IHUX 3HAUEHb MEPEMIILEHHS KilbUs if,. Ha BHYTPIIIHIN MOBEPXHI 3aTUCHYTOTO 3
CepeIMHM KiNbLid BiJl 4aCTOTH @
Ha puc. 12 npencrasneni aMIuiiTyiHi 6e3po3MipHI 3HaYSHHS MEPEMIIIeHHs] Y BHYTPIIIHIX TOYKaX
KITBIS BiJ YacToTH O mpu 3HaueHHsX 7, =0,35. Baunmo, 110 Ha meprioMy pe3oHaHCi B YCix
TOYKaX KUTbL MepeMilleHHs cuH(a3Hi, a BXKe Ha JPYroMy pe30oHaHCi MaeMo SIK cuH(asHi, Tak i
npotr(asHi KOJIUBAHHS B PI3HUX TOYKAX KiTbIIS.
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[Ipu BHYTpIITHEOMY BUTLHOMY 1 30BHIIIHBOMY JKOPCTKOMY 3aKpIIJICHHI
Gr(ro,t):O, u,(r,t)=0 (16)

3 CHCTEMU alre0paidyHuX PiBHSIHB

AJ, (k7)+ BY, (k%) =0 (17)
0JIEPIKUMO TIOCTiliHi iHTerpyBaHHs
A=Y (kR)A,,. B=-J (xT))A,,. (18)
/e BU3HAUHIK
A, =a (7)Y, (1) —b, (k7)) J, (k7). (19)

Pe3oHaHCHI 4aCTOTH BU3HAYAIOTLCS 3 YACTOTHOT'O piBHSIHH}I A ou = 0.

AUX 6e3po3MipHHX TepeMillleHb KiNbIsl i, Ha BHYTPIIIHIA MOBepXHi HaBeneHi Ha puc. 13. 3i
30LBIICHHSIM BHYTPIITHBOTO pajiyca Ha TIEpIIoOMYy pEe30HaHCI iCHye BHYTPIIIHIA pajiyc
(mpubnuzao R/2), 1e MaeMo MakcHMasbHe 3HAUCHHS aMILUTITY/d, a Ha IPYrOMY PEe30HAHCI MaeMo
MaKCHMallbHe 3HAYCHHsI aMIUTITYIH MPU BHYTPIITHbOMY pasiyci mpubnusno R/3. 3i 3pocranHsM
YaCTOTH aMILTITY/IHI 3HAUSHHS MTaIal0Th.
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Puc. 13. AUX nepemilueHb i, 3aTUCHYTOrO 30BHi KiJibLi Ha BHYTPILUHIN MOBEpXHi

Ha pwuc. 14 HaBemeHi MakcuMalibHi Oe3po3MipHi IepeMillleHHs Ha BHYTPINIHIA MMOBepXHIi
3aTUCHYTOI'O 30BHI KibliS Ha MepIliii pe3oHaHCHIM 4acToTi ® mpu 3MiHI paaiyca 7, Bix 0,05 no

0,7. be3po3mipHe niepeMillieHHs 1ocsirae Makcumymy tipu 7, = 0,45 .

AMIITITY 1M 6€3p03MipHOT TIPOBITHOCTI 3aTHCHYTOTO 30BHI KIJBI[S 31 30UIBIICHHSIM BHYTPIIIIHHOTO
pajiyca Ha pe30HaHCI 3pOCTAIOTh 1 IMaJIal0Th 3 POCTOM 4acTOTH (pHc. 15).
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Puc. 14. 3anexHicTh MaKCUIMaTBHAX TIEPEMIMIEHb i1 ¢
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Puic. 15. AUX Ge3po3MipHOi mpoBigHOCTI ¥ 3aTHCHYTOrO 30BHi KibList

AMIUTITY/THI 3HA4Y€HHs HaNpy>XK€Hb 3aTUCHYTOrO 30BHI KUIbI &, Ha 30BHIIIHIA HOBEpXHI 31

301IbIIEHHSM BHYTPIIIHBOTO pajiilyca Ha pe30HAHCI 3pOCTalOTh, a 31 3pOCTaHHSIM YacTOTH MaJal0Th
(puc. 16).

[Ipu 060X KOPCTKO 3aKPIIVIEHUX KpasiX KiJbIlsl FPaHUYHI YMOBH OYIyTh
u,(ry,)=0, u,(r,)=0. (20)
3 BiJINOBIIHOT CUCTEMU alreOpaiYHUX PiBHSHb
AJ, (7,)+ BY, (x7;) =0,
AJ, (k7)+BY, (k7)) =0 (21)

BUILJIMBAE, M0 BHUMYIICHI KOJMBAaHHS B I[bOMY BHIIQJKy €JICKTPHUYHUM MOTEHIAJIOM He
30y IKYIOThCS.
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Puc. 16. AUX 6e3po3MipHUX HApPyKeHb &, 3aTUCHYTOIO 30BHI KiJIbLIS HA 30BHIlIHIlN NOBEpXHi

BUCHOBKHA

VY crarti ,Z[OCJ'Ii,Z[)KeHi BHMyHJeHi KOJIUBaHHS n’e30KepaMquI/IX KiJ'ILI_IeBI/IX MJACTUH TIPH PI3HUX
yMOBax SaKpll'IJ'IeHH}I i npoaHan13OBaH1 HaAMPY)KeHHsI, MTePEeMIIIeHHs 1 HpOBlI[HOCTl 3 ypaxyBaHHsIM
MEXaHIYHHUX, I[leJ'IeKTpI/I‘-IHI/IX i €30CTEKTPHIHUX BTPAT y IIMPOKOMY JiamasoHi 4acTor, IO
BUHHUKAIOTh Y KUIBIEBIA TIJIACTHHI 3 I €30KepaM1KI/I IITC-19. Onepxano 1wt pan (1)131/1'-IHI/IX
3aNeKHOCTEH I aMIUNTYAHMX 3HA4YeHb MEpeMilleHb, HalpyKeHb 1 TMPOBIAHOCTEH, sIKi
V3TOJIKYIOThCS 3 €KCTIEpUMEHTATBHUMHU pPe3yIbTaTaMH.
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