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AnHomanyus.

Kpunmoepacpuueckue npeobpasobanus c

OMKPLIMbIM -~ KAIOHOM obaadarom  3HAUUMEABHOTL

BoruucaumensHon u npocmpancmbenoi cAoxkHocHbI0. B cBa3u ¢ amum, axmyarvHoi HAYHHO-1eXHUYecKoT 3a0auel
Abasemca noBviuienue npousBooumessHocmuy makux npeodpasobanuti. B pabome paccmampubaromea nodxodvt K
noBviuienuto npousBooumessHocmu onepayuy OedeHus 0oAbWUX YyeAblx uucea 0B0UHOU mounocmu Ha oAbvuiLe
uicaa OOUHAPHOU MOUHOCHI HA 0cHOBe pacuiupenHozo aseopumma E6xauda. K maxum noxodam omHocamcs:
onepupobanue OMAUUHIMU OM HYAA MAWUHHBIMU cA06amu 6 Haubosee HACHIO UCHOABIYIOUWUXCA ONepayUax
(cOBueu 6aebo u Bnpabo, caoxenue u Bvruumanue OABUAUX UUCE), UCNOAb306AHUE NPUOAUNEHHOO CPABHEHUA
boabuiux yeavlx uuces, bes HeobxoOuUMOCMU noca08HO20 cpabHenua (cpabrenue Homepof cmapuiux 6umob smux
uyces); 3HAHUE 30KOHA U3MeHeHUA napamempo8 ypabuenus bBe3y (sxcnayamupyemca 6 npedvidyujux 08yx
nooxodax). IIpedsoixenHvie 100x00bl YcneuiHo peasusoBamvt 6 moougpuyupobantom aiseopumme, Komopwvii Obia
sanpoepammupoban. Il cpabrenus npoboousucy 3KCnepuMeHinb. Ha0 YUcAaMu, ¢ ycaobuem, umo 06ouuHas 0AUHA
deaumoeo 8 08a pasa npeBocxodum 0Bouunyio 0AunHy OeAurneis OAA pasAutHOe0 COOMHOWIEHUS 3ANO0AHEHHOU U
obuyei 0Bounroil 0aunsL 604bUL020 Hicad. Modugpuyupobannsiil ateopumm nokasal AYyuuLyo npousBooumesbHoCcHb
6 1,5-3 pasa, ¢ pocinom 060utHOll 0AUHbL 0eAUMOR0 U OeAUIes.

KaroueBoie cro8a: desenue, ocmamok deseHus, boavuiie yetvle Hucaa, pacuiupernsii aseopumm E6xauda.

Beenenne

Kpurrrorpadudeckie MeTOmb! 3aIUTBl MHGPOP-
MaIlMi aKTVMBHO VCIIOJIB3YIOTCS BO BCEX COBPEMEHHBIX
MHQPOPMAIIOHHBIX CUCTeMax IS pelleHNs 3ajad,
CBSI3aHHBIX C oODecriedeHVeM KOHUIEHIIMAIBHOCTH,
IIeJIOCTHOCTYM, aBTOPCTBa, ayTeHTHVKarym u 1.1, Ham-
Oosnbliree KOJINTYECTBO ITepeunCITIeHHBIX 3amay,
IIepeKpbIBaeTcsl KpUITOrpadmaeckuMi Ipeodbpasosa-
HVUSIMU C OTKPBITBIM KiTouoM. VI3BectHO [37][38], uTO B
oTIMYMe OT CUMMETPUYHBIX KPUIITOrpadmIecKux
npeobOpa3oBaHMII, IIpeoOpasoBaHMS C  OTKPBITBIM
KITIOUOM 00J1a/Tal0T 3HAYMTEIbHOV BBIUMCIIUTEIIHON
IIPOCTPAHCTBEHHOW CJIOKHOCTBIO. B cBA3M ¢ 3TmM,
AKTyaJIbHOVI HayYHO-TEXHWYECKOW 3ajiayen sBJISIeTCS
IIOBBIIIIEHNIE TTPOV3BOIMUTEIIBHOCTY KpuITTorpadudec-
KIX IIpeoOpas3oBaHMII C OTKPBITHIM KiItodoM. IImpoxo
pacrpocTpaHeHHbIe  KPUIITOCUCTEMBI C  OTKPBITBIM
KIro4yoM, Takme Kak RSA, DSA, ECDSA [8], ACTY 4145-
2002 [7] wn mpyruwe, omepupyIOT OOJBITMMM IIEJTBIMM
umcrtamut. Cpenyt HanboJTee YacTo MCIIOIb3yeMbIX OIlepa-
LMV MOYKHO BBIIEJIUTE: CJIOXKEeHWe / BbIUMTaHMe, YMHO-
JKeHWe, TIpUBeIeHVIe TI0 MOJIYIIIO, [IeJIeHVIe C OCTaTKOM U
6e3. Borbrmoe umcrto mybmmkartmir [2][9][12][17][25][34],
TTOCBSIITIEHHBIX ONTVMV3aIIVV OIlepalyisiM YMHOXEeHVIS 1
NpUBEIEHMsT TI0 MOMIYJIIO, He VAENSIOT JIOJDKHOTO
BHUMAHMS OIlepallsaM [eleHus. JlaHHag omepanys
IOBOJIBHO YacCTO VCIOJIBb3yeTcsl Ha BTOPOM IUIaHe — IIpU
TeHepalmy OOIIeCHCTEMHBIX IlapaMeTPOB, BOCCTaHOB-
JIEHVV TOYKWM OSJUIMIITUYECKOV KPUBOWM W3 CKaTOTo
COCTOSIHVISI, TIOVICKE CJIy9arHO TOUYKW 3JUIMITUYECKOV
kpuBoi [7][8], aToT cricoK MOXKeT OBITE IIPOIOILKEH.

B cBsi3u ¢ 3TMM, aBTOPHI IPOSBIIV MHTepec K
omeparuy fiejeHnst OOIBINMX IIEJIBIX UMCEeNT IBOVIHOM
TOYHOCTM Ha OoJblove Ilejible UNMCIa OAVHAPHOM
TOYHOCTW C OCTAaTKOM ¥ 0Oe3 Hero, ¢ MCIOIb30BaHVEM
paciipenHovt  Bepcuu  anroputMma  Eskimpa  (PAE).
BeIOOp COOTHOIMEHMST [IMH AETMMOTO W JIeIUTeNs
BBbI3BaH HEOOXOIVIMOCTBIO IIPOVM3BOAUTE JIeJIeHNe II0CIIe
YMHOXEHMSI 4YMCell ONVHAPHOW TOYHOCTM, 0e3 X
MIpeBapuUTEeIIFHOTO  NpPWBEIEHMS II0 MOAymo. B
TDaIpHeNIeM, aBTOPbl CKOHIIEHTPUPYIOT BHMUMaHMe Ha
PAE, KOTOpBIVI sBJIsieTCSI OCHOBHBIM MHCTPYMEHTOM
COBPEMEHHOVI TEOPW UWCeJL.

Amnanms cymecTByronimx pador

YuuTeiBasi OOJBITIOE YMCIO Hay4HBIX ITyOrmKa-
IV ¥ TIOZIXOMIOB K peayin3aliuy olepanym IIpUBeIeHs
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IO MOIYJIIO LIeJIBIX UNCeJl, aBTOpaMu ObUI IIpOBeleH
aHaM3 MyOMMKaIWy II0 TeMaTUKe IIeJeHMs IIeJTbIX
qycesl M TpMBEAEHMsS II0 MOMYJI0, YTO II03BOJIWIO
IOIOJIHUTH " 0000OIINTH KJTaccuUKaIio

npemyoxenHyio [13]. Ha Puc.1 u Puc. 2 npusonwrces
rpadnaeckas VHTepIIpeTaIs KTaccudmKanmm
QITOPUTMOB [ejIeHUsI C OcCTaTKOM ¥ 0e3, a Takxke
HNpUBEIEHNs 110 MOJYJIIO, YYUTHIBAIOIIAs PasJIIHbIE
acrieKThl caMUX aJrOPUTMOB, HaIPaBIeHHBIX Ha WX
ONTUMM3ALIIO:

1. IIpencraBiieHne IIJIOTO 9YMCIA (IEIVIMOTO U
TlenmTesIs): JBovMdIHOoe (00braHOe) [25]; ueTBepmaHOe [25];
mBowdHOe cokparerHoe (mowaHoe DRF) [17]; m30bI-
TouHOe cTaTmueckoe [5][17]; wm3ObITOYHOE MHAMMU-
geckoe [5]; HecmexxHoe (NAF) [20]; ocTaTouHBIX KJIacCOB
(RNS) [14][16]; nBowdHOe, ¢ OTJIOKEHHBIM ITEPEHOCOM
(DCF) [13].

2. denuresnb IIpOW3BOJIHBIE  YNMCIa, He
00s3aTeNTbHO MpOCThIe. AJITOPUTMBI OCHOBaHBI Ha Vjiee
TlerleHNs «B CTOJIOMK», Bapperra 1 MorTromepu [31].

3. ITo nomy4aemsiM pesynbraTaM. ITpu menenvm
IIEJTBIX YMCcell MOTYT TMpefCTaBiIsATh WHTepec, Kak
YyacTHOe, TaK WM OCTAaTOK. B CBI3M C 3TUM MOKHO
BBIIEJTUTH CTIEIYIOIIVE aJITOPUTMBI:

— [lerneHvie TIeTTBIX YMCeT I HOJTyYeHMS TOJIBKO
YaCTHOTO.

— [lerneHvie TIeTTBIX YMCET I HOJTyYeHMS TOJIBKO
ocTaTKa - MpuBeJieHIe TI0 MOIYJTIO.

— [enenve IeIBIX UWCIIe IS TIOTMydYeHMs, Kak
YaCcTHOTO, TaK VI OCTaTKa.

4. [lenmmrerb OpOCThIe  YNCIIA.
cnendwKy TpefcTaBleHus AenuTerns (MOAyss) B
IBOVUYHOM BUJIe, MOXKHO OITMMM3MPOBATh aJITOPUTM
IIpUBEIEHNS, COTVIACHO CIEAYIOIMMM KilaccaM ITPOCTBIX
qyIcer:

—IIpoctele umcia obmiero Bupa. AJITOPWUTMBL
OCHOBAHBI Ha WMee JIeJIeHMs «B CTOJIONK», bapperra n
MownTtromepn [31].

— IlpocTrle umcrta, sBysIONVIecss 000OIIEHHBIMU
MEpPCEeHOBBIMI U TICeBO-MepceHoBbIMM. Crienyanmsm-
poOBaHHBIE  @ITOPUTMBI,  yYWTHIBAIOIIVE  CBOVICTBA
MEPCEHOBBIX U IICEBIO-MEPCEHOBBIX 4YMCeII B OOIIeM
BUfle, a TaKKe KOHKpPETHBIE IIPOCTBIE MEPCEHOBBI W
TICeB/IO-MepCceHOBEI umcita [24][26][10][15].

5. HamrpasiieHue aHasv3a J1€JIVIMOTO.
AJITOpUTMBI, YYUTHIBAIOLIVE CIIELM(IUKY HaIllpaBJleHWs
aHaIV3a JeJIMMOro, ¢ HadaJsla VI KOHIIA:
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- C gHagama (¢ wmagmmx OwWT) B ajdropmurMe — Bapperra [9] 11 ero mogmdmkarvm [17][36].
Mowntromepu [18][32]. — YHuUBepcabHbIL n JKECTKO

- C konma (co crapmmx OWT) B anropmTMe 3arporpaMMMPOBaHHBIN  CHEeNVAaTbHBI  [IeJIUTelhb
bapperra [18]. (Momymnp). Kak mpaBwitio, mpuMeHsIeTCS IS ITPOCTBIX

— [IBycTropoHHMe 1 MHOrOcTOpOoHHME [18]. MOJTyJIeV CIIeLMaJIbHOTO BUJIA, HalpuMep, MepceHOBEIX,

6. Moagudukarym aJIropuT™a. YuureiBas rceBo-MepceHOBBIX I ODOOIIEHHBIX MepceHOBBIX
pasMuHble IOOXOHObI K [eIeHMI0 WU IIPUBENEHWUIO, uwcert [24][26].
BBIIEJIIIOT HECKOJIBKO OCHOBHBIX aJITOPUTMOB W VIX — Pacimmpennem anroputM Esxomina [3].
MomudmKarm [11]: — AnroputyM utepaunit Hetotona [27][25].

— Kiaccuecknin -~ («IIIKOJIBHBI»,  «/I€JIEHVE B — AnroputMbl nenenns [Dxebenmua [34] u ero
croibuk») [1][2][36]. Mo UKaImL.

— MownTromepu [12] n ero monnudmkarmm [17].
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Puc. 1. Kimaccudpmkariyist alropuTMOoB JIe/Ie s
7. Tounocts MOy YeH s pesysbTaTra - 8. Pacnapajutensanue. boibmmHeTBO coBpeMeH-
npubmokenne. He Bcerma mpepcraBisieT WMHTepecC HBIX KOMIIBIOTEPOB, OOJIafalOT HEeCKOJIBKMMM IIpoIec-
TOUHBIVI pe3yJIbTaT (JacTHOe / OCTaTOK), OCTATOYHO copaMM WIM OFHWM IIPOIIECCOPOM C HECKOJIBKVMM
ITOJTyYUTh Pe3ysIbTaT, He3HAaUWTeIbHO OTIMYAOIITICT anpamiu.  VI3BecTHBI  Cjleflyfolllie  aJlTOPUTMBI  C
OT TOYHOIO 3HadeHWs. JlaHHBIV IIOIXOX MOXeT ObITh pacrapatenMBaHVeM — TeJleHus  (IpVBeIeHus  II0
IpUMeHeH KO  BCeM  WM3BECTHBIM  aJITOPUTMaM MOIYJIIO):
MIpUBENIeHs TI0 MOy TI0. MOXXHO BBIIEINTH HECKOJIBKO — IBYCTOpPOHHEe dYacTMYHOe IIpVBefieHre [
OCHOBHBIX aJITOPUTMOB! airroputMa MonTtromepn [18][28] ;
— YacTMYHOe TIpWBeeHVWe [UI  ajJropuTMa — MHOTOCTOPOHHEe YaCTMYHOe MpUBeIeHVe IS
Mownrromepu [18]; airoputMa MonTromepn [18][28] ;
—4YacTM4HOe IIpMBefleHMe [UId  aJropuTMa — IByCTOpOHHee YaCcTU4YHOe IIpuBeleHue It
Bapperra [18] ; airoputMa bapperra [18][28] ;
— YacTW4HOe IIpMBeeHNMe [I1 aJIropuTMa — MHOTOCTOPOHHEe YaCTMYHOe MpUBeIeHVe IS
HIpVBeIeHs «B CTOJIOVIK» ; anropurtMa bapperra [18][28] ;
— YaCTUIHOE npuBeieHre I MOy — IpMBelleHMe I AIropuTMa bapperra Ha
criermaibHOTO Bua [19]. ocHoe DCF [13]. B pmamHOom pabore IIOmIEXNUT
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TOYHOCTB IIJIOTO UVCIIa: IapaUleIbHbIVI IVIKITIIeCKIU
MeTOJI ITpVMBeeH s TI0 MOIyJTio [27].

9. IlpenseramciieHmns. ITpn BBITIOJTHEHUW
omepany  fAerleHus  (IpUBEIEeHUs 110  MOIYJIIO),
VICTIOJIb3yeTCsl OAVH U TOT Xe IeNTUTeNTb (MOIYJIb), TO
IIpeiCTaB/IsieT ~ VHTepeC  IIPedBBIYMCINTL  3apaHee
HeKOTOpBle IIPOMEXyTOUHBle 3HaueHus. JlaHHBII
ITOIXOJT, MOXKeT OBITh IIPVIMEHeH KO BCeM M3BeCTHBIM Ha
CerofiHs ajropmMTMaM. MexaHW3M TOIy4wI pas3BuUTHe B
CITIeTTy IOIIIVIX aJITOPUTMaX:

pacmapatenvBaHvio anroputM Komba - wacTmaHOTO
yMHO)KeHVIﬂ IIeJIbIX qucesl, qTo II03BOJIAAET ero
HPUMEHSTh He TOJIBKO K aroputMy bapperra, HO m
MonTromepw;

- pacmapavtenBaHue anropuTtMa Kapary0sr,
npemioxeHHoe [IxebermmaOM [33][34] ;

— QITOPUTM  paclapaUle/IMBaHMS  IIPECTaB-
JIEHVsI MHOTOKPATHOVI TOYHOCTV dYepe3 OIMHAPHYIO
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Puc. 2. Kimaccudmkariyist airopuTMOB JIe/IeHs

— 0e3 BBIUNMCIIEHMVI KOHCTAHT I aJIfOpUTMa

— OITHOKpaTHOe TIepeKphITHe anropuTMa
bapperra [17]; MownTromepu (anropur™m MacITabupoBaHVsS
— WTepaTBHOe (depemyloIieecs) IIepeKpbITie Kymuckotepa) [10];
anropurMa bapperra [10]; — 0e3 BBUMCIEHWV KOHCTAHT DI aJrOpwUTMa
— VCIIONIb30BaHME OFHOTO WIIM  HEeCKOJIBKVIX Bapperra (asropmt™ MacrTabnpoBaHms
IIpeNIBBIYMCTICHHBIX 3HaYeHm [21]; Kymckotepa) [10].
— TabyIla HpeIBBUUCIIEHUVT IS IIPOCTOTO 11. Asiroput™  ymHOXeHMs. ClemyeT 3aMeTUTb,
obrrero Buma (6ompiras) [21]; YTO B @ITOPUTMaXx IeJIeHMs «B CTOJIOVIK» ¥ WTepaliit
— Tabsmmra MPEIBbIYNCIIEHNIT  JIsi  IIPOCTOTO HeroTona, peneHus u IIprviBeaeHrs: 10 MOIYJIIO

cnernyainbHOro uma DRF (Gonpmas) [21];
—TabimmIla  TIPeABBIYMUCIIEHU IS
cnenuanbsHOro uma DRF (Maenbkas) [21].
10. be3 mpenBbIYMCIIeHMI KOHCTaHT. Y4UWTHIBast
TOT aKT, 4To B ajyiropurMax MoHTromepu 1 bapperra,
HeoOXoAyMO IpefBapuTeNIbHOE BBIUMCIIEHVE psia
koHcTaHT. CyIecTByeT  BO3MOXHOCTB ~ YUTU  OT
HIpeABapUTEeIIbHOTO BEIYVCIIEHVISI KOHCTAHT:

MOJTyJIst

bapperra m MonTromepwu, wcIIoNb3yeTcss yMHOXEHUe
LIEJIBIX 4YMCe PasiIMYHON [UIMHBL, OT pealu3alyu
KOTOPBIX, HANpsMYIO 3aBVICUT ITPOM3BOIUTEILHOCTD
CaMoro fieJleHvs ¥ IIpuBeIeHys. VI3BecTHO IIpUMeHeH e
anroputMoB  yMHOXeHwms:: Asropurm  Komba  [29];
AsroputMm Kapary6sr [30]; PacrmmpeHHBIT anropuTM
EBvaa omepupyeT IBOMYHBIM IIpeICTaBJIeHUEM W
omepanyAMM Haj, YMCIaMW: COBWUT BJIeBO ¥ BIIPaBoO,
CJIOXKeHVIe 1 BerduTaHye. [laHHble OvHapHbIe oleparinm,
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[0 CyTW, PeayiM3yiOT OIepalfi0 YMHOXEHWS IIeJIbIX
umicert [3][4].

Kitaccudmkarmst  aJIroputMoB  IeJieHMsT U
IIPUBEIEHNS [T0 MOIYJIIO 1a€T BO3MOXXHOCTD BBIITOJIHSITh
HpeHBBI‘-IVICHeHVIﬂ " WCIIOJIB30BaTh HpVI6J’IVDKeHHI)Ie
orepary, HarpmMep, [AJIsi Olleparini CPaBHEHVS YMCerT
B PAE.

OcHOBHas 4acTh

PaccMoTpuM pacivpeHHbIT airopmutM Esximaa
IUTSL eJIeHmsT OOJIBIIINX 11eJTbIX YMCEIT: IS JTFOOBIX IIeJIbIX
umcen a wu b, b#0, abeZ cymecrByoT
€IVHCTBEHHBIM 00pa3oM OIIpere/leHHbIe IieJIble UnciIa
g, ', KOTOpble YAOBJIeTBOPsIOT yciosue b. I'me b#0 -
q -
nmeneHy a Ha a=b-q+r,0<r<b.

OCTaTOK OT [HOeJIeHWs, HEII0JIHOe dYacCTHOe IIpu

Hwxe IpencrabBIeHO
OIrcCaHMe aJropmrMa. M3HauasbHO

Bostee o poOHoe
nL=a, n=b u
r,....I, - mocienylomye pgeamresm B PAE, Torma
HOC/IeIOBATe/IbHO BLIUVCIIAIOTCS CledyIoIyie paBeHCTBa:

b,

n=a,

r=r-g,+r,0<r<r,

. ql‘l .
Berumcitenns IOpeKpalarTcsd, Koraa OCTaTOK OT
mereHms I, OydeT MeHBIe I, =r,-Q,+I,,0<r,<r,.

QopmMayzyeM  OOMCAHHBI B
TICeB/IOKO/Ia.

Anropurm 1. Pacimpennsii aroputM Esxmiaa
IUIS ferleHVst OOJIBIIVIX IIeJIBIX 4Yvicesl, KOrfa JIeJIMMoe
IJIVIHHee JIeJIVTe B [IBa pasa.

Bxom: a,beZ, r ,=r -q,, na<—l—|0g2a/wi|, e

aJTOPUTM BUIE

n

, - KOJIM4YeCTBO MalIVMHHBIX CJIOB, KOTOpO€ 3aHVMaeT

JenvMoe; N, <— |—na / 2—| - KOJIMYEeCTBO MAIIIMHHBIX CJIOB,

KOTOpoe 3aHMMaeT JeluTenb; a,beZ - mmpuHa
MAIIIMHHOTO CJIOBa, OOBIIHO W =32 .
Beixom: q,reZ.
1. r<am«b,w=32,q,rez.
2. While r >m do
21 m«b, s«1.
3. While g« 0 do
3.1. While r >m do
311 mem<<l, s«s<<1.
32.r>b, g«Qq+s.
4. Return m«m>>1.
ITpu BHVIMaTEJTbHOM paccMoTpeHuM

ArnroputMa 1, MOXHO 00O3HAuUMTBH PsI HAIIpaBIeHWUN
IUIS [abHEVIIIIeT0 WM3yYeHMs ¥ COBepIIeHCTBOBAHSA
PAE:

B 1. 1 mpovcxoauT MHUITMAIM3aIMs TapaMeTpoB
ypaBHeHmMs: Dbesy [4]: ocTaTka OT pdermeHUs f<—a;
BBIDOBHEHHOTO TIO CTaplleMy OWTy HEeIMMOro S ;
ITPOMEXYTOYHOTO JenmTenss K, UId IIOCITemyIoIero
BBIUMTAHWS, IIPOMEXYTOYHOE dYacTHOe W, VICKOMOe
YacTHoe [ <a.
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B nmxste 1. 2 mpoucxoouT IIpoBepKa yCiIoBus S
o0 Tex Top, IIOKa He IIPOWM3OVAeT BbIpaBHUBaHIe
HOMEPOB CTapIIVX OMTOB IIPOMEXYTOYHOIO HeJnTesIs
m«b wu memmoro a. IToka ycimoBue M2 WMCTUHHO,

MPOVICXOAUT CABUT BJIEBO ITPOMEXYTOUHOTO JIeIUTeIs
M ¥ IIPOMEeXYyTOYHOro dactHoro m. ITpm cpaBHeHMM
OoypIMIX ~ UMCes,  BBIIOJIHSETCS  BBIYMCIUTEIEHO
CJIOKHas TIpoBepKa S, I>M I BceX CJIOB M Ha
KaXgorr wrepamui. XOTS 3aBeIOMO WM3BECTHO, UTO
KOJIMYeCTBO ~MAaIIMHHBIX CJIOB, KOTOpOe 3aHWuMaeT
IOenuTeNlb, B J[Ba pasa MeHBIIe HeIMOro, T.e.
IIPOVICXOISAT WM3OBITOYHBIE BBIYVICIIMTEIBHO CJIOXKHBIE
cpaBHeHUs. UMcao  JaHHBIX  IIPOBEPOK  MOXKHO
3Ha4YNUTEIILHO COKpPaTUTh, VICTIONTB3Y S TTOZTXO7]
IIpUOIVDKEHHOTO CpaBHeHVsI OOJIBINMIX IIeJIBIX YVICesl, C
IIOMOIIIBIO CpaBHEHVSI HOMEPOB CTapIIMX OWTOB I > m,

n i=n-10, a ¢ TOMOMmIbIO HaVIEHHOW Pa3HUIIEI M
(pasHmIIa MeXIy HOMepaMM CTapIImMx OWTOB S M I),
COBEpIINTh COBUTM BJIeBO Ha M Owur 1. 2.1 3a omHy
ureparyio. IToJHOCTBIO OT TPOBEpKM YCIOBUSA II. 2
130aBUTHCS HEBO3MOXHO, T.K. B CIy4dae, KOrja HOMepa
craprmx OuToB K 1 I - paHBI MeXay cobovi, MOXeT
BO3HVKHYTb HeOIIpeIelleHHOCT. UTOOBI COKpaTUTh
BBIUVICIITEIPHYIO CJIOXKHOCTh IIpM cpaBHeHVMmM m, K,
cJleflyeT OIeprpoBaTh JIUIIh 3HAYMMBIMI MaIlTMHHBIMU
CJIOBaMIL.

B nmxite meneHms In. 3, mIS MPOBEPKM YCIIOBVS
r>b, POMICXOOUT, KaK M B MpPeObIoyIneM IIyHKTe,
BBIUVICTIUTEIIFHO CJIOKHAsI IIpOBepKa yCJIOBUS M, I, > M,
IUIL BCeX MAIVHHBIX CJI0B. VI3HadajlbHO CpaBHeHVe
LIEJTBIX YVICeTT CIIeyeT IIPOM3BOAUTD, VICIIONIB3Y ST TIOIXOT,
CpaBHEHMs HOMEpPOB CTapIIMX OWTOB, M B CiIydae
paBeHCTBa CTapIMX OWTOB - ITPOBOAUTH CpaBHEHVE II0
3HaumMbIM  cioBaM.  CilelyeT  yUWMTBHIBaTH — 3aKOH
V3MeHeHMsI TTapaMeTpoB ypaBHeHUsI be3sy, a Takxe UTO
b 3aHMMaeT B 2 pasa MeHblIIle MaIIVHHBIX CJIOB YeM I .

B m. 3.1 mpoucxoguT OpoMeXyTodHOe [esleHue,
KOTOpoe TpeOyeT IIMKINYECKOV IIPOBEPKV YCIIOBMS
r>b, r>b mwiz Bcex cmoB. CoBwur BIpaBO Bcex
MaIIVHHBIX Ha 1
i=n-10
BeIIONHseTCA B I 3.1.1, HOKa BBIIOIHSETCH YCIOBUe
. 3.1, B IPOTMBHOM CJIy4ae BBIIOJIHSAETCSA CIIOKEHVe
Q«Q+S w BBUWUTaHMe [>h 1O BceM MaIIMHHBIM

CJIOB BBIPOBHEHHOT'O  JEJINTEeJIA

%8 IIPOMEXYTOYHOI'O YaCTHOI'O r<m

agoBam B 1m.3.2. Ilo aHamormyu c IIpedbLIyIIMMu
3aMedyaHMAMY, KOJIMYeCcTBO IIpoBepoK II.3.1 MOXHO
COKpaTUTh, TIeperiisi K CpaBHEHMIO HOMEPOB CTapIIMX
6uroB m wm s. Hampmennyro pasmumiyy Kk (pasHwmia
MeXay ~HOMepaMM CTapImmx OwroB m  wu  I)
VICIIOJIb30BaTh I CABUIOB BIpaBoO 3a 1 wuTepamuio B
m 3.1.1. Taxke cjemyeT yd4ecTb W3BECTHBII 3aKOH
VI3MeHeHWs TIapaMeTpoB ypaBHeHs besy:

— U4 CpaBHEHMs OOJBITIVIX UvIcesT, KOTa HoMepa
cTaprmx OuToB M u K - paBHBL

— 11l BBIYUTAHMA B I1. 3.2 He BCcex MaIlHHBIX
CJIOB, a JIVIIIBb 3HAYMMBIX.

B cryuae HeBbImIOIHeHWMS — yclIoBuUS  IL 3,
IPOMCXOAUT TIlepexof, K IL4 1 BO3BpaT WCKOMOIO
YacTHOTO (| M OCTaTKa OT JIeJIeHMs S .
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Onenka caoxxHoctn PAE. Ilpu  onenke
aioxHoctn PAE  aBropel He OTIMYAOT —OIeparn
IPVICBOeHMS], CAIBUTA, CJIOKEHWS M BBIYMTaHM, M3-3a MX
OJIM3KOVI BBIUVICITUTETHHOV CITOXKHOCTVL

R o
w

e

rme q - apVICpMeTVIquKT/Ie onepannu,; r - orepannm

n-n,
w

CpaBHeHWS; N, - HOMep CTaplero OuTa JIeJIMMOoro; n, -
HOMep bura
=|n|L. 8 Sk. 1 -
1) =[2]L-(6+5k)+3k-C+i[mn]C
OuT, 3apesepBUpPOBAHHBIX B IAMATH IS XpaHEHWS
MaKCHMaJIPHOTO BO3MOXKHOTO umoita; k - pasHuiia

CTapHaiero Aejimreins,

n+n,

W KOJIMYeCTBO

MeXxay HoMepaMIi  CTapInmx OuroB oeJymreirst mn
OeJIMMOro, C- IMprHa MallMTHHOI'O CJIOBa.
CI10XXHOCTD oriepanmn CpaBHEHNS 1 CIOBUI'OB B

n-n, —IC +2Lk {n—‘ , CJIOXKHOCTB
W

k 2| n
- 28l e,
2 3“} e

n 2
P(r >blz= [—D = 3 CJIOKHOCTB OIleparinyu CpaBHEHWS
z w

e e {5

n
cosuroB 11. 3.1.1 - Zk{WL, CJIOXKEHMS M BBIYMTAHWS
w

mi 2-21 - k[

omepauuy  cpaBHeHuWs 1L 3

n-n, n-n,

w

m31 - Z-k{
3

k| n
(m.32)-2-——|L.
2l w
IIpemyioxkeHHble  BbIIIe TIOIXO/IBI, aBTOPBI
peanmsoBam/[ B BUIe MOHVIC})VIHVIpOBaHHOFO

Arropurma 2. ObosHaunM uepes R, M, S, T Homepa
CcTapmmx OMTOB OCcTaTKa OT AejleHnsI R, BEIPOBHEHHOTO
IIPOMEXYTOYHOro Jeiureii M, IIPOMEXYTOYHOIO
gactHoro S, memmrents T . F, M, §, { - xomgecTBo
3HauMMBIX ¢JIoB I, M, §, {, coorBercteenno; sgf () [
GyHKIMS, KOTOpas BBUUCIISET KOJIMYECTBO 3HAUVIMBIX
citoB  Gormerioro umcia; mMshb() - dyHKIMSA, KoTopas
BBIUVIC/ISIET, HOMep CTapIero Owra OOJIBITIOrO YMCIIa;

msb(~, 7) - q)yHKLWIs[, KOTOpas OJJHOBPEMEHHO BBIYIMCIISET
KOJIMYECTBO 3HAYUMMBIX CJIOB M HOMEpP CTapIIero Oura
DosbIIoro umciia; ng () - CpaBHeHUE DOJIBIINMX LEJIBIX

YyICerI TI0 3HAYMMBIM CJI0BaM { .

Anropurm 2. Momgudvmmposaraemt PAE s
menleHns OONBIIMX IIeIBIX 4YMCeN, KOrfa [IeJIMoe
IJIVMHHee JIeJIiTelId B 1Ba pasa.

Bxom: a,beZ, msb(-,f), n, (—l—log2 a/W—I, rae n,
- KOJIMYeCTBO MAIlMHHBEIX CJIOB, KOTOpOe 3aHMMaeT

IenMoe; Ny < [na / 2—| - KOJIMYECTBO MAIIMHHBIX CJIOB,
KOTOpoe  3aHMMaeT a,beZ -

JeJimTeilb, mmpriHa

I
MAIVIHHOTIO ¢JI0Ba, 00bIMHO a,h# 0 . Berxom: N« { %] .

1.n,w,s<l,qreZ, r<a, S«<1, 5«1
2.0« 0,t<b,S«1, fem.
3. M < msh(m,r).
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4.if R« msh(r,F)
k«—~R-M, S<S+k.
5. méem<<k.

then T« M,

=

6. While s < s<<k do

6.1. M« M +k.
6.2. me—m<<l, s« s<<1, M«M+1, S« S+1,

m« m<<1.
m

7. While (R>T)or(r>t) do

71. k<M -R.
7.2.if S«S+1 then m « sgf (m),
(R >T)or(r?t) )

7.3. mem>>k, s<—s>>k.
m S

74. S«S-k, M«M-Kk.
75. s« s>>k.

7.6. While (R<M)or(r < m) do
max (1, )

761. S« S—-k.

7.62. me—m>>1, s« s>>1.
763 M«M-1, S«S-1.
7.64.

m«m>>1.
7.7. s<s>>1.
78. r<r-m.

79. S« S-1.
7.10. q<Q+s.

8. Return (q,r) .

B . 1 mpovicxoguT MHMUITMAIM3aIMs TapaMeTpoB
ypaBHeHM: Be3y: ocTaToOK OT fiesieHMs N , BEIPOBHEHHBIVI
IIPOMEXYTOUHBIVI JIeJINTellh W II0 CTapmieMy Owry
IeJIVIMOTO pincs TTOCITETYOIIIeTO BBIIMTaHIS,
IIPOMEXyTOYHOe YacTHOe S$<—1, WCKOMOe dJacTHOe

0,r€Z , JONOJHUTE/IbHAS IIepeMeHHas I <—a, HOMep
cTapriero OwTa TPOMEXyTOYHOTO YacTHOTO S<1,

KOJIMTYECTBO 3HAUVIMBIX CJIOB S <—1 .

MOXHO COKpaTUTh KOJIMYECTBO BBIUMCIINTEIEHO
CJIOKHBIX IIPOBEPOK II. 6, IOCKOJIbKY 3apaHee M3BeCTHO,
4TO ABOWYHAS [JIMHA I B 2 pasa IpeBbIllIaeT IBONYHYIO
IHy M. I 3Toro B M. 2 IPOMCXOHAT BBIUMCIIEHVAS
HOMEpOB CTapIIMX OWTOB 1 KOJIMYIECTBa 3HAUVIMBIX CJIOB!
M, m, S«1, §«1, a takkxe npucsoeanss M, m. B
JaJpHeVIleM  BbIUMCISeTcs pasHMIla R Mexmy
HOMepaMMU CTapIx OuToB r 1 m B 1L 3.

B m. 4 ocymecTsisieTca mpoBepka ycIoBus M,
Iocjle 4Yero, ecan YcJIoBue WMCTMHHO, 3a 1 mar
IIPOM3BOIATCS CABUIY BJIEBO TOJIBKO 3HAYMMBIX CJIOB M

VI M Ha JIaHHYyIO pasuuily M; Gut. IToce yKasaHHBIX
oneparMii  HoMepa crapmmx 6urtos s, m m GymyT

paBHBL B maspHevieM BBIUMCIIAIOTCS HOMepa CTapIIix
OuroB MommbwIpoBaHHEIX M U M =R, a Takxe
KOJIMYECTBO 3HAYMMBIX CJIOB §;, I1. 5.

JomomHuTeIbHOE YCJIOBYe CpaBHeHWs HOMepOB
CTapmmx OMTOB M M M B IL 6, IIO3BOJISIET BBIIIOJIHATH
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BBIYVCIIUTEIIBHO CJIOXKHYIO IIPOBEPKY (II0 3HAYMMbBIM
ciroBaM) r>m, ymre korga Sgf (m)
m

B.IL 6.1
r-m wu
m

Ecm ycioBue  II. 6 MUCTUMHHO, TO
BbIUMCIIAETCA KOJIMYeCTBO 3Ha4YMMBIX CJIOB

OCyH_[eCTBHHIOTCH COBUTI'M BJIEBO Ha 1 6VIT 3HAYMMBIX
cnoB M, R u s;, §<« sgf(s). [ocre capuros, Homepa

crapmmx 6muroB M m j=M-1,0 mpuHMMAOT HOBBIE
3HaUeHWsl, VI B JajbHevineM Bbraucisiercs ;. Eom

YCJIOBYE II. 6 JIOXKHO, TO OCYIIIeCTBJISIeTCS IIepexoy, K I. 7.
ITposepka ycmoBus (10 3HAUMMBIM CJIoBaM) I>t
t

B II. 7 (IIpOMEXYTOUYHOE JIeJIeHVe) ITPOVU3BOMNUTCS JIVIIIb,
korma m. Eom yoioBus 17 - WCTMHHO, TO
BBIIOJIHSAIOTC fevicTBus .. 7.1 - 7.10, B mpoTuBHOM
cJlydae - Ilepexof K II. 8.

Iln.71-7.5 mDO3BOMSIOT CBECTVI  KOJIMTUYECTBO
BBIUVICITUTETFHO CIIOKHBIX CPaBHEHMV OOJIBIINX YVICeTT B
m.7.6 x MyHMMyMy. B 1. 7.1 Beumoisgercs pasHuIa
R>T wMexmy HOMepaMy CTapIimx OwuTOB rjt?tj 178

j=t-10.
BBIUVIC/ISIETCSI KOJIMYECTBO 3HAYMMBIX CJIOB K m m,
1.7.2. B pajibHerIIeM IPOM3BOMATCS CHABUTYM BIIPaBO
3HAYMMBIX CJTOB M ™ SHa M OwWr, mocie yero s, a
TaK)Xe CHOBA BBIUMCIISIOTCS HOMepa CTapIX OUTOB (CM.
11.5.4) ¥ KOIIM4ecTBO 3HAUMMBIX CJI0B K , cM. IL. 7.5.

B muxie 1.7.6 IIpou3BOAUTCS CpaBHeHUe
HOMepoB cTapmmix OwmrtoB R<M. Eom m, To0

BBIITOJIHAETCA JOIIOJIHMTEJIbHOE CpaBHEHEe r (< )m 10
max (¥, m

Ecm  pasnHuiia  mostoxuTesibHasg,  TO

3HauMMbIM cjloBaM. Ecim ycnosue 1m.7.6 - MCTMHHO, TO
BBIIOJIHSIOTCS L. 7.6.1 -7.6.4, B IIpOTMBHOM CJIydae
epexor K 1. 7.7.

Ha 1mmare 1. 7.61 BBIUMCISIETCS KOJIMYECTBO

3HauMMbIX J10B  SQf (m), OCJIe Yero BBIITOJTHSIIOTCS
COBUrM BIOpaBo Ha 1 OWT 3HAYMMBIX CJIOB U
BBIYVCIISIOTCS. HOBBle HOMEpa CTapIiX OWMTOB M u S
(. 762 - m7.6.3), B HalbHEWIIEM OIIPemesITIOTCs
3HaumMble citoBa M <«—sgf (m) , 1. 7.6.4.

B 1m.7.7 BBUMCISETCS KOJIMYECTBO 3HAUYMMBIX
wioB M« sgf (m), KOTOpOe HYXXHO I BBIUTAHVISA

r<r-m m.7.38. Ilocie Berauranms B 1. 7.9 BeIUMCIIA€TCS
r

HOMep CTapIIIero OuTa ¥ KOJIMIEeCTBO 3HAUYMMBIX CJIOB f .

B 1. 7.10 BBIMOITHSI€TCS HaKOIUIEHVIE YaCTHOTO (<—(+S .

B 11. 8 mpomcxoamT BO3BpaT 3HAUEHMI OCTaTKa OT
menenms f <« sgf (r) Y VICKOMOT'O YaCTHOTO [ < —m.
r

OreHKa CI0XKHOCTM  MOAMMUIIMPOBAHHOIO
PAE. Ouenky CIOXHOCTM  @JITOPUTMa,  MOXHO
HpeACTaBUTh:
63+[&](g+ék]+ 5
w
(A)= C(4+Ekj,(2)

ki|fk 5 nlk 207
+H = =+=|+|—|=+—KkK
wi\3 3 w2 12

rme L - apudmermdeckme omepauyy; C - omeparmm
CpaBHeHWVs; N, - HOMep cTapIlero oura JeIMMoro; n, -
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HOMep CTaplrero OuTa JenuTeNns; N - KOJIMYIeCTBO OWT,
3ape3epBUPOBAHHBIX OaMaTv Ui XpaHeHUs
MaKCMMaJIbHOTO BO3MOXHOTrO umcita; K - pasHuiia
MeXTy HOMepOM CTapIIIero Oumra JIevMOTo ¥ [AeITATeIIs;
W - IIMpMHa MaIlHHOTO CJIOBA.

Borumcimirernbay o CJIOKHOCTD onepanumn
BBIUVCIIEHVSI HOMEpPOB CTapIMX OWTOB ¥ 3HAUMMBIX
c10B IL. 2 - 54L; omepauym mposepku K >0, coeurn

B

4. ¥ TIPUCBOEHWMY HOMEpPOB CTapIiMX OWTOB -

n k
C+ [a-} L+ [1 L+2L; BblUmMciIeHMe 3HAYMMBIX CJIOB
w w

-1
n, [ n
1. 5 u cpaBHeHue II. 6 coctaBut - 2L+C+C| 2| 2| ,
w || w
TO ecThb oOIepanus CpaBHeHUs OONBITIMX —Ywces
BBIITOJIHAETCA JIMINB B CIy4dae, Korma R=M wu

BEpPOATHOCTb TOI'O, YTO CpaBHMBATBLCA 6y):[yT qucila I10

-1
na na
—211=|-2| ; BBUMCIEHMS
w

BceM cJjioBaM P r>m|z:(
z w

3HaYMMBIX CJIOB II 6.1 M omepanum capura B IL 6.2 -
I LU T L
3 3l w 3w
k n, 1'[n, n, n, "
—C+|2| |[—2|C, Tme P|r>tjz=|—2]||=|2
2 w w z w w

BEPOATHOCTb TOI'O, YTO CpaBHEHVE YMcejl IIPOBOAMTCS

CpaBHeHIe m7 -

k
IO BCEM CJIOBAM; EC - CJIOXKHOCTB OIlepalyy IIPOBEPKI
2 2
k >0, BbIUMCIIEHME 3HAYMMBIX CJIOB — 3 kL+ 3 kL B

rme P(k>0)==; cmeurm Bopaso 1m.7.3 -

m7.2, 1
3
k{kw
—|—|L; 1pucBOeHMe HOBBIX HOMEpPOB
w

kln

—| 2L+
3l w 3
CTapH_IT/IX 6T/ITOB 1. 7.4 v BBIUMCIIEHVE 3HAYMMBIX CJIOB

m75 - %kL; omepamusi CpaBHeHMs IL.7.6 -

2] I

BEPOSITHOCTb ~ CPAaBHEHMSI BCeX  MAIIMHHBIX  CJIOB

NpeNCTaBIeHns. uncell MpU  YCIOBUM  paBeHCTBA

HOMEPOB CTapIIX OWTOB; BEIUMCIIEHVE 3HAUYMMBIX CJIOB

n CIIBUTOB BIIpaBO nn. 761-764 -

kL + k[n""—‘ L +k{k—‘ L, roe P(r<m)= 1. BEPOSITHOCTH
3| w 3w 3

IIoTrIagJaHms B IIMKIT 1'I.7.6,’ BbIUMCJI€eHVE 3Ha4YVMMBbIX CJIOB
JEMLRIE
7

W

—| 1+

4
BBIUMCJIEHVIE HOMepa CTaplllero OmTa ¥ KOJIMYecTBa
27-k

-1
kC + w , tone P r<m|z:[—a

i

w

n77 - k(C +%C); BbIUMTaHMEe 1.7.8 -

3HAUYMMBIX CJIOB I1.7.9 - ; cnoxenme B 1m.7.10 -
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Tabrmmra 1
TeopeTiueckue oreHKM ci1oxHocTevt ajrroputmos PAE 1 MPAE,
BBEIpaKeHHBIe B apMPMeTIUecKIX OrepalisixX ¥ olleparysaX CpaBHeHIs

p | 1 | o9 | 08 | o7 | o6 | o5 | o4 | 03 [ 02 | o1
64 6uma|n, =2, 326uma|n, =1

k 29 32 35 39 42 45 48 51 55 58
I (A) 320 352 384 416 448 480 512 544 576 608
1L(A) 701 788 860 932 1003 | 1075 | 1147 | 1219 | 1290 | 1362
le(A) 74 105 114 124 134 143 153 162 172 181
Ic(A,) 77 85 93 101 109 117 125 133 141 149
L (A1 (A,) 0,46 0,45 0,45 0,45 0,45 0,45 0,45 0,45 0,45 0,45
Ic(A)/ 1c(A,) 0,97 1,24 1,24 1,23 1,23 1,23 1,23 1,22 1,22 1,22

128 6um|ny =4, 64 6uma|np =2

k 61 67 74 80 87 93 99 106 112 119
|

L(A) 1280 | 1408 | 1536 | 1664 | 1792 | 1920 | 2048 | 2176 | 2304 | 2432
1.(A,) 1580 | 1783 | 1946 | 2109 | 2271 | 2434 | 2648 | 2814 | 2980 | 3145
Ie(A) 233 303 330 358 385 413 508 540 571 603
Ic(A,) 157 173 189 205 221 237 253 269 285 301
L (A1 (A,) 0,81 0,79 0,79 0,79 0,79 0,79 0,77 0,77 0,77 0,77

I (A1 (A,) 1,49 1,75 1,75 1,75 1,75 1,75 2,01 2,01 2,01 2,01

512 6um|ny =16, 256 6um |np, =8

k 242 268 293 319 344 370 396 421 447 472
1 (A) 20480 | 22528 | 24576 | 26624 | 28672 | 30720 | 32768 | 34816 | 36864 | 38912
1 (A,) 10479 | 11713 | 12972 | 1409 | 15394 | 16718 | 18067 | 19441 | 20617 | 22030
Ie(A) 2959 | 3441 | 3348 | 3957 | 4616 | 4946 | 5681 | 6467 | 7304 | 8191
Ic(A,) 609 673 737 801 865 929 993 1057 | 1121 | 1185
LL(A)L(A) 1,95 1,92 1,89 1,89 1,86 1,84 1,81 1,79 1,79 1,77

lc(A)/1c(Ay) | 486 5,11 4,54 4,94 5,34 5,32 5,72 6,12 6,52 6,91

4096 6um |ny =128, 2048 6um | np = 64

k 1950 2155 2 360 2 564 2769 2974 3179 3384 3 588 3793

I (Al) 1310 1441 1572 1703 1835 1966 2097 2228 2359 2490
720 792 864 936 008 080 152 224 296 368

I (A2 ) 404284 | 454263 | 504494 | 557238 | 610029 | 664 049 | 720889 | 777 469 | 837 074 | 896 214

lc (Al) 137953 | 167361 | 197173 | 232055 | 266936 | 304 251 | 347 242 | 389 626 | 438 092 | 485544

Ic (AZ) 4879 5391 5903 6415 6927 7 439 7 951 8463 8975 9 487

L (A (A) 3,24 3,17 3,12 3,06 3,01 2,96 2,91 2,87 2,82 2,78

I (A ) 1c(A,) 2827 | 31,04 | 3340 | 3617 | 3854 | 4090 | 4367 | 4604 | 4881 | 51,18

16384 6uma|ng =512, 8132 6uma | np = 256

k 8162 | 8981 | 9800 | 10620 | 11439 | 12258 | 13077 | 1389 | 14716 | 15535
1L(A) 20971 | 23068 | 25165 | 27262 | 29360 | 31457 | 33554 | 35651 | 37748 | 39845
520 672 824 976 128 280 432 584 736 888
1L(A,) 6423 | 7180 | 7963 | 8761 | 9585 | 10431 | 11292 | 12180 | 13082 | 14012
899 839 161 471 982 792 361 360 299 487
1 (A) 2084 | 2524 | 3007 | 3521 | 4087 | 4683 | 5333 | 6025 | 6744 | 7519
372 758 316 503 595 694 320 118 490 822
Ic(A,) 20409 | 22457 | 24505 | 26553 | 28601 | 30649 | 32697 | 34745 | 36793 | 38841
L (A (A) 3,26 3,21 3,16 3,11 3,06 3,02 2,97 2,93 2,89 2,84
Ic(A ) 1c(Ay) | 10213 | 11243 | 122,72 | 132,62 | 142,92 | 152,82 | 163,11 | 173,41 | 183,31 | 193,61
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CpaBHeHMe anropuTMoB. [[yI1 OOBEKTMBHOCTM
CpaBHEHNS, PacCMaTPMBAIOTCS TEOPeTHdIecKyie OIeHKM
perumcnTebHom aroxHoct PAE m MPAE, a Takxe
HIPOM3BOANUTEILHOCTYI IIPOrPAMMHBIX PeasTV3aliyIL.

B Tabmmre1l mpescTaBieHBI TeopeTUdecKie
OLIEHKV BBIUMCIIUTENIFHBIX CJIOXKHOCTEN KJIaCCIMUeCcKOro
amroputMa  EBxmMpma m MoAMUIIMPOBAHHOIO, B
3aBUICMOCTM OT JIBOWMYHOW [UIMHBI JEJIUTENIST W
nermMoro. Tak, 1o, p , TIOHVMAEeTCsl OTHOIIIEHe YMCiIa
VICTIONIB3yeMBIX OWT K UMCITy 3ape3epBUPOBaHHBIX B
Oonbirom  umcie  (menmTernte).  IBowdHas  mMHA
IEeIIMOIO M3MEHSIeTCs B ayalia3oHe oT 64 our, mo 16384
6ur. upuna MammuHOTO coBa W=32. Tabmia c
OIIeHKaMW CJIOXKHOCTeV pa3OmuTa Ha OJIOKM, KaXXIOBII 13
KOTOPBIX  OIMCHIBA€T  COOTBETCTBYIONIYIO  YacTh,
Hanpumep, 646umal|n, =2,326uma|n, =1 yKasbBaerT,
9TO OBOWYHAS JJIVHA AeJIMMOIO COocTaBiiseT 64 Oura (2
MaIIMHHBIX CJIOBa), a HeuTers — 32 (0MHO MallHHOe
c1oBo). s ymobctBa  cpaBHEHMSI,  KOJITIECTBO
aprdpMeTIIecKmX orepariui, COOTBETCTBYIOIINX

ainroputMoB | (Al) nl (Az) , IpeficTaBJIeHbl IpyT Haf,
OpPyroM. AHaJIOIVUYHBIM 0Opa3soM IIpefCcTaBIeHbl U
KOJIM4ecTBa oIlepallil CpaBHeHWS - IC(Ai) 12 IC(AZ).

Takke  TPWMBOLIATCS ~ OTHOIIEHMS  KOJIMYECTBA
cootserctytormx  omepamyr | (A)/1(A) m
Ic(A)/1c(A,), s HarsyHOCTIL.

CpasHuBast TEOpeTIIEeCcKyo OTIeHKY

BBIUVICIIUTEIIBHOVI CJIOKHOCTD [IBYX aJITOPUTMOB, CTOUT
3aMeTUTh, UTO aBTOpaMy, IIpM IPOEKTHUPOBAHUU
ajropmTMa, ObITO KOMITEHCHPOBAHO YMeHBIIIEHVIEe UrciIa
omepalii CpaBHeHVs, [IOCPEACTBOM YBeJIMUeHMsT Ulciia
apudMeTdecKMX oIlepaluil. BemMrpelil B KoiamdecTse
onepaipi cpasHenust MPAE nan PAE mactymaer yxe

HIpU IIpefCTaBIeHNN IeJIVIMOTO B Buse 2 cj1oB (64 Oura)
Y BBIIIle, a IPOUTPHII B KOJIMUIECTBe apuMeTIIecKmX
omepalii CTAaHOBUTCS MeHee 3aMeTHBIM, C POCTOM
OIBOMYHOW IJINHBL.

Hanee nepevigeM K CpaBHEHUIO
HIPOV3BOAUTENIBHOCTY. 11  3TOro aBTOpamMu OBUIM
sanporpammupoBanbl PAE n npensioxennsmr MPAE Ha
sI3bIKe BBICOKOTO ypoBHs C++ B cpeme Microsoft Visual
C++ 2010 Express Edition. 3amepnr Bpemenm
IPOM3BOOWINCE, KaK CpeHee BpeMs BBIIOIHEHNS
100000 omeparrmit, Ha 4YKuCIax PasJIMYHON [JINHBI, C
IIOMOIIIBIO BBIUMCITATENIBHBIX CHCTEMaX C IIPOIIecCOPOM
Intel Core i3 M350 (PC1) u Intel Xeon E5 - 2640 (PC2),
mon, ympasienneM OC Windows 7SP1 x86-64. B
TaOmIle 2 IpecTaBIeHbl KCIIepVIMeHTaJIbHbIe OIIeHKM
npomssonutensHocTt PAE 1 MPAE, B 3aBucuMocTi OT
TIBOVMYHOWM JUIVHBI JIEJINTENIS U JIeJIMMoro. Tak mom p,
ITOHVIMAeTCs OTHOIIEHNe YMc/Ia VCIIONTb3YeMBIX OUT K
UMCIly  3ape3epBUPOBAHHBIX B OOJIBIIIOM  UmMCIIe
(mermrTerte). Hampumep, apu p=01 TUTSE
HIpefCTaBjIeHNsT 4nciIa 3apesepsuposaHo 1024 Oura, a
ucnonbsyercs bk 102 Owr.  [IBowdHas mMHA
IeJIVIMOIO M3MEHSeTCs B [Mana3oHe oT 64 our mo 16 384
6ur. nprna mammHHOTO cdoBa W=232. Tabmma c
BpeMeHHBIMM OIleHKaMV pa3Oura Ha OJIOKV, KaXKIIbIV 13
KOTOPBIX OIMCHIBAET COOTBETCTBYIONTYIO YacThb
pe3yJIbTaToB. Hamnpumep, obo3HaueHve
646uma|n, = 2, 326uma | n, =1 yKasplBaeT, 4TO ABOMYHAS

IUTMHA JIeJIIMOTO COCTaBiisieT 64 Owra (2 MammMHHBIX
cJ10Ba), a AenmTerns — 32 (OIHO MaIMHHOe cJ10Bo). Taxxke
B OKCIIEpUMEHTe VUUTHIBAETCI @ COOTHOIIIEHE
KOJINYeCTBA eIVHWIL JeJIVIMOIO VI JHeJINTeIIs.

3amepsl BpeMeHW B MKC M MC BBIIIOJIHEHWUS
oIepalium JIeJIeHns IpVBeIeHkl B Tabmte 2.

Tabsmria 2
Pe3yHbTaTBI 3KCHepV[MeHTaHBHOV[ OILIeHKM BpeMeHV[ BBITIOJTHEHVIA OHepaHV[V[ JAeJIeHMA
PC1 ‘ PC2 PC1 ‘ PC2 PC1 PC2 PC1 PC2 PC1 PC2 PC1 PC2

P 01 0,2 0,4 0,5 0,8 0,9

t MKC
1286um|n, =4, 64 6umal|n, =2

w | 57/3 | 57/3 | 57/8 | 57/8 | 57/12 | 57/12 | 57/16 | 57/16 | 57/26 | 57/26 | 57/29 | 57/29
div2* | 5,241 3,634 4,836 3,026 4,914 3,026 4,571 2,668 3,058 2,637 2,964 2,043
div2 8,112 5,772 7,707 5,211 7,036 4,899 6,52 4,43 4,898 3,728 4,399 3,089

t MC
512 6um | n, =16, 256 6um | n, =8

L | 28/ [ 2247 [ 224/ [ 224/ | 224/ | 224/ | 224/ | 224/ | 224/ | 224/ | 224/ | 224/

12 12 23 23 42 42 54 54 97 97 111 111

div2* | 0,049 0,039 0,047 0,033 0,041 0,030 0,040 0,030 0,030 0,025 0,030 0,022
div2 0,098 0,072 0,092 0,062 0,080 0,057 0,075 0,055 0,058 0,043 0,053 0,038
1024 6uma|n, =32, 512 6um|n, =16

| 445/ [ 445/ [ 445/ [ 445/ | 445/ | 445/ | 445/ | 445/ | 445/ | 445/ | 445/ | 445/

18 18 46 46 84 84 93 93 176 176 199 199

div2* | 0,156 0,129 0,160 0,120 0,139 0,117 0,131 0,108 0,113 0,096 0,108 0,083
div2 0,380 0,277 0,360 0,256 0,309 0,235 0,289 0,210 0,229 0,172 0,209 0,152

4096 6um | n, =128, 20486um | n, =64
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Oxonuarnue maba. 2

o 1696/ | 1696/ | 1696/ | 1696/ | 1696/ | 1696/ | 1696/ | 1696/ | 1696/ | 1696/ | 1696/ | 1696/
81 81 170 170 334 334 413 413 705 705 774 774
div2* | 2,371 1,732 2,169 1,653 1,996 1,514 1,919 1,419 1,575 1,139 1,31 1,129
div2 6,224 4,305 5,803 4,072 5,133 3,572 4,805 3,276 3,791 2,590 3,37 2,32
16184 6uma | n, =512, 8132 6uma | n, = 256
o 6969/ | 6969/ | 6969/ | 6969/ | 6969/ | 6969/ | 6969/ | 6969/ | 6969/ | 6969/ | 6969/ | 6969/
314 314 691 691 1405 1405 1742 1742 2787 2787 3137 3137
div2* | 35,007 | 25,054 | 32,65 | 24,617 | 30,467 | 21,715 | 28,876 | 21,076 | 23,743 | 17,378 | 21,559 | 15,896
div2 | 96,299 | 63,944 | 90,683 | 60,668 | 79,685 | 53,165 | 74,474 | 49,452 | 58,359 | 39,484 | 53,025 | 36,099
div2 - pacimpenss anropurM Esxmiza; 326utaln, =1 - IUIOTHOCTH 3aITOJTHEeH S
div2* - MommdVIVPOBAaHHBI paCIIMpPEHHBI eIVIHVMYHBIMM OMTaMM OeJIMIMOTO U IeJTATEIIS.
airopurM Esxivnia; LI HaDJIAOHOCTY,  3aBUICMMOCTD  BpEMEeHU

n,, N, - KOJIM4YeCTBO MAaIIVMHHBIX CJIOB IeJIIMOTI0 "

aeJIimreirsi, COOTBETCTBEHHO,

450

BBIITONIHEHMA anroputMmoB div2 n div2* or mapamerpa
n,=1024 mra cnywas: n,=1024, n, =512, i=0,n-1,

HpeficTaBjieHa Ha puc. 3.

t, mc
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Puc. 3. 3aBucumocTh BpeMeHM pean3ali pacIIMpeHHOro ajiroputMa EBKIvia v MpeyioXeHHOro paciivipeHHOTro allropuTMa
EBximipa ot mapamerpa p

BreiBoanl

ITo pesynpraTaM BBIIOIHEHWS VICCIIENOBaHUA,
aBTOpamMy cPOPMYIIMPOBAHBI CTIETYIOIIVIe BHIBOJIBL:

1. ITpemyoxena kiaccuduKalysl —aaropuTMOB
HesleHns. VI TIPVBEIeHWs 110 MOAYIIIO IO PasTMIHBIM
KpUTepusiM, KOTOpasl MO3BOJIeT COPVUEeHTUPOBaThCA B
MHOTOoOOpasmy TOJIXOMOB K YCOBEpPIIEHCTBOBAHWIO
VI3BECTHBIX aJITOPUTMOB.

2. Vsyuen wimaccuueckmui PAE u  cdopmy-
JMPOBaHBI IIOIXOIBI K €ro yCOBepIIeHCTBOBAHMIO:
VICIIOJIb30BaTh CpaBHEHMs HOMEpOB CTapIIMX OWTOB,
VICTIONB30BaTh 3HaHMe 3aKOHA M3MeHeHWs IlapaMeTpoB
ypaBHeHMsI Besy, Il BBIUMCIIEHMS YMCIa 3HAYMMBIX
MaIlVHHBIX CJIOB TPV  BBIIOJIHEHWM 3JIeMeHTapHbIX
omepariuii (BEIIMTaH, CABWUTA VI CPAaBHEHVIS).

3. ChopmyimmpoBaHHbIe HalpasJIeHVs
YCOBepIIeHCTBOBaHN  Kjaccudeckoro PAE  Hanwm
MecTo B MomumdummposaHHoM PAE, mpensoxeHHOM
aBTOpaMu.

4. IlpoBenenHas OILIeHKa BBIUVICJIUTETLHOTL
CJIOXKHOCTM  KJTAaCCMYeCKOTo ¥ MOAMQUIMPOBaHHOIO
PAE, mnoxkasasia Bemrpeimn B 1,24-196,91 pas npm
CpaBHeHMV KOJIMYeCcTBa OIeparuil CpaBHEHWUS WU
BerphIn B 1,34-3,26 pa3s (HaumHas ¢ umcia 256 Owr)
PV CpaBHEHUV apmMeTHIecKyX OIleparuil ¢ POCTOM
ABOMYHOW IMHEI Oospmioro Iiesioro umcia. Cremyer
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3aMeTUTb, YTO aHaJIMTU4YeCKasl OIleHKa CIIOXKHOCTU
COBIlaJla C pe3yjibTaTaMV MOJEJIMPOBaHVIs. yHaHOCb

COKPaTUTh KOJIMYECTBO  BBIYMCIMTEIIEHO — CJIOXKHBIX
omeparuii CpaBHeHUS 3a CUYeT apudPMeTHIecKmx
oreparuui, KOTOpBbIe OwIcTpee BBITIOJTHSIFIOTCS
COBpeMeHHBIM)  IIpoleccopaMM WM UX  MOXHO
pacnapajuleMBaTh, B OTJIMYMM  OT  ONepanui
CpaBHeHVsL.

5.IlpoBenenHast 3KcIepyMeHTaJbHas OIleHKa
IPOM3BOINUTEIILHOCTY HporpaMMHoi peaymsanyy PAE
n MPAE, nokasajia JIMHEHYIO 3aBMCHMOCTb BpeMeHU
BBITIOJIHEHNs OT JIBOMYHOW JUIVHHEI JIeJINTelIs, KoTopast
TaKXXe 3aBVICUT OT COOTHOIIEHUS eIVHWYHBIX OUTOB @
¥ IDIOTHOCTM TienuTerts B auarnasoHe p €{0.1,0.2,...,0.9}.

6. ITpemyioxenssle nogxons!l ontummsaiiuy PAE
VI JierieHVs OONBITMX IIeTTBIX  UWCes, ITO3BOJIVIIN
IIOBBICUTH IIPOV3BOIIUTEIIEHOCTD IIpOrpaMMHOTI
peasmzaum MPAE B 1,5-3 pasa ¢ pocToM OBOWYHOM
IUIVIHBI YVICEI.
7. Ilpn

pe{0.1,0.2,...,05}, n, €{4,816,32,64},

nbe{2,4,8,16,32} npomssonuTenbHocTh PAE  ciutbHO

YXYIIIaeTcs 17 IIPOCIIEXMBAETCS pasHuIa B
npomssonutensHocTt ¢ MPAE 1o 3 pas. Korga mivHa
eJIIMOTO n, €{128,256,512,1024} " OeITTeIst
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n, < {64,128, 256,512} , Torma
HPOVISBOHVITEHBHOCTVI

BCEX P .

yiry4dmieHve

B 2-3 pasa, IIpocIeXuBaeTcs 1A

8. PesynpTaThl  SKCITEPMMEHTaJIBHBIX  OIIEHOK
nokaszam, uto y PAE, mis perexwst OONBIINX ITEJIBIX
4yices], OrpaHMUeHHast 00J1acTh IPUMeHeHVIs, HECMOTPS
Ha ero YHWMBEPCaJIbHOCTh ¥ IIPOCTOTY, IOCKOJIBKY IIPU
YMEHBIIIEHUN [IeuTeNns (apaMeTp p yMeHBIIaeTcs)
IIPOM3BOIUTEIILHOCTh CWIBHO YXYAIIaeTcsl, IIOCKOJIbKY
yBeJIMYMBAETCsl  KOJIMYEeCTBO OIlepaliii CpaBHEHV.
Takoe 1moBeeHMe 3aMeTHO Jake Ha umcIax HeOOJIbIIon
IUIMHBL U TpebyeT MpVMeHeHMs CTelVaTn3/pOBaHHBIX
aJITOPUTMOB.

9. Onucanuein MPAE mia meneHms OOJIbIINX
LIeJIBIX UMCell, He OPMEHTMPOBAaH Ha MHOTOIOTOYHOE
BBIIIOJTHEHME, YTO  He  IO3BOJIWIO  IIOJTHOCTBIO
peayn30BaTh IOTEHIIVMAJI COBPeMEHHBIX MHOTOSIePHBIX
IIPOIIeCCOPOB, OHAKO TaKas BO3MOXHOCTH Oyrer
IpeyIoKeHa B JaIbHeVIIIeM.
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I'namiox C.O., KoBmyn B.FO., Beponux O.M., Ko8myn M.I. ITioxoou 014 nidBuujenna npodyxkmuBrocmi posuupenozo
areopummy EBxaida 05 dinenna Beauxux uucea nodBiinoi mounocmi Ha Beauxi uucaa oOUHaApHoOi mounocmi
Anomayia. Kpunmoepagpiuni nepembopenna 3 6iokpumum xiwouem Mawoms 3Ha4Hy odbuuci0baisny ma npocmopoby ckaaduicms. Y
36'A3KY 3 YuM, AKMYasvHol HAYKoBO-mMexHiuHOl 3a0auer0 € nidBuujenHs npodykmubHocmi makux nepembopenv. Y pobomi
poseasdatomucs nidxodu 0o nidBuiyents npodykmubHocmi onepayii direnHa Besukux yisux vuces nodGinHoi mounocmi Ha Geauxi
yini uucaa o0uHApHOi mouHocmi HA OCHOBI posuiuperozo aieopummy EBxaida. o makux noxodif Bionocamsca: onepyBanna
GiominHumMu 6i0 HYAA MAWUHHUMU cA0Bamu, Aki Hatibitbwl wacmo BuxopucmoByromeca 8 onepayiax nopibuanna, scyBy 6aibo i
Bnpabo, dodabarnsa i ioHimanna Beauxux uuces; BUKOpUCAHHA HADAUKEHOO NOPIBHAHHA BeauKux yiiux uucea, be3 HeodxiOHOCHI
10cAiBH020 NOPIBHAHHA MAWUHHUX CAIB 30 paxyHOK NOpiBHAHHA HOMepiB cmapuwiux 0imi6 yux uuces; 3HAHHA 3AKOHY 3MIHU
napamempib pibuanns besy — Buxopucmobyemuvca 6 nonepednix 06ox nidxodax. 3anpononobani nidxodu ycniuHo peaizoBani 6
Mmoougpikobaromy areopummi. [ nopibranua npoBoduiucs excrnepumenmu Had uucaamu, 3a ymoBu, ujo 06itkoba Odobxuna
diseroeo 6 06a pasu nepebuwjye 06iikoBy 0obxuny OisvHuka 04s pisHo20 cnibBioHoulenHA 3anofrenol ma 3aeasvHoi 06iiko6oi
006xcunu Geaukoeo uucaa. Modupikobanuii areopumm nokasab xpawyy npooyxmubricms 6 1,5-3 pasu, 3 pocmom 06iiikobol
006ty 0iseHoeo i 0iAbHUKA.

Karouo8i caoBa: dinenns, sasuuiok 6id direnna, Beauxi yiai uucaa, poswiuperusi aseopumm E6xaioa.

Gnatyuk S., Kovtun V., Berdnik O., Kovtun M. Approaches to performance increasing of extended Euclidean algorithm
for double precision division on single precision large integers

Abstract. Public key cryptography has significant processing and spatial complexity. In this regard, relevant scientific and technical
challenge is to improve the performance of such transformations. In this paper proposed approaches of large integer’s division
operation with double precision on single precision based on the Extended Euclidean Algorithm. These approaches include handling
non-zero machine words in the most frequently used operations; using an semi-exact comparison of large integer, without for-word
comparison; knowledge of the of Bézout equation parameters changing. These approaches are implemented in the modified algorithm,
which has been software implemented. In experiments were compared numbers with double binary size dividend and single binary
size divider with ratios for various filled and total binary length. Modified algorithm showed higher performance in 1.5-3 times, with
dividend and divisor increasing binary length.

Key words: division, remainder in division, large integer’s modular reduction, extended Euclidean algorithm.
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