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AHoTamnis. B naniii ctaTTi po3po0ieHo cuCTeMaTHYHHUI METOJl PO3paxyHKy HaOIMKEHUX IiH
MIMPOKOT0 CIEKTPY WIHHUX MarepiB, IO Mepeadadyac BUKOPHUCTAHHS 1HCTPYMEHTIB CHEKTPAIbHOTO
aHajizy, TEOpil0 CHHTYISIPHUX Ta PeryjsipHUX 30ypeHb. L[iHM nepwBaTHBIB 3alieKaTh Bill
CTOXaCTHYHOI BOJATUJIBHOCTI, AKa MOXe OyTH OaraTo(akTOpHOIO, B TOMY CEHCi, 0 Ha Hel Moxe
BIUIMBATH LIBUIKO3MIHHI Ta OBIJILHO 3MiHHI (hakTOpH.

VY 10CKOHANIEHO METOAMKY 3HAXOJUKEHHS HAaOJNMKEHOI MiHHM Ul IIUPOKOTO KJacy JAepHBATHBIB
BOJIATHJIBHICTh SIKUX 3aJICKHTH BiJl TBOX TPYI 3MIHHUX YMHHUKIB, 32 JIOTIOMOTOI0 CIIEKTPaIBbHOI Teopil
Ta XBWJIbOBOI TEOpii CHHTYJSIPHUX 1 perymsipHuX 30ypeHb, BCTAHOBJICHO AaHANITHYHY (HOpMyITy
HAOJIM)KEHOT I[IHW aKTUBIB, sKi omucyioThes Momewito CEV 3 ¢cTOXacTHYHOH BOJIATHIIBHICTIO.
3niiCHEHO MPOTHO3YBAHHS I[iH OMIIIOHIB, SKi MOPOPKYIOTECS MUPY3IHHUMHE TIporiecamu, ae audys3is
3aJIeKUTh B IBOX IPYI 3MiHHMX YMHHUKIB. Po3poOiieHO anroputM oO4mcieHHs HaOMKEeHOI LiHK
JIEpUBATHBIB 1 TOYHOCTI OLIHOK, II0 J03BOJISIE MPOBOAUTH aHAi3 Ta 3pOOMTH 3armo0iXHI BUCHOBKH 1
OpPOTO3UIIii, MO0 MiHIMI3yBaTH PHU3UKU MIOJO I[IHOYTBOPEHHS JEPUBATHBIB, SIKI BHHUKAIOTh Ha
¢ongoBomy puHKY. Po3poGneHo meromu oOumcieHHs HaOMMKEHOI LiHM OIIIOHIB 3a JOMOMOIOI0
IHCTPYMEHTIB CHEKTPAJIbHOTO aHali3y, CHHTYJISPHOI Ta PErysIpHOI XBUIIBOBOI TEOpii y BUIAIKY
BIUIMBY WIBHJKO Ta TOBUILHO MAiFOUYMX 4YMHHHKIB. KOMOiHYIOUM METOAM 3 CIEKTpajbHOI Teopil
CUHTYJIAPHUX 1 PEryJIspHUX 30ypeHb, MOXKHA HAOJMKCHO OOYHMCIMTH I[IHY MOXIMHUX (iHAHCOBHUX
IHCTPYMEHTIB, SIK PO3KJIaJ] 332 BIaCHUMH PYHKIISIMHA. PO3po0IiieHO anropuT™M 0OYUCIIEHHST HAOIMKEeHOT
I[IHA JICPUBATHBIB 1 TOYHOCTI OI[IHOK, IO JIO3BOJISE MPOBOJUTH aHaJli3 Ta 3pOOMTH 3amo0ixHI
BUCHOBKM 1 TMpOMNO3HIli, MO0 MiHIMI3yBaTH pPHU3HKH IIOJO IiHOYTBOPEHHS JICPHBATHUBIB, SKi
BUHUKAIOTH Ha ()OHIOBOMY PUHKY

Kiro4oBi cioBa IiHOYTBOpEHHS [EepHBATHBIB, CTOXaCTHYHA BOJATHJIBHICTH, JIOKaJbHA
BOJIATHJIBHICTh, CIEKTpalIbHA TEOPisl, TEOPisi CHHTYJISIPHUX 30ypeHb, TeOpisl peryIsipHUX 30ypeHb
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Abstract. This paper develops a systematic method for calculating approximate prices
for a wide range of securities implying the tools of spectral analysis, singular and regular
perturbation theory. Price options depend on stochastic volatility, which may be multiscale, in
the sense that it may be driven by one fast-varying and one slow-varying factor. Price finding
is reduced to the problem solving of eigenvalues and eigenfunctions of a certain equation.

The method of finding the approximate price for a wide class of derivatives whose
volatility depends on two groups of variables has been improved, using the spectral theory
and wave theory of singular and regular perturbations, Options for forecasting options
generated by diffusion processes, where diffusion depends on two groups of variables, have
been forecast. An algorithm for calculating the approximate price of derivatives and the
accuracy of estimates has been developed, which allows to analyze and draw precautionary
conclusions and proposals to minimize the risks of pricing derivatives that arise in the stock
market. Methods for calculating the approximate price of options using the tools of spectral
analysis, singular and regular wave theory in the case of fast and slow factors are developed.
Combining methods from the spectral theory of singular and regular perturbations, it is
possible to estimate the price of derivative financial instruments as a schedule by
eigenfunctions. An algorithm for calculating the approximate price of derivatives and the
accuracy of estimates has been developed, which allows to analyze and draw precautionary
conclusions and proposals to minimize the risks of pricing derivatives that arise in the stock
market

Keywords: derivative pricing, stochastic volatility, local volatility, spectral theory,
singular perturbation theory, regular perturbation theory.

Introduction. Spectral theory was widely used in the second half of the 20" century by
many economists. In recent years spectral analysis has become an increasingly popular tool
for use in financial mathematics to analyze diffusion models which are based on the
expansion of eigenfunctions and eigenvalues of linear operators. For example, it is used to
find the price of a European option using Black-Scholes model [8]. Among the scientific
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problems that can be solved by applying spectral methods: predicting option prices [7]
securities interest rates [11], modeling the volatility of financial assets [4].

Assets estimation problems are solved analytically by methods of spectral theory [5].
Spectral theory as well as stochastic volatility models has become an indispensable tool in
financial mathematics, for the matter of that, two barrier option prices are subjected to
Brownian motion and are correlated with volatility [6]. The study of stochastic volatility,
volatility assets in particular, underlies the derivative and is controlled by nonlocal diffusion.

In this article we continue the area of our research [1-2], expending it on the theory
model CEV (constant elasticity of variance model), which was designed by John Cox in 1975,
employing his methods [3,9-10].

Combining the methods of spectral theory and regular perturbance, we are able to
calculate approximately the opportunity cost as expansion of eigenfunctions. We will work
with infinitesimal generators of three-dimensional diffusion.

Problem Statement. First, consider the one-dimensional diffusion dX; = v(X;)dt +
a(X;)dW, which has the possibility to show default jump at a speed h(X;) =0, W,—
geometric Brownian motion, X is always strictly positive. We add two nonlocal volatility
factors to the total diffusion: a(X;) - a(X;)f (Y, Z;). The first factor Y is dynamic. The
second factor Z changes slowly. So, our model is a multidimensional volatile stochastic
model.

Let (©, F, P) denote probability space that supports correlated Brownian motion
(W*, WY, W?#) and an exponential random variable e~Exp (1), which is not independent of
(W*, WY, W#). We assume that the economy with three factors is described by homogeneous
time, continuous Markov process x = (X,Y,Z), which takes values in some state space
E=1XRXR, I=(e,e;), —0<e; <e, <o . Suppose that y begins in E and
instantly disappears once X ¢ I, that is:

The dynamics of y according to the physical value P, is as follows:

;= {A(f(t' Ve Ze), IT',I :f, T, =inf(t > 0: X; ¢ 1),

where (X,Y,Z) are assigned
( dX; = v(X)dt + a(X)f (Y, Z,)dWY,

1 1
dYt == ;all(Yt)dt + \/_Ealz (Yt)dWy,

dZy = 8ay,(Z,)dt +V8ay,(Z)dWE,
\ d(Wx' Wy)t = pxzdt'
d(le Wz)t = pxydtl
d(Wy' Wz)t = pyzdtl
\ X0, Y0, Zy) = (x,v,2) EE.

where (pxyl Pxz pyz) such as |pxy|r Ipler |pyz| <1and 1+ prypxzpyz - pxyz -
Pxz® — Pyz° = 0, and matrix correlation of Brownian model is positive. The process X can
display, for instance, index value, short interest rates, option pricing. The physical value P of
the process X, we consider as an instant drift v(X,) and stochastic volatility a(X,)f (Y, Z;) >
0, which has two components: local a(X;) and nonlocal f (Y Z;). Nonlocal volatility
component f(Y;, Z;) is based on two factors: Y and Z, so for infinitesimal generators have

1/1 1
Mg ==(3050002, +a.()9,),  ME =68 (5%,(2)02 + 0z (2)3,),
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Therefore, Y and Z have an internal timeline e > 0 and 1 5 . We assume that € <<
s

1and § << 1, the internal timeline Y is small, whereas the internal timeline Z is large. So, Y
is volatility of fast variable factor, whereas Z is vitality of a slow variable factor. Note that M{
and MSt are

L= %az (0)02, + a,(x)0, — a,(x) X € (e1,€2); )

Suppose you have to pay share dividends S, = I;nX;, S > 0. then the state space X
will be e;, e, = (0,00). Consider a multidimensional diffusion process at Killing (default
jumps) of constant variable model. In particular, P dynamics of X default is set as

dXt = (l’l' + Cthn)Xtdt + f(Ytl Zt)Xt_T']+1thxr h’(Xt) = u + CX?TI.

To simplify calculations assume that the risk-free interest ratesr =0, u >0, ¢ >0, Y
and Z are fast and slow variables of volatility, which are defined

(dX; = (a;(Xy) — aX)f (Ve ZDR(Y,, Z,))dt + a(X) f (Y, Z) AW,
1 1 1 -~
dY; = (; a;; (Ye) — Tga1z(Yt)A(Yt, Zt)) dt + ﬁau(yt)dwy:
dZ, = (5a21(Zt) —Véay, (Zt)F(Yt:Zt)) dt +Vbay,(Z,)dWE,
d(Wx, Wy)t = pxydt,
d(Wx, WZ)t = pxzdt,

d(Wy, WZ)t = pyzdt;
\ (XOJ YOJZO) = (x;y,Z) € E;

where

v(X;) — b(Xy)
—————+ 0, Z,) | dt,
a(X)f (Y, Ze) (F Z2)
dW,” = aw + A(Y,, Z,)dt,

AWF = dWF + I'(Y,, Z,)dt,

AW == dW{¥ + (

In our study, there may be two possible ways of default when X is beyond the time-
frame I, or at random time 7, (h(X;) = 0 stochastic value (the so-called level of danger).
Mathematically default time 7 can be expressed as follows [2].

Volatility X includes the local component X; and nonlocal component of
multidimensionality f(Y;,Z,). We assume, n <0, that is local volatility component X,
increases when X;, decreases. It means that prices and volatility have negative correlation.
Stochastic danger level h(X,) increases when X decreases. Now let’s calculate the
approximate price of European option for assets S. The European option price can be defined
by the formula (2).

(M) = %szz””a,?x + (1 + cx®)xd, — (u + cx?M), 2)

M,— infinitesimal generator, the end of the time-frame that is the point e, = o is a
natural border. However, the classification of point e; = 0 depends on the value n and ¢/G?2.
Therefore, we present the following classification:

1) c/a?=>1/2, 1n<0,e =0-trivial case,
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2) c/d? € (0,1/2), ne€ [%— 1/2,0), e, = 0 — this number serves as
the initial moment,
3) ¢/62€(0,1/2), n<=—-
time-frame is stable.
— H H —2 1
If parameters (c, a,7n) are satisfying c/a2 € (0,1/2), and ne [% - 0), e, = 0’ then

, €1 = 0 under such circumstances the start of

e, 1s considered as Killing border. To calculate the approximate price of the European option,
we must find eigenfunctions {i,,}, eigenvalues {1,,} operator (M,). Note that (M, ), presented
in (2), looks like infinitesimal generator of the one-dimensional diffusion (1) with volatility
ga(x), deviation (al(x) _ ma(x)) and Killing a,(x), dom({M,)) includes marginal

conditions which are to be 1imposed at the end e, and e, equation
—(M )W, = A, ¢y, Y, € dom({M,)), at the interval (0,c0) with (M,) is defined as (5)
follows

lim,_,o ¥, = 0, if - (O, l)

o2 2
Results.
The results of this research result from the article [2]
v (n—1D'u X
= 2 |—— _ -2n U) -27 _
P, =A o x exp(—Ax~*ML,”  (Ax™*), n=123,..,
2
P P Pl .
-, = n v , V= —9
a?nl n = <HiN 2

where ;) _ wn i (m+v\xt is the generalized Laguerre polynomials. Write
Ln” = Eizo(=1) (n — 1)7
expressions for the operators .4 and B:

A = —vyx"10,x2M%202, —v,x?1%292 B = —v x"10, — v,.

Analytical expressions for .4, ,, B, ,and B, , can be obtained by making a change of
variables [1] Ax~%" - y, using 3,18 (y) = — @Dy and fowyae—ngla) (y)LEff)(y)dy _

n-1
F(n+a+1) 5
n nm

where &,,, Kronecker symbol. Formulas for determining A, ,,, B i B) ,, have the
following form Cox (1975)

Cp = (lpn; ]_) = %\/%NnAne_AZM.

The European option profit with strike price K > 0 can be decomposed as follows [9]:
(K=S)%" =K = X) T lirogy + K(1 = lgsgy)- (©)

The first item on the right hand side (3) profit option is submitted to default at time ¢.
The second item is profit option which is submitted after the default, which occurs at time ¢.
So, the value of the option with strike price K — is denoted as 4&9(t, x; K) and can be
expressed as the sum of:
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€5 ) _ .66 . 1) .
u®°(t,x; K) = u,” (t, x; K) + up®(t, x; K),
where
€6 . — +
Uy (t,x;K) = [Ex,y,z[(K — Xt) ]]{T>t}]l
oo

uf)’s(t, x;K),=K — KEx,y,Z [H{r>t}] =K - Kj Ex,y,z [‘Sx’ (Xt)]]{‘c>t}]d x'
0

=K — Kf uf"s(t, x;x)dx’',
0
w0 (t, ;%) = By s [0 XD lisgy], 1 € L2(RY, m)-

We used that 1 = f0°° 8,/ (X,)d x' on the set {t > T},

So, as the functions of profit Hy(x) = (K — x)*and H,(x) = §,/(x) are L(R*,m), we
can calculate:

Con = (lpn()r (k _')+)' Cin = (lpnr 5x’)-

Expressions for ¢, ,, and ¢; ,,can be found in [10].

The estimated value of the European option can now be calculated using the theorems 1,
2 and 3, [2].

For the European variant the option volatility 7 with price 459 (¢, x; K) is determined
by using

uo(t,x; K) = ubS(¢,x,19% K)

where yBS(¢, x, 149; k') Black-Scholes price with volatility 7&2.
The calculation results are presented in Figure 1

5 05

"] =00t ' 30,1

0451 045

04 04

035 035

03 03

0% 025

02 02 .
3 5 B 70

5] ¢=0,0001 B 8

045
04
0,35
03
035

02

/

/

»—volatiity of the Tast vanables —a— woiatility of the full cost —s— voiatiity of the slow vanabies

Fig.1. Volatility Dynamics
Volatility is constructed on the left hand side of Figure 1 depends on the price, the

option for the model, which has only volatility of the fast variables. Dynamics Y and volatility
function f are defined by the formula.
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o exp(Yy)

2
oo %]

)

1 1 y
dYt = —_Yt - _alerf(Yt) dt + alZdVVty’ f(Yt) =
€ Ve

2 (Y .
Erf(y) :=ﬁ,[ et dt.
0

Volatility was built for comparison of full value u¢ and on the right hand side of Figure
1 is shown volatility caused by approximate price, the option for the model with volatility of
the slow variables. Dynamics Z and volatility function f are set

oexp (Z;)

A7, = (=07: = VBanFrf(Z))dt + andWe, f(Z) == ==

As expected, € and 6 which move to the zero, volatility moves to volatility price implied
by full value.

Conclusions. This paper extends the method of finding approximate price for a wide
range of derivative assets. One of the main advantages of our pricing methodology is that by
combining methods of the spectral theory of singular and regular perturbance, the calculation
of asset prices leads to solving the equation by eigenvalues and eigenfuntion methods as well
as by solving Poisson equation. Once this equation is solved, the approximate price of a
derivative asset may be calculated formulaically. The used method of pricing of European
options on the basis of research of behavior of volatility and the analysis of profitability of
financial instruments allows to increase accuracy of the forecast and to make the reasonable
administrative strategic decisions by participants of the stock market.
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Anorania. HeratuBHi HacIiKy, TOPOKEHI 0OMEXYBATBHUMHU 3aX0JaMH IIOJI0 3ar00iraHHs
BUHUKHEHHIO 1 TOIIMPEHHIO TocTpoi pecmipatopHoi xBopodu COVID-19, cnpuunneHoi
kopoHaBipycom SARS-COV-2, npu3Beian 10 BiI4yTHOIO 3HHKCHHS AIIOBOI aKTHBHOCTI IO BCHOMY
CBITY Ta BHUSABWJIM HETOTOBHICTH BJIaJHUX KiJl IO IIBHUAKOIO PO3B’sI3aHHS MUTaHb TAKOTO MacliTady.
MeTtor aaHoi myOmikallii € JTOCHIHKeHHS MOXIIMBOCTEeH HalaHHS (DIHAHCOBO-KPEIUTHOI MiATPUMKHU
Oi3Hecy 3a yMOB IPOTHIIT «KOPOHABIPYCHII» KpH3i, IO OXOIMJIA BECh CBIT 1 HE OMHHYA YKpaiHy.

VY crarti npoaHajizoBaHO 00csArd (piHAHCOBHX Pe3yjbTaTiB OizHec-cTpykTyp y 2020 pormi Ta
BCTAHOBJICHO, 1110 30MTKH MEPEBUIIMIN BiAMOBiAHI MOKa3HUKA MHHYJIOTO POKY OUIBII HiXX BTpHYi, a
o0csr ofiepkaHux npuOyTKiB Ha 10% MeHImMI MUHYJIOPIYHOTO MOKa3HWKA. TakoX BHSBJICHO, IO
«KOPOHABIpYCHa» KpH3a CYTTEBO BIUIMHYJA HAa €KOHOMIYHI HACTPOi YKpAIHINB, IO MPOSBHIOCS y
3HW)KEHHI KO)XKHOTO KOMIIOHEHTY IHIMKAaTOpa €KOHOMIYHMX HACTpOiB Ta 1HAMKATOpa CIIOKHUBYOI
BIIEBHEHOCTI.

Xoua opraHaMu JIep)KaBHOI BJIQJH 3allPOBAJKYIOTHCS MEBHI aHTUKPHU30BI 3aXOllH, aBTOpaMH
JIAHOTO JTOCIIIKEHHSI BCTAHOBJICHO, 0 33JICKJIapoBaHi GOpMU IepKaBHOTO CTUMYITIOBaHHS CY0’ €KTIB
HiANPUEMHHULTBA Ta O0CATH (DIHAHCOBO-KPEOUTHOI MIATPUMKHM HE B 3MO31 CYTTEBO BIUIMHYTH Ha
cTabuTi3al1lii0 CUTYAIlii, a MOXKYTh JIMILIE TIOM’ IKIITUTH Ta 3TJIaJUTH HETATUBHI TEHICHIIII.

VY crarTi BHCBITIIEHO OKpeMi TeHIeHIii Ta ocoOmuBocTi peamizamii [Iporpamu «JloctymHi
Kpeoutu 5-7-9%py, 3a pesynpTaTaMd YOro 3poOJICHO BHCHOBOK TIIPO AHTHKPU30BHM, a He
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